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PREFACE 

TO THE SECOND EDITION. 



It is not easy to adapt a Treatise on Trigonometry to all 
descriptions of Students ; to state, in its beginnings within a small 
compass, and with their simplest solutions, those Propositions 
which relate, merely to the cases of oblique-angled triangles, 
and then, on the ground of those propositions and by the 
method of their solutions, to proceed to investigations of greater 
intricacy. 

The Student, if he be supposed to possess a knowledge of the 
first six Books of Euclid, may thence, by a few easy inferences, 
and by the aid of some simple constructions, arrive most readily 
at the Trigonometrical solutions of the cases of oblique-angled 
triangles. If his views extend no farther, he cannot take a better 
guide than Ludlam or Robert Simson ; nor proceed by any easier 
method than the Geometrical. 

But few Students are content with such confined views. 
Trigonometry is now extended far beyond its original object, and 
to other investigations than those of the relations of the sides 
and angles of Triangles. The collateral uses of the science have 
become the most numerous, and are not the least important. 
To the knowledge of many of the$e, howevei;, the Geometrical 
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" PREFACE. 

method is unable to condtict us. At some point or other of our 
enquiries (we speak of its present and actual state) it must be- 
abandoned, and recourse be had to that which technically is called 
the Analytical Method. 

Since this latter is the sole thoroughly efficient method, will 
it not be better to make it, in a Treatise on Trigonometry, the 
predominant one^ instead of being compelled merely to call in its 
aid, when the resources of the former are exhausted ? 

The Author of the present Treatise has endeavoured to construct 
it on such a plan ; and, with this view, he has had as little recourse 
as possible, to Geometrical constructions and the properties of 
figures. What he thence has borrowed are not so much to be con- 
sidered as the first steps in his process of demonstration, as the 
data and ground- work from which the process itself is to commence 
and to be instituted. 

By these means the process is made uniform and systematical. 
But uniformity may be purchased at too dear a rate ; and the 
main purpose of the Work, which is utility, would be sacrificed, if, 
for the sake of system, the analytical method were reluctantly 
compelled to submit to modes of proof that are strange to its 
nature and genius. 

The specimens of demonstration contained in the following 
pages must determine whether or not such sacrifice has been 
made. 

The great practical use of Trigonofpetry is the resolution 
of rectilinear triangles ; but, thait it is capablfe of being extended, 
and to objects, not merely curious, but of real interest, we may 
learn from the history and actual state of the science. 

The first considerable extension of Trigonometry, beyond its 
original object, was made about twenty years after the death of 
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PREFACE. Ill 



Newton. It was then^ on the ground-work laid down* by that great 
man^ that three Mathematicians of the Continent, Clairaut, 
Dalembert and Euler, and Thomas Simpson our countryman, began 
to establish a system of Physical Astronomy more perfect than 
what its Author had left. With this view, they laid aside the Geo- 
metrical method which Newton had used, and which they thought 
incompetent to their purpose, and adopted the Analytical. Pursuing 
this method, they perceived the formulae of Trigonometry to be 
of continual use and recurrence, and the language, by which the 
process of demonstration was conducted, to be formed, in a great 
degree, of symbols and phrases borrowed from that science. In 
order, therefore, to render the process precise and expeditious, it 
became necessary to improve the means and instruments by which 
it was carried on ; and, accordingly, at the time spoken of, the 
advancement of Trigonometry, the pure and subsidiary science* 
was contemporaneous with that of Astronomy, the mixed and 
principal one. 

This general statement would be confirmed by an examination 
of the Memoirs and Treatises on Physical Astronomy published 
about the year 1750. 

Clairaut and Dalembert in their Lunar Theories embody in 
those Works, or introduce as prefatory matter, several, now 
commonly known. Trigonometrical formulae*. In the Volume 
of Tracts which Thomas Simpson published^.the Author evidently 



* It will hardly be believed that theorems^ such as are given in 
pp. 28, 29, &c. were almost unknown. Yet Clairaut, (Mem. Acad. 1 745, 
p. 342, and Theoric dc la Lune, edit. ^, p. 0.) alluding to these 
Theorems, says, ' M. Ealer est le premier, que je s^che, qui ait fait 
usage de ces Theoremes pour operer sur les sinus et cosiuus d 'angles, 
sans avoir recours a leurs formes imaginaires.* 
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intended the one which is inserted at p. 76, as preparatory to the 
succeeding Theory of the Moon ; and Euler distinctly states as 
a reason for cultivating the algorithm of sines, its great utility in 
the mixed Mathematics. 

In the arrangement of the Treatise, which the Table of 
Contents sufficiently explains. Spherical succeeds to plane Tri- 
gonometry. Now, the former has not, like the latter, been ex- 
tended beyond its original purpose. It has no collateral and indirect 
uses ; it has not enriched the general language of analysis, by 
its peculiar phrases. But, notwithstanding this confined range, 
and apparent simplicity in the object of the science, its propositions 
are more easily established by the Analytical method than the 
Geometrical. And, (at least in the opinion of the Author of this 
Treatise) this would be the case, even if there existed no simi- 
larity and artificial connexion, between the processes by which 
the series of formulae in the two branches of Trigonometry 
were respectively established. But, so far from there being no 
similarity, the corresponding propositions can be deduced by 
methods so analogous, that to know the one is almost to know, 
the other. 

This will appear to be the case, if we refer to pages £4 and 
139, &c. of this Treatise. We shall there find similar Algebraical 
derivations of formulae from two fundamental expressions for the 
cosine of an angle. The principle of the derivation, however, 
is not new ; it originated with Euler, who inserted in the Acta 
Acad. Peirop. for 1779> a Memoir entitled Trigpnometria Spherica 
Universaf ex primis principiis breviter et dilucide derivata* Gua 
next, in the Memoirs of the Academy of Sciences for 1783, p. 291, 
deduced, but by awkward and complicated processes, Spherical 
Trigonometry *^ from the Algebraical solution of the simplest of 
its Problems.'' In 1786, Cagnoli, in his excellent Treatise, 
derived without ^< similar triangles or complicated figurer/' the 
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PRfiFACE. V 

fandamental expressions for the sine^ and cosine of the sum of 
two arcs. And lastly, Lagrange and Legendre, the one in the 
Journal de UEcole Poit^echniquey the other in his Elemens de 
Geometries have followed and simplified Euler^s method^ and 
instead of three fundamental expressions, have shewn one to be 
sufficient. 
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PREFACE 

TO THE THIRD EDITION. 



Xhe present Edition is not different^ in its plan, from the 
second. It contains, however, more matter, to the amount of 
twenty-five pages, and some alterations. The additional matter 
(the greater portion of it) will be found in the enquiry concerning 
the properties and uses of logarithms ; the altered matter at the 
beginning of the Treatise. But whatever is changed or added, 
has been so with a view of rendering the Work more plain and 
easy to the Student ; and, for the same end, it has been inter- 
spersed with new instances of illustration. 

Cuius MUge, Feb. 2, 1819. 
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PLANE TRIGONOMETRY. 



CHAP. I. 

On the Division of the Circle into Degrees^ Minutes^ Seconds^ SfC. — 
Definitions of SineSy Cosines^ Sfc, 

ARCS THE MEASURES OF ANGLES. 

Art. 1. It is proved in the 33d Proposition of the sixth 
Book of Euclid^ that, in equal circles^ angles have the same ratio 
to each other, as the arcs on which they stand. Hence also, in 
the same circle, the angles vary as the arcs on which they stand ; 
and consequently we may assume arcs as the measures of angles. 

In the circle ABDE^ the arcs AB^ ADy are measures of the 
angles J.CJB, ACD \ and of the same angles, in the smaller circle 
abde^ ab, ad, are the measures ; which latter arcs have the samj? 





Taffi%> the arcs AB, AD, that^the radius Ca has to CA. For^ 
since, in the circle a b de, the measure of four right angles is the 
whole circumference abd^, 
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Z^aCh : 4 right /^ s \\ ah \ ahde^ therefore 

ab 



A aCb znA right Z j* X 



ab di 



AB 

Similarly, / ACBy or /.aC b =4 right Z J" x jiyr\t,y * 

edit. 2. p. 219.) the circumferfnicei of circles are to one another 
as their radii. 

2. If from the points iJ, *, two lines BF^ bf be drawn 
making with C^ equal angles CFB, Cfb^ then, by the similar 
triangles CFB^ Cfb^ we have 

BF ^CB 
bf Cb ' 

and hence, if, in a circle JBDEf we have determined the value 
of a line such as BF, we can always assign the value of a similar 
line bfy in another circle abde^ provided the ratio of the radii 
CB, Cby be known: for instance, if CB be called 1, and C*, r, 

b/ziSFx"^ ^ BFa r, or BF=U. 

3. * It is usual to divide the circumference of a circle into 
360 equal, parts, which parts are called degrees, and of which 
the symbol is n9 or 5°, if « or 5 be their number : each degree is 
also divided into 60 equal parts, which parts are called minutes ; 
and of which the symbol is iw' or 7', if m or 7 be their number : 
and, finally, each minute is divided into 60 equal parts, which 
parts are called seconds, and of which the symbol is <" or 35", if 
/ or 35 be their number: thus, if AB (Fig. p. 1.) equals one- 
fourth of the circle ABDE, AB contains 90 degrees, or, sym- 
bolically, AB = 90<>. UAB=: -r*,th of the circumference ABDE, 



See the Note at the end of the Chapter. 
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A B contain* MP or AB ^ SO". If AB — fth of the c&rdiiinf er«nc» 

ABDEy AB^i 360» = 51» + 1 1« = SI" + 1^ 

= 61<» 25' + ~ I'=S1<» 25' 42"+ ? I". 
7 7 

The values of - 1" and of like quantities are, usually, ex- 

pressed by means of decimals ; thus, - l", retaining only the two . 

first figures, equals 0^85 ; and 4^th of the circumference would 
te expressed by 

51« 25' 42^85. 

But it is occasionally useful (see Astron. p. 397.) to extend the 
division of the circle beyond that of seconds, and to introduce, 
with their proper symbols, thirds^ fourths^ 8ic. In such an ex- 

tension, - J'' would equal 51'" ^S^^'.l and the foregoing arc, [the 

seventh of the circumference, would be expressed by 
51« 25' 42'' 51'" 25'\7. 

4. The arcs of circles, it has appeared, are proper measures 
of the angles which they subtend ; if the angles be increased, the 
arcs are also increased, and in the same ratio ; and knowing the 
value of one, is, in fact, knowing the value of the other. But, 
in Trigonometry, the values of angles are made to depend 
on the values of certain right lines^ drawn according to certain 
rules, but not varying as the angles vary. The lines just 
alluded to are called sines, tangents, secants, &c. which it now 
becomes necessary to define. 

The Sine of an Arc is a right line drawn, from one extremity 
of an arc, perpendicularly to a diameter passing through the other 
extremity. 

The Cosine of an Arc is a right line intercepted between the 
centre of the circle and that point in the diameter (the foot of the 
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sine) at which the sine of the same arc drawn perpendicularly to 
the diameter meets it. 

The Versed Sine is a part of the diameter intercepted between 
the common extremity of the arc and diameter, and tixejhot of the 
sine. 

The Tangent of an Arc is a right line, drawn from one ex- 
tremity of it and perpendicularly to a diameter passing through it, 
and terminated by its intersection with another diameter passing 
* through the other extremity of the arc and produced beyond it. 

The Secant of an Arc is a line intercepted between the centre 
of the circle and that extremity of the tangent of the same arc 
which lies without the circle. 

The Chord of an Arc is a straight line joining its two ex- 
tremities. 

The Complement of an Arc less than a quadrant is its defect 
from a quadrant. The Co-tangent, Co-secant of an arc are, re- 
spectively, the tangent, and secant of its complement, and, there- 
fore, may be drawn according to the preceding directions, by 
considering the complement of the arc to be the arc itself. 

If we now illustrate these definitions, and assume, in the 
annexed diagram, ABtohe the arc : then, see p. 3. 1. 24. 

BFh the sine of AB, and F is what we have called ihe foot 
of the sine. 

CF is the cosine of JB (see p. 3. 1. 27.) 
AF is the versed sine of AB (L 3.) 
AT is the tangent of AB (1. 6.) 
CT is the secant of ^JB. 

A line joining A and B would be the chord of AB : as Bgh^ 
hfV (see fig. p. 7.) are the chords of the arcs BQ^h, hah\ 

The complement of uijB is (1. 15.) 5Q, since iljB + £(2=q^*^" 
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rant : now BQ being considered as the arc of which the sine^ 
tangent, secant, &c. are required, its sine^ cosine, tangent, secant, 
by the preceding definitions, are (see fig. p. 7.) respectively, Bg^ 
Cgi Qt, Ct : and, accordingly, (see pp. 3, 4.) those same lines 
are respectively, the cosine, sine^ co-tangent, co-secant of the 
arc jiB, 

The lines that have hitherto been drawn expound the sine, 
cosine. Sec of an arc jiB less than a quadrant : but if we take 




A b greater than a quadrant, then, according to the above defini- 
tions, bf is the sine of the arc AQ^ b. 

Cf is the cosine, 
Af is the versed sine, 
CS the secant, 
AS IS the tangent. 

In order to determine the co-tangent and co-secant of this arc 
Ab vre must vary and extend the definition of the complement 
of an arc : now, (see p. 4. 1. 15.) the arc being less than a 
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quadrafit, it$ complement was defined to be its defect frfftn that 
quantity : but an extended definition which should mat? the com- 
piement of an arc to be the difFerence between it and a quadrant 
in^uld smt both arcs greater and less than a quadrant ; and^ ac- 
cording to such definition, Q^h (fig. p. 5.) would be the com- 
plement oi Aby and Q/ {AQ^ being a quadrant) the tangent of 
Q^h would be the co-tangent of Ab, Cs the secant of Qby 
would be the ca^secant oi Ab. 

Let the arc be called A^ then when A is less than a quad- 
rant (Q), 

or, ^ -. (^ - e> = e, 

when A is greater than a quadrant (g)^ 

A ^{A^ 0^(2, 

therefore, by what has preceded, 

sin. A = cos. (J- — Q), and sin. (^ — = cos. Ay 

tan. -4 = co-tan. (A — Q^, and co-tan. A = tan. {A •— Q), 

sec .4 = co-sec. (-4 — <2^, and co-sec. A = sec. (^ - Q). 

Let now the arc be greater than two quadrants but less 
than three : and let AQ^ a d represent such an arc, then, by the 
preceding definitions (fig. p. 5.), 

de \% the sine, 

Ce the cosine, 

Ae the versed sine, 

AT the tangent, 

CT the secant. 

Lastly, let the arc be greater than three quadrants but less 
than four, or less than the circumference of the circle ; and let 
AQ^ a k represent such an arc, then 

A:g is its sine, 

C g the cosine, 

A g the versed sine, 

A m the tangent, 

C m the secant. 
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We may also use the definitions of p. 3, 4, and draw the 
sines, cosines, &'c. of arcs greater (if we may so call them) than 
the circumference : for instance, suppose the arc to be equal to 
the circumference plus the arc AB ; then, guided by the definition 
(see p. 3,) begin from J; one extremity, and go round the 
circle in the direction AQ^aB till you arrive at B the other ex- 
tremity of the arc ( = AQ a A + AB) : from B draw BF perpen- 
dicularly to A a passing through A, and BF is the required sine of 
the arc, CF is the cosine, AF the versed sine, AT the tangent, 
and CT the secant : which are evidently the sine, cosine, &c, of 




the arc AB. Hence, admitting the existence of arcs greater 
than a circle, and applying to such the original definitions of 
p. 3, 4, we have these equalities 

sin. AB = sin. (circumference + AB), 

or sin. A = sin. (2 «" + A), 

calling AB, A, and the circumference 2 ir j also 

COS. A = cos. (2 IT 4- A), 
tan. A = tan. (Sir + A)y 
sec. A = sec. (2 ir + A), 

and in a similar manner we might easily obtain more like 
equalities. * 

. The sine, cosine of an arc are thus expressed by means of the 
sine, cosine, &c. of other arcs : but they may also be expressed 
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in terms, of one another : thur» since by the forty-seventh Pro- 
position of the first Book of Euclid, 

CB^=CF^ + BF^ 

we have, making r = CB, 

f^ = cos^. J + sin.* Jf 

and, accordingly, 

sin.* -4 = r* — COS.* A, 

Again, since CT^ zz CA^ + AT^, 

sec* -4 = r* + tan.* A^ 
and, accordingly, 

tan.* A = sec* A — r^. 
Again, by the similar triangles CFB^ CAT, 
CF : FB :: CA : AT; 

... JT=. CAx ^ , 

^ sin. ^ 

or, tan. ^ = r. ^ . 

cos. A 

and, by the same similar triangles. 



CT 


= 


CB X 






= 


rad. X 


rad. 
COS. jtB 






y 





cos: ^ 

In like manner we may easily deduce from the similar triangles 
CQti CgB, the values of Qt and C t, the co-tangent and r^ 
secant (see p. 6.) of the arc AB, (= -4), 
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for, (2 ^ - CQ K ^ ^ rad. x il2i^ 
C^ COS.QB 

_j COS. AB 
sm. jx J? 

^ r . COS. -4 
sin. A 
and, 

C^^ci x^=:rad. K -J2^ 

sin. A 

.Or^ we may dispense with this second set of similar triangles 
(CQ^and CgB) and deduce the values of the co-tangent and 
co-secant from the previous values of the tangent and secant, by 
means of their definition (jsee p. 6.) ' 

Thus, the co-taogent of an arc fs the tapgent of the com- 
plement of that arc. If A be the arc and (J^ a quadrant, Q— ^ is 
the complement : now by 1. 19. pf p. 8. 

cos, ((2 — ^) 
but, sin, «2 — -4) = cos. A^ 

.'. co-tan. A [the same as tan, (Q— A)] = r . . ' . 
In like manner, 

co-sec. A = sec. (« - il) = ^^,^^g^Jy 

■*" sin. -4 * 

If it were worth the while it would be easy to express, under 
different ter?ns, the preceding equalities : for instance, we may 
thus express the two latter. 
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The radius is a mean proportional to the secant and cosine of 

an arc, and, also, to the co-secant and sine. 

* 

The radius is also a mean proportional to the tangent and co- 
tangent : which may be thus deduced, 

fo« A sin. A ^ ^ COS. A 

tan. A ^ r . , co-tan. A^r,—, r \ 

' COS. A sin. A 

.'. tan. A X co-tan. -4 s= r*, 

or, tan. A \ r \\ r \ co*tan. Aj 

and this same proportion is immediately deducible from the 
similar triangles CQt^ CAT (fig. p. 7.)- 

The right line AB is (see p, 4.) the chord oi the arc AB> 
If the right line be bisected at n and C /i be drawn perpendicularly 




to ABj then the point m, where Cn produced meets the circle, 
bisects the arc AB (Euclid, Book III, Prop. XXX.) ; therefore 

AB A 
the ZTC Am iz Btn:=, = — (supposing A =: AB). 

But An is by the definition of p. 3. 1. 24, the sine of lim. 
the chord (A n B), therefore, of an arc A is double the sine {A n) 

of half the arc ( —J : or^ which is the same proposition, the 

sine of an arc {A) is half the chord of twice that arc (2 A). 

Instead of making A = the arc AB, make, for convenience, 
2 A to represent it, and let v represent m n the versed sine oi Am 
or Bm(=: A): then, since (Euclid, Book III. Prop. 35.), 
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in » X «/ = -A n*, 

V X (2 r - v) = fiin.* A, 

or, 2 rti .= sin.2 J. + v*'. 
But J. «2 + iw n^ =z JL i»^ (the line Am), 

or, sin-« JL + t;« =r (2 sin, -^ (seep. 10. U. 17, &c.) 1 

/. fsee 1. 6.) 2 r V = 4 . sin.* — ; 
but CnssCm— mn, 
or, co8./^= r — V 

ss , thereforei r - - sm.* -- 

= i(^-.sin*.f), 

• or. =L(2c<>8.«|-r*) 



Since 



COS.* - + sin.* -~ = r*. 
2 2 

If we multiply the two last expressions (11. 13, 14.) for cos. A, 
we have 

COS. A X COS. A, or cos.* A = 

i[2^(cos.« f + sin.*|)-^-48in«|co8*|} 

= ^(^-4.8in.«|co8.*|). 

Hence, -^ sin.*— cos.* — = r* — cos.* .4 
r» 2 2 

= sin.* .rf, 

and consequently, 

2 sm. — cos. -^ = r sm. u4. 
2 2 
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The sufpiimeni of an ztt is ibe difference between it and a 
semicircle : accordingly, 

BQa is the supplement of AB^ 
ab 1% the supplement of -i<2 *» 
and tf ^ id the suppletHertt df AQai. 

Now (see the definition) JBi^ is die sine of MQm : for BF is 

T 




drawn from one extremity J^ of ttie arc ^Q a perpendicularly to 
the diameter a A passing through a the other extremity : but, as we 
have seen (p. 4*.); or by the same definition^ \BF is the sine of 
AB, Similarly, b/ is the sine equally <rf the arc ba and the 
arc AQ hied the sine oi ad and aQd: and, generally, t^ sine of 
the supplement of an arc is equal the sine of the arc itself 

#*# We have already (^ee pp. S, 7.) in one or two instances, ex- 
pressed by means 9f general symbols certain equalities that subsist 
between the sin^s and cosines of arcs, which, though difierent, may 
be said to be related. Such modes of expression are, in the actual 



^*^ The parts included within ^*^ %* are less essential than the 
other partSy and may, in a first or partial ptrtteaJ^ be passed over by the 
Student. 
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ajptnitiQn% tarried on bjp the aid of the Trigonoriietrical Analysis^ 
of frequent and considerable use. It is desirable, therefore^ to 
extend them^ which may be done without much difficulty. Thus 
with regard to the equality which has just been stated : if 2 «r f 
r^t^tesetit the circumference of a circle of which the radius is 1, 
and A be the arc, then 

sin. A 5= sin. (^ — A)^ 
and since A may represent any arc, if instead of ^ we substitute 
- — -// in the preceding equation, we have 

sin. Q - ^) = sin. (^ + ^) , 

and if, instead of A, W6 substitute 

— «• — il, we have 
n 

sin. T— IT— J J = sin, yJLZ^^lw + A J • 

We may also obtain other general expressions ; thus by ex- 
tending the definition of a sine (see pp. 4, 7.) the subjoined 
equations are true 

sin." ^ as sin. (2 IT + ^ i= sin. (4 * + A), and generally, 

si&»44 sc sili.(Q^«' + A\ 

a being a whole numter. 

For like reasons, 

«in. (ir •*- A) zz sin. (S ir ^ A) tz da. (5ir -^jt^, 
and jgeneraSy, 

Wn. (♦ -^ ^ n sin. f (2» 4- 1)* *- ^ J , 
n being any number in the progression, 0, 1, ^, 3, kc. Hence, 



* The numerical value of w, that of the circumference of a circle of 
whitoh khtiKaineeerh \, is 3^14159, &t.: 2#^ or 2x3.14l59> kt. el». 
presses^ then, the value of the circumference of a circle, of whidl tll^ 
radius is I. 
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lince by p. 19, sin. A = sin. (v * A) there results this general 
equation, 

sin. (2 « w + ^) := sin. { (2 n + 1) «• — -4 J , 

or, what amounts to the same thing, if s be the sine of any 
arc A^ it is also the sine of all arcs comprehended under the two 
formulae, 

(2Wir + A { (2/1 + 1)t - ^ } , 

in which n may be any term of the progression, 0, 1,2, 3, &c. 

11. The definition of a cosine being (see p. 7.) like that of a 
sine, extended to designate the cosines of arcs, that are greater 
than the circumference; we may, in like manner, obtain general 
expressions for it. Thus, CJF, which is the cosine of A3% 

q 




may be considered as the cosine of the (circumference + u4B) 
&c. Hence, as before the following equations will be true \ 
cos. A =: COS. (2 TT + ^) = cos. (4 w + ^) = cos. (2fiw + -4.), n 
being any term of the progression, 0, 1,2, 3, 4, 5, &c. But, 
since the same CP is also the cosine of the arc AB a B', we have 
CjF=cos. (2 at — ^ = (for reasons just alledged) cos. (4 «r — ^ = 
COS. (2WW— il), n being any term of the progression, 1, 2, 3, &c. 
or, CJP, generally, = 

COS. f (2 II + 2) flr - il } , 

n being any term of the progression, 0, 1,2, 3, 8cc. 

Hence CF is the cosine of all arcs comprehended within the two 
formulae 

(2«^ + ^), { (2« +2)^-il } . 
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12. In a similar manner we may investigate the general 
formulae of arcs that have the same negative cosine^ 
(y=co8.(v--/f)=co8' (Sir— -4)=, generally, COS. { (2»+l)ir— Jl } » 
n being any term of the progression, 0^ 1, ?, 3, &c. 
and since the same Cf is the cosine also of ABbaV or * + ii 
C/sscos. (ir + ^) = COS. (3 IT + A) == cos. { (2 n + 1) ir + J j . 

Hence, Cf is the cosine of all arcs comprehended within the 
two formula?, 

{(2» + l),r- ^}, {{2n+\)* + A\. 
The arcs of which fV is the sine, are 
IT + ^, Sit •¥ Ay and generally { (2 « + 1) w + i< | . 

The arcs of which FB' zzfV is the sine, are 

2 w — ^, 4 IT — ^, and generally (2 n + 2) ir — -4. 

Hence FB' is the sine of all arcs comprehended within the 
two formulae, 

}(2n+l)w + ^} and {(2/1 + 2)^-^1}, 
n being in each case any term of the progression, 0, 1,2, 3, &c. 

In calculations, where -FB, JPB', and other quantities are 
involved, if / be the symbol for FB^ — / must be the sjrmbpl for 
FBf. For, conceive a line to be drawn a tangent to the circle, 
at the point opposite to Q in QC produced, and let the distance 
of any point in the circunference from this line be called s, then 
FB (s) z=: z ^ r, and FB' =z r -^ z, or FB' = — (« -^ r). 
Hence, if in any equation subsisting between trigonometrical 
lines we wish to pass from the consideration of the point B to 
that of the point B, we must in such equation substitute — (2-^r) 
instead of ;r — r, or - /, instead of /.* 

13. The preceding results may be conveniently represented 
in a Table, s and c representing the sine and cosine of an 
arc A. 

^ This hinges on the general doctrine of negative quantities : the 
scrupulous Student^ who is not satisfied with what is here said, is 
referred to Caraot's Geometric deposition, and his subsequent work oi^ 
the Theory of Transversals, &c* 
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It i$ easy from this Table and the expl^ssions for tan. A, 
co-tan. Ai sec. A, &c. namely, 

sin. ^ COS. A 1 , J ,. 

cos.wA sin. A cos. A 
to determine the values of the tangent, co-tangent, secant, Sec. 

thus tan. (X + ^) = !!nLf±4> - —i 

^ ^ cos. (ir+ A) ' - r 

= tan. A, 

/« A cos. (Sir— ^) -r 

co-tan. (3 ir — -rf) = -:^ — ^ r-' = -— . 

sm. (S*--^) / 

= — co-tan. A, 

sec. (7 ir -H il) = — 5= — = — sec. A. 

COS. (T'T + -4) — r 

1 8. In some of the preceding expressions, a radius == 1 has beea 
used, and, solely, for the purpose of lessening the number of symbols 
in the Trigonometrical formulae. For, 1, or any power or root of 
it, used as a multiplier or divisor of an expression, may be expung- 

ed from such expression j thus, instead of — '- — , we may more 

• 
simply write sin.^ A. Still, however, it is, on many occasions, 

necessary to use, for the radius, a general symbol such as r, or, 
an arithmetical value such as 10,000. For this reason, it is de- 
sirable to be possessed of some easy and expeditious rule, for con- 
verting formulae constructed vrith a radius =1 into other formulae 
that shall have a different radius. Such a rule may be obtained 
from the following simple considerations : 

If (see fig. of next page) BF, hf be drawn similarly inclined 
to CAf then by similar triangles. 

In like manner, CF = Cf. - , AFzuaf-- . Now, sines, co- 
sines, tangents. See. are drawn after the manner that these lines 
are \ if the angle BFC be a right angle, BF is the sine of the 
angle BCF to radius Ij bfis the sine to radius r \ and, CF^. C/, 

c 
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are the cosines. Hence> in any formula involving sin. A, cos. J, Sic. 

^^ --^ i 




calculated for a radius =a 1, substitute instead of sin. J, cos. A ; 

sin. A cos. A , t , . i. , .„ i , 

— ^ — , and the resulting formula will belong to lines 

drawn in a circle, of which the radius is r : for instances 

♦^•n >#-.8*'^ ^ j« , tzn. A sin. A r 

tan. -/f= -, radius = l ; .\ z= x , 

cos.i^ r r cos.^ 

sin A 

or, tan. Azzr. * , (radius = r). 

cos. -4 

Again, sec.^= (radius = 1), then 

QQS. A 

sec. ^ 1 r 
• = J. =: -, or 

r COS. A cos. -4 

r 

^ . 

sec. -4 =: -r , (radius as r). 

COS. A 

Again, tan. ^.co-tan. ^ ^ 1, then, ^JSi^ , cQ^tan. ^ ^ ^^ 

and tan. A , co-tan. A :^ t^. 

And if in any formula, any power of sin. A^ or of cos. A, such as 

sin.' A, sin.* A^ cos.* -4, or cos." A, occurs, the radius being 1, then» 

, 1 .. .. sin.' A sin** A cos.^ A cos.* A -. - 

by substituting : — , , r-^ > * the result- 

o ^ ^ ^^ y» 

ing formula will belong to a circle of which the ladius is r. 
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This is the nile j but/since it would leave a Trigonometrical 
formula with fractional terms (the denominators being powers of 
the radius) it may, with advantage, be modified and made more 
convenient. Thus, suppose a form should occur such as 

COS. nA ssa. cos." ^ + * . cos.*-^ A + &c. to radius 1 j 

then, by what had preceded, the reduced form to a radius r, is 

cos.nA a.c6sJ*A , cos"""^-^ « 

S= --^ +*. ■ ^_a + &C. 

* and, cleared of fractions, is 

r*— ^ cos.nA = a. cos.* -4 + *.r^. cos." — ^^ + &c. 

Here, cos. »^ is multiplied by r*""^, cos.*—* A by r*, &c. j 
that is, if we choose to call cos.*^ a quantity of n dimensions, 
cos.*''^il, a quantity of » — 2 dimensions, cos. A x sin. A, a 
quantity of two dimensions, we may announce the preceding rule 
under the following simple form : 

Muhipfy each term of a Trigpmmetrical formula^ in which the 
radim sz \^by such power ofx^as shall make it of the same dimen-- 
sions with the term of the highest dimensions ; the resulting formula 
will be true when the radius is zz r. 

Thus, if 

COS. S j4 ss: 4.cos.^ J — S. cos. A (rad\ sa 1), 

since cos.' A^ the term of the highest, is of three dimensions, and 
cos. SJ, COS. il, are of one dimension, we have 

r*. COS. SAzz4* COS.* ^ — 3 r* cos. A, 

19* The Trigonometrical symbols, such as sin. Af tan. A^ See. 
that have been obtained, are merely general ones, and, hitherto, no 
methods have been given of assigning their values in specific 
values of the angles. The general methods for this purpose will 
be given in a subsequent part of the Treatise \ but, even at this 
stage, by peculiar artifices, we may, in certain simple cases, assign 
the arithmetical values of the sines and cosines of angles. For 
example, 
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If (fig. p. 14.) ABxzBQ, that b, if ^^srfaadf a quadrant, or 
expressed in degrees, if JB or z -rfBCs45®, since Z. BCQ=:4tf>, 
also COS. 45^=sin. 45^ but cos.^ A + sin.^ utf ts 1, ( 1 rsradius in this 

case) ; therefore, 2(sin, 45«)«=1, and sin. 45<> = — = .7071068, 
or, (see the preceding rule) = 707 K068, to a radius = 10,000. 

If ilCB =l9a>=30P, since BCB*=^.JCB=eCP, and since 
3 

Z.CBB' = 2LCB'5=60^ the tr^ingle BC5' is equUateral, and 

consequently BB' (the chord of 60^) ns radius C^ = 1, and, 

. J5F = sin. 3a> = i BJB' = 1 = .5, and .-. cos. sa> or sin. 60^ 
2 2 

(see Art. 10.)= y^(l - 1) =^=.8660254, and (see p. 18.)= 

8660.254 to a radius =: 10,000, 
and 8660254 to a radius r:. 1000000. 

Hence may be proved, what was asserted in p. 3, that die 
sines of arcs do not vary as the arcs themselves. For, the 

sin. 30^ as -radius = ,.*., - sin. 90^; in other words, the sines 
are as 1 to 2, whilst the arcs are as 1 to 3. 

The values of the tangent may be foimd, in the above cases, 

from the expression tan. A = — ^ . Thus 
'^ cos.^ 

rad« s 1. rad*. = 10,000 

tan. 450 = 2iHl±5. = 1 = 10,000 

cos. 45® 

tan. SQ^ =:ix~=: .5773503 = 5773.503 

2 v^3 

tan. 60« =-^ X ?= 1.7320508 = 17320.508 

2 1 

• ■♦ 

sin. 90P 1 

tan. 90^ = ^ s= ;- = oc 

cos. 90° 
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We may here direict the Student's attention to the superior 
Mgmenlataon of the tangent above that of the sine \ for, we have 
corresponding to 

* Arcs 0, 3(fi 45« 60« 

Sines 0, 5000, 7071, 8660, 

Tangents 0, 5773, lOOOO, 17S20, 

In the same manner as we have found, in the preceding cases, 
the values of the tangents, we may find those of the versed sine, 
secant, 8cc. 



90^, 
10000, 

00 . 



* We have adhered, in this Chapter, to the antient and common 
division of the circle. But, in most of the French scientific treatises that 
have, of late yearsj been published, the circumference is divided first, 
into 400 equal parts or degrees, then, each degree into 100 equal parts, 
or minutes, then, each minute into 100 equal parts or secoiids : so that a 
French degree is less than an English in the proportion of 90 to 100 : 
a French minute less than an English, in the proportion of 90 x 60 to 
100 X 100 : and a French second less in the proportion of 90 x 60 x 60 
to 100 X lOOx 100 : hence, if n be.the number of French degrees, the 



n.9 «(10-1) 



orn — • 



corresponding number of English equals ~-- , or — -p-— — ,„.„ — _, 

which last form points to an easy arithmetical operation for finding the 
number of degrees in the English scale firom the number in the French 
scale : since from the proposed number we must subtract the same, after 
the decimal point has been moved one place to the left ; > 

Examples : What number of degrees, minutes, &c. in the English 
scale correspond to 73^ to 71® 15', and to 26<*.0735, in the French 
scale. 



73 
7.3 


71.15 
7.115 


26.0735 
2.^0735 


65.7 
6 


64.035 
6 


23.46615 
6 


650 42' English. 


2.10 
6 


27 . 9690 
6 


■ 


6 
640 of e" 


58.140 . 
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In the next Chapter we will proceed to investigate certain ex- 
pressions for the sine and cosine of the sum and difference of 
two arcs, in terms of the sines and cosines of the simple arcs. Such 
expressions are, in this science, very important, since from them, 
by an easy derivation^ may be made to flow almost all other 
Trigonometrical formulae. *#* 



This operatioD of reducing French to English degrees may be super- 
seded, and rendered less liable to mistake, by means of the opposite 
Table^ in which, as it is usual, the reduction is effected simply by 
addition. 

Example to the Table* 

Reduce 260.0735 to English degrees, &c. 
French. English. 

By the Table, 200 o' 0" , 18o 0' 0^ 

6 O. 5 24 

.07 ;.... O 3 46.8 

30 9.72 

O 5 1.62 

26 .0735 23 27 58.14 the same as before. 



Reduce 20.7483 to Engliah degrees, &c. 

French. Eoglish. 

By Table, 2o (/ 0" lo 48' 0" 

.70 37 48 

4 2 9.6 

80 25.92 

3 .972 



20.7483 2 28 24.492 
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TABLE 

For Reducing French Degrees^ S^c. to English. 

French Division : 

4000 in the circle, 100', in a degree, 100* in a minute* 
English Division : 

3600 60' 60". 



Degrees. 


French. English. 

10 00 54' 

2 1 48 


French. English. 
100 96 

20 .18 


3 ; 2 42 


30 27 


4 3 36 


40 36 


5..,,. 4f 30 


50 ...45 


6 5 24 


60 54 


7 6 18 


70 63 


8 V..... 7 12 


80 7? 

90 81 


9 8 6 


10 9 


100 90 






Minutes. 


1' , 0' 32".4 


10 5' 24" 


2..,. 1 4.8 


20 10 48 


3 1 37.2 


30 16 12 


4 2 9.6 


40 21 36 


5 ..2 42 


50 27 


6 ...3 14.4 


60 32 24 


7 3 46.8 


70 37 48 


8 4 19.2 


80...., 43 12 


. 9. 4 51.6 


90 48 36 


10 5 24 


100 54 








l" "..... O" 324 


10... 3'^24 


2., 0.648 


26 6.48 


3 a.972 


30 9.72 


4.,.,. ^ 1.296 


40 12 96 


5 ...1.62 


50 • 16 2 


6 1.944 


QQ 19 44 


7 2.268 


70 • .....22 68 


8 2.592 


ftn . ....25 02 


9 2.916 


90 ...29 16 


10 3.24 


inn . . ' ^2 4 
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CHAP. II. 

Expremonsy for the Sines and Cosines of the Angles of a Triangle, in 
Terms of the Sides : for the Sine and Cosine of the Sum and Difference 
of two Arcs or Angles, Sfc, 

The first step in this investigation will be made by the 
•solution of the following Problem : 

Problem 1. In an oblique-angled triangle, it is required to 
express the cosines of the angles in terms of the sides. 

Let the 3 angles be A^ B, C, the opposite sides, a, h, c. 
Let the line between the vertex of the angle C and the point 
3 




where a perpendicular from the vertex of A on the line .^i cuts a 
hep ; then, p is called the cosine of C to the radius ^, ^nd (by 
p. l7.) n^.cos. C, when the radius = 1. 

Now, by Euclid, Book II, Prop. 12 and 13, 
f 2 -. ^2 ^ ^2 ^ q^p 

=: a^ + b^ - 2ab, cos. C ; 

consequently, cos. C = . . ^ — ; . 

2ab 

, If we investigate cos. B, and cos, A^ the process will be exactly 
similar, and the result similar, that is 

^n« n - ^^ + ^ ~ ^ 

COS. jD = ^ J 

2ac ■ 
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95 



From these expressions, the angles of a triangle may be found 
when the sides are giren. 




If C be obtuse, then p = ^ . cos. (^r — C), 
and ^ = «« + *«+ 2 J/; 

= tf*+^2 +2tf*.C08. (ir^ O 
= «• + 6* — 2£ii.cos. C, ^ «ince cos. (ir— C) = - cos. C \ ; 



is the same, whether C be less or greater than a right angle. 



consequently, cos. C=s "^ ^T^ ^ ^ before, or the expression 



Pboblem 2. Let it be required to express the sines of the 
angles in terms of the side0. 

By EueUdf Book I. Prop. 47. sin « A 5= (rad".)« ^ cos.* A 
=r (when rad». rr 1) 1 — cos.* ^4 = (l + cos. J) (1 — cos. A)\ 
since the di£Ference of the squares of two quantities is equal to 
the product of their sum and difference ^ hence we may find the 
value of sin.* :^, by finding, from the preceding Problem, 
1 4- COS. Aj and i — cos. A, and^ then, by multiplying together 
those quantities. 



Now, I — cos. A 



B 1 - 


*« + ^ - «« 




ibc -. 




-(J>*-Zbf+i*) 


"\ 


ike 


a« 


-(*-r)« 


" 


Sbfi 


^^ 


+6^cHa+c-i) 
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Similarly, * 1 + cos. A = ' ^^ . ' t 



2^c 



or. 



= <f±*±||y:£Z^(by p. 25. 1. 14, &c.) 
Hence multiplying, 1 + cos. A, and 1 -r co3. ^, 

siii.'^= 4i«^S » 

smce«+*-.=2(^±^- r) , *+.^^=s(3±|±f -'^) , 



&c. sm.« A = 

4 



This is the expression for the sin.* A, formed by means of 
^ai for COS. J. But, th^ expre^sigyg^^ for cQ^t ft og^^,. C^. ai^^ pre- 
cisely similar to that for cq^. A, a«4j| ther^fore^ th^ s}x^^ M stnd 
sin.2 c for(Ded from them^ b^y th^ s^we.pKO^^Sfli^ OX^^b^ e^re«}e4 
by similar fractions 5 In, which fr^ctipoa^ t^y^ ^ujpii^iitod^a mwA^ irqv^ 
the nature of their conipositipn, |^ ti)^ ^j^fne as^ tjx^ n^(nQratjar 
for sin.* ^, and tjie deiy)niiiwytor^ wiy b^, Tespqc^iY^y,^ a* ^^ a^ i^. 
Let N^ represent the numerator, then 

sm. -4 = ~ , Sm. jS =: — , sm. C = — - . 
PC ac ak 

* 1 + G©g* A = yer. sin. (180° — A) ; 
.-. ver. sin. (180°— A)=- ^ gV" ^ ' * ^"^^ differently expressed, 

4*c : (5 + c)* — a* :: 2 (the diameter) : ver. sin. (180^— -4). 
which is Halley's Th^oreoju fkiL O^^w. No. 349- p. 466. Halley 
calls it " A new Theorem of gqo4 use in Trigonometry." 
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Cor. 1 . Since siri. j8 = — , afad sin. C = -- , we have 

»c at 

8in> B ___ h 

sin. C^ c' 
or> if tMs e^t^alhy b^ tfai^v^n !ift6 i ^bporttbn^ 

sin. B : sin. C :: b : c. 
Thisrelation^howeyeTyof thesinesoftheanglestothesidesopposite^ 
itaay be immediately deduced from (I'^ig. S.) ; for the perpendicular 
(q) on a from the vertex of J, is the sine of £ to the radius c, or 
;=c sin* B (radiu^ = 1) ; similarly, g is the sine of C to the radius 
tp or^ qmi sin. C (rad. 1.) $ .*. since 9=^9 ^ sin. B ^ b sin. C« 

Cott. ^. H^hte the are^ of a triangle fhay be exptess^d in 

tenm of k» sides, for^ (^6e Fig. S.) area =^ ^P^- ^^, gjn. ^ & 

Problem S. It is required to express the sine of the sum 
of two arcS| in terms of the sines and cosines of the simple arcs* 

From the two preceding Problems, . 

sm. A =2 7— • sin. 1j =s — , 
be ac 



and, COS. B == , cos. A 



,« 



2ac 9,bc 
Hence, sm. A . cos. JB+cos. A . sm. J8= ^ — . 7^ ^ 

But si*. C=~, and sin. C=8ili. { w-(4rf+JB) |- -ssin. (-4+B), 
for il + -S is supplement to »— (A + ^) a« 4 + B + C = ir. 
Hence siit; (^+JB^aJ tu/. uf . cos. JJ''+ cos; il' . Sin. A [1 ] * 

tt ' .V^t .1-: rf.. ; ., fa i.r, I ■ . . i • •• ■ ■• — :' " i-i ... i i .. r 

* It has been objecti^tf/ a^df rf^t)y« tbat this formula is not thas 

obtained 
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This 18 the fundamental form, from which almost all other Tn- 
gonpmetrical forms may be deduced. 

Cor. ]. 

COS. (u< + J) = (p. 6.) sin. (s - (-^ + J5)) « 



obtained by direct investigation, but discovered to be true by obser- 
vation on the values of sin. A, cos. A, sin; B, cos. B^ and by previous 
knowledge of those values. There is no difficulty in directly inves- 
tigating it, by means of a construction (see Thomas Simpson's Trig. p. 54.) 
An able critic, however, (see Edin. Review, No. XXXIII. p. 128.) 
suggests, that this, and similar formulae, may be naturally and simply- 
deduced by means of a Lemma of Ptolemy in his fieyakri evwra^i^, and 
which in Simpson^s edition oi Euclid is the Prop. D of the Sixth Book. 
Thus, according to that proposition, 

ABy. CD + BC X AD= AC ^ BD. 
Let the arc AD =DC^ 2B, and the arc BAD ;sz2A; 

then, 
{AB + BC)ADz=: ACx BD, or^ (see p. 10.) 




{ 2 . sin. (^4— JB) + 2 sin. (-4+jB) } 2 sin. JB=2 sin. 2Bx2 sin. A (a)* 



Let -^=5 * then. 



sm. t-i 



Jsin. (j-fi) +sin. Q +b) J sin. B = sin. 2 Bx 

but, (pp. 6, 1 3.) sin. (|- JB,) and sin. (^+jB}=C08. B and sin. ^— 1 ; 

•\ 2 • cos. B X sin. JB = sin. 2 B^ we have (the same as in p« 120 ^i^^ 
substituting this in the form (a) 1. 18. we have 
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S8» 

p.l3.)sm,Q+iA+B))i 

but, sin. Q + (il+5))=8in. {(5+^) + b} . 

sin-. (A - JB)+ sin. (A +.B) ssisin. A.cos.B (Jb). 
Since in this formula ^and B may be any arcs prorided that A> B, 

substitute t+A instead of A, and' '3 + -B instead of B, then 

•in. (J - B) + sm.(ir + -4+B)=: 2.iin. (5 + a) cos. (5 + b) 

But, by Table^ p. 16, and pp. 6, 13. 
sin. (ir 4- ^ 4- JB) s — sin. {A + J5)j sin. (^ + -4y = cos. A^ 

and cos* ^^ 4* By = — sin. B ; therefore 

sin. (-4 — jB) — sin. (-4 + jB) = — 2 cos. -4 .sin. B (c). 
Hence, by adding and subtracting (p) and (c), there will result 
sin. (^ — JB) == sin. A . cos. B — cos. A . sin. B, 

and siqu (^^ -f ^) ^ s^^* ^ •cos. B 4* cos. i^. sin. B, 
and the deduction of other forms from these fundamental ones may be 
conducted as it is in the text. 

Mr. Cresswell, in his Treatise on Spherics, has more simply d** 
monstrated the latter of these fundamental formulae : thus 



A 

and draw 6 s perpendicularly to AD, then 

ADssAs + sD} but 
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90 
= sin. (^ + A J COS. B+ cos. y^^ Aj .tin* B, 
which is derived from the fonn [I], by substitudng^ instead of 

But by pp. 6, 13. sin. f^ + Aj =: cos. A^ 

and cos. (^ + Aj ss •" rirt. A. 

Hence, CQm4{A + B) sacoB. A ^eot.B ^ sin* A.Aa* B*. .^[2]- 

Cob. 2. By page 6, 
8in.(il-B)=rco8. (^ - (uf-B)) srCbtf. {(1"""*) + ^} ' 
But, by the formnta [i] that ha£^ Been jUsC estaMished, 

cos. (I -^ A J Cos. Jff — sin. (^^ — ^\ sin. B 

^ din.udf <cos. B-^coi^.^.^. jBii 
(by p. 6.) 

Hence, thefelbre, 
sin. {J - B) sz sin. A codi £ — cok. A sin* .B ;. [8]. 



but (see p. 10.) ilD= 2 sin. . "^ = 2 sin. (-4 + B), 

J « r= ^B .COS. B^2> s= ^^B eos. -— (Euclid, Book III. Prop. 20.) 

= 2 ^ n . COS. B 
= 2 sin. ^.cos. B, 
> ps:szBJ>,cos.BDA^2saili^B^co^Ai 

.*. SIB. (^ + B) St: sifr. ^cos; B + cos. -4 . sin, B. 



Digitized by VjOOQ IC 



81 

Again, by page 6, - 

co8.(^-J?) = 8in. (5 - (^ - B)) = sin. [Q^a)-^b] . 

But, by the formula [1], 
sin. H j-4) + jP| =W. (z—-Aj cos, JB -I- COS. (^--^^sln.B 

= COS. A COS. B + sin. A . sin. B (by p. 6.) 

Hence, therefore, 
* cos. (-rf — JB) =x cos. A . COS. B + sin. A . sin. JB^ [4]. ^ 

Com. S. Add together the fonns [1} and [3J and there 
results sin. {A+B)-h sin. (-4 — JB) = 2 . sin. A . cos. 5 la]. 

Subtract [5] from [1], and 
sin. (-i + B) — sin-M - B) = a. COS. ^.ain.JJ [*]. 

Multiply [1] and [3], ' , 

and, the right-hand side of the equation is = 

sia.* A X CQ$.^ B - gos.* A x sin.*-B :» 
sin.«^ (1 - sin.« 5) ~ (1 - sin.«il) sin.* B = 
sin.* A — sin.* JB. 

Hence, 

miA + B) X si».<vi - J?)«s8i».^4 - sitt.*Jf [tf]. 

Add [e] and [4], and • 
COS. (-rf - 5) + cos. (w4 + i?) = 2 cos,-4. 00s. JB [JJ. 

, ■■1. ■ ■■*■■■ * » ■ , . ■ . M ■■ ■ 

* We may fr^m these formulae easily derive expressions for the sine 
and cosine of -4 + B + C : 

tbHS sin. (A + B+C)^ sin. {A + B} cos. € + cos. {A + B) . sin. C 
= sin, A cos. £ cos. C-|- cos. ^ sin. B cos. C 
. + COB. i4 COS. B »R. € — si«. ^ si». B sin. C 
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Subtract [2] from [4]^ and 
COS. (uj< — JB) — COS. (^ + JB) ae 2 sIn. ^.sin. B [e]. 

If we substitute in the preceding formulae [j], [3], [^], &c. 
the quantity (n + 1) i? instead o{ A, we shall have 

sin. (ii + 2) 5 + sin. n5 = 2 sin. (n + 1) J? cos. 5, 
sin. (« + 2) B — sin. n JS = 2 cos. (n + 1) jB sin. B, 
sin. (» + 2) i? X sin. n.5 = sin,* (n + 1) JB - sin.« B, 
cos. « JB + COS. (« + 2) JB = 2 cos. (« + 1) jS.cos. JB, 
COS. nB — COS. (» + 2)B = 2 sin. (« + 1) JB.sin. B. 

Cob. 4. Some of the preceding forms may be differently ex- 
pressed, for 

- ^+JB * il-JB i , D C making 
smce J. as — ^ — + = A* + — t ^ 

2 2 2 O 5 = ^ + B, 

. n 4±B J^B S D ^ ^ ' 

* 2 2 2 2 V -^^ A — n^ 

we have from [a], 

sm. S + em. Z) ac 2 sm. I —5 — J • cos- I — - — I , 
and from [3], 

sm. S — sm. Z) == 2 cos. I — I . sm. f ■ ■ I , 

or, since 5 and Z) are any arcs subject to this condition alone,* ■ 
namely, that <S > JD, and since, in a series of formulx, it is con- 
venient to use the same characters, instead of S and D we may 
use A and jB, and dien, 

sin. A + sin. JB = 2 sin. ( j .cos. ( — -—j [5], 



sin« A — sm. -o = 2 cos. I 1 . sm. II ...... [0J» 

By a similar process we may transform [d] and [r] into these, 
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COS. A + COS. J5 = 2 COS. {j^^^ • cos. (^^-^) • • . .[7J. 

«os. B - COS. ^ = 2 sin. (^^^) -sin. (^^=^ [»]• 

Cos. 5. Dinde [5] bj [6], and 

• ^. • D **°(— ^) COS. (=— — ) 
Bin. .4+ sin. B __ \ 2 / V 2 -^ ^ 

•in. il-sin. JJ ~ /A->fB\ ' . /A—B\ ' 

= ta„.(iL±5).cot.(^), 
tan. (ril^) 

• •« « COS. ^ + COS. B 1 r 1 

J sin. ^+sin. B . /A + B\ rii 

^^9 t5 D = *^n. ( — i — ) [A], 

cos. il+cos. -B \ 2 / ^ ^ 

which, in a particular case, that is, When B =0, becomes 

sin. A ^ A ^/' 
-s=tan. — , or 



i=f??Ii^, or \/II^^=: tan. :^ . 
l+cos..^ V 1 + C0S.-4 2 

From this last expression, we may express, cos. A in terms of 



l+cos.-rf"" * 2 



the tan. «^ , Sec. $ for, since 



♦*« « -^ — ^ "■ COS' A * 

tan.«- =-— , we have 

2 14- cos. A 



cos. ^ =: 



l-tan.2^ 
^ 2 

l+tan.«:^ 

B 
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^^^ Cor. 6. The forms for the sine and cosine o{ A±B being 
obtained, it is easy to deduce from them, the sine or cosine of 

any arc, such as + A, and nearly with as much convenience 

as by reference to the Table given in page 16, thus, by [1], 

sin. (w + if) = sin. «• . cos. A + cos. «• . sin. A, 

but sin. w =: 0, and cos. ir = — 1 ; 

.*. sin. (w + u4) = — sin. A. 

Agam, sm. I — A\ = sm. — cos. -rf— cos. — sm. A \ 

but, sin. i—j = sin. (^ + o ) =sin. -n-.cos. - + cos. w .sin. r 
= — 1, since cos. - = 0, and cos. ir = — 1, 



cos 

2 



— = cos. I T + - I = cos. n . COS. -— sm. V sm. s: == 0. 

The sin. (-^ Aj , therefore, = — cos. A. 

Again, cos. ( — — 3 A ) = cos. — cos. SA + sin.—— sin. S j1 
^ ' V 2 ^^ 2 , ^ 

3 w . 3 «• 

= — sin. 3 A3 since cos. == 0, and sin. — = — 1. 

Agam, COS. I — +-41= cos. — cos. A — sm. — sm. A, 
but COS. — =co8. ( 2w + ^ )=cos. Sw.cos, - — sin.Sw-.sin. -=0, 
sin.— aesin. (^'^ + ^J== sin. 2 w . cos. ^ + cos. 2.ir.8in. |=1 5 

.-. COS. C— + Aj = — sin. ^. 
and, in like manner, other instances may be reduced *#*. 
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We will now proceed to deduce expressions for the tangents 
of the sums and differences of arcs : and, the first step will be 
the solution of the following Problem, which, indeed, is little else 
than a corollary from the preceding results : 

Problem 4. It is required to express the tangent of the 
sum and difference of two arcs in terms of the tangents of the 
simple arcs. 

Since (p. 8.) the tangent of an arc is equal to the sine divided 
by the cosine, if the arc he A ± B^ 

tan (A4- B^ — *^^* (-^ ± -^) — sin. A . cos. B ± cos. ^. sin. B 
"" *" COS. {A ±)B "^ COS. A . COS. B q: sin. A . sin. B ' 

Now, since the object is to obtain an expression involving 
tan. Aj tan. B, we must divide both numerator and denominator 
of the above fraction by cos. A • cos. J3, an operation which will 
not change its real value j beginning then with the numerator 

sin. -4 .COS. JB±cos. ^.sin. JB sin. J. . sin. JB ^ - .^ » 

— 3 ^ = 7 ± 77= tan. -4 ±tan. B 

cos. A . COS. B cos. A cos. b 

cos. A COS. B T sin. A sin. B , sin. A sin. B . ^ a . t> 

• 3 s — = 1 H= 3 77= 1 =P ^21"* A. tan.^ 

cos. A . COS. B cos.A cos. B 

consequently, tan. {A± B)= ^^°' ^ =" ^^"' ^ (rad. = 1) [9]. 

lq:tan. -^.tan.-8 ^ . »- J 

This formula may be used for determining the tangents of 
such arcs as 90» ± A^ 180® ±^, &c. exactly, as in Cor. 6. p. 34, 
we shewed the formulae for sin. {A ± J5), &c. might be used in 

determining sin. (— fl-±J.J : for instance, 

Jan. 90<* + tan. A oo + tan. A oo 



tan. (9(y + -^ = 



l — tan.QOOtan.^ 1— oo tan. A - oo tan.^ 



^: again,tan.(18Cy>^^)=^^"' '^'^Z.'"''' ^^'^ ""''"' J 
.A ^ ^ ^ ^ l+tan.l8(y>tan.^ 1-fOtan.^ 



tan 
= — tan. A, 

Cob. 2. Since tan, 45® = ^ilLii^! = i, Jf we make ^=45^ 

cos. 45® 

thei^ will result from the preceding expression, 
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' I qp tan. JB 

Cor. 3. Let /, f, i\ &c. be the tangents of the arcs A^ B, 
C, &c. then by formula [9]» considering ^ + jB as one arc, 

^fiTt rj ^ T^ ^ r\ ^ *^"- (^ + -B) + tan. C .-^ 

But, tan. (.rf + J5) = -^-i-4 5 
therefore the numerator of the fraction [q] equals 

— nzTT ' 

and the denominator^ of the same fraction, equals 

r^TTP 

Hence, 

fan (J M n M r\^ * -^^ j^f^tt't" 

tan.U + B + C):= ^_(^^^,^.^^,>y 

If .4 + J5 4- C = ir, (which is the case when -4, JB, C, arc 

the three angles of a triangle), since tan. «* s= 0, 

f + <' + r'- //^' =0, or 
^ + /' + ^' = /<'/", 
which is the theorem given in the PhiL Trans. 1808. p. 122. 

But the tlieorem has an origin much more remote \ for, the 
above formula for tan. (^ + JB + C) and similar formulae for the 
tangents of ^ + J3 + C + Dy &c. were given as far back as 
the year 1722, by John Bernoulli, and are inserted in the Leipsic 
Jets for that year, p. S6l, and in the second volume of his Works, 
at p. 5^6. 

The formulae for the tangents of the sums of any arcs A^ B, 
C, &c. are symmetrical in their composition, and their law is 
^easily defined: suppose, the symbols S3 (t/), S^(tlfi^ &c. be 
made to represent, respectivelyi 
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tff + tfr + tt:'tf'' + ft"/", 8cc. 

&C. 

These formulae are easily shewn to be true on the principle, 
that^ if the formula for the tangent of n arcs be true, that for 
(n + 1) arcs must be true also: the latter inference being made 
by means of the form [9], p. 35. 

If, instead of a radius = 1, we would introduce a radius =: r 
into the preceding formulae, we must avail ourselves of the 
rule laid down in p. 19. Thus the formula [1], p. 27, becomes 

r. sin. (^ 4- JB) = sin. A x cos. B + cos. A x sin. JB, 

the formula [r], p. SI, is the same, whether the radius be 1 
or r. 

The formula tan.2 d, == ^ "" ^^^' ^ to radius c= i 
2 1 4- COS. A 

becomes tan.^ — = — ^ — ^ when radius == r. 

2 r + cos. A 

The formula [A] becomes 



COS. ^ 



+ COS. B V 2 7 ' 



but, the formula [/], p. 33, remains the same, whether the radius 
be equal 1 or r. 

•** ^^ ^^^^ ^0^ subjoin a few additional formulae for the sines 
and cosines^ &c. of the sum^ and differences of arcs, the investi- 
gation of which the Student, by pursuing a track similar to what 
has been already proceeded on, will easily discover^ 
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sin. {SQf' + A) - sin.(6QP - A)=: sin. A, 
COS. (60^ + A) -h COS. (60^ — A)= cos. u^, 
1 + tan. A 



tan. (45^ + A) 
tan. (45^ — ^) = 



1 — tan. ^ ' 
1 — tan. ^ 
1 + tan. ^ ' 



tan.« A-^ tan.^ .B =: ^^"' ^^^7^ ^^^"'^f ;!"'"^ > 
cos.^^ X cos.-^ii 

cot 8 B- cot.* ^ = sin.U-Jg)8in.(^ + B) 

sm.* ^ X 8in.2 B 

M. Cagnoli, in his Trigonomettyy has collected into a Table, 
under one view, and for the purpose of reference, formulae 
similar to the preceding. He has also in another Table (which is 
subjoined) exhibited the various values for the sine, cosine, and 
tangent of the angle A. 



Digitized by VjOOQ IC 



39 

Table. 



Values of sin. A. 

4, COS. A tan. A* 

COS. A 
^- cot. A • 

3. a/(1 - COS.* A).. 

*• ^{l + coU^'A)' 

, tan. A 

5. 



(5. 
7. 

8. 
9. 



A/(l+tan.*-4)* 
2 sin. — .COS. — . 

2 tan.— 

-J , 
1 +tan.*-- 



cot, — |-tan. — 
2 2 

sin. (300+^)- sin. (SQO- 

10. I^j^-^ 

11. 2sin.» O^^^+l) "" ^' 

12. 1-2 sin.* (450 - -) 

1- tan.* (450 - -) 

13. 1^ 1- . 

1 + tan.* (450--) 

tan. (450 -hI^- tan. (45© 



^) 



14< 



2/ 



tan. (*5<>+^)+tan. (^450 
15. sin. (6(y> + -^) - cos. (6OO - 



1. 

2. 
3. 

4. 
5. 
6. 
7. 

8. 



Values of the cos. A. 

sin. A 
tan.« ^ ' 
sin. A cot. ^. 
V'Cl - sin.* A). 

1 

V(l + tau.*^)* 

cot. A 
V(l +cot,*^) • 

COS.* -- — sin.* -- . 
2 2 

l-2sin.*~ . 



2. cos.*— - 1. 
2 

//I +COS. 2^\ 

^- v( — 2 — )• 

V 1 - tan.* - 

2 

1 + tan.*- 
2 

cot. -~ tan.- 

3"; 2' 

cot. -+ tan. - 

1 

1 +tan. ^ tan. — 



10. 



U. 



12. 



i3. 



tan. (450+^)+cot. (^5^+1) 
I) 14. 2cos.(450 4- :|)cos. (450- -) 
A). 15. cos.(600+^)-cos.(6a>-^. 
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Table. 

Values of tan. A. 

An. A 
COS. A ' 

1 
cot. A * 



4 sin. ^ 

- n/(1-cos.2^) 
o, — __ . 

cos. A 
£ tan. — 

• — ^ "j * 

1 « tan.2 ± 
2 

2 cot. — 

7- ^ 



COt.2 ^ -. 1 

2 

o 
8. 



, A ^ A' 

cot, tan. — 

*ii, 2 

9. cot. u^ — 2cot.-2-df. 

10. j^ "~ cos. 2^ 

sin. 2-4 
11 sin. 2 A 

1 +cos.2^ 



12 A // ' -cos. 2^ ^ 

tan. A50 +:l^^-tan. {45^ - ^^ 

IS. V ^/ V 2y #, 
2 * 
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The investigation of some of these expressions has been already 
giren ; and^ by pursuing its plan^ the Student wili^ Mdthout dif- 
ficulty, be able to accomplish that of the others. 

But the Student, whdae object is utility, will feel averse from 
their investigation, should he suspect them to be mere Trigono- 
metrical curiosities. Such however is not their character ; on the 
eoQitfary, they, in amny iii^tlMiG^s, imtesiaUy i^xp^te calculation, 
and fufnish to the giefiersil laongaage of ailalyaJA convenient forms 
and modes of expression^ It is^ in aceomplishiiigthis latter purpose, 
diat Trig<Miometrica}^ formula are chiefly useful : they «erve to 
conduct investigation where the object Itits no concern whatever 
with the properties of triangles. 

T^t, ^dinvfisii^tion of the jMrpperties of tnaflgje# ^/sia tkie 
object for which Trigonometry was originally invented ; and^ if 
the Student purposes to limit his enquiries to that object alone, 
he need not, in quest of the requisite formula?, advance farther 
than the present Cbzpter^: He may imm.ediately pass on to the 
fifth Chapter and apply what he has already learned. If, how- 
ever, his views should extend farther, and he s^iould "V^isfa to be 
posses^^d of Trigpnometry an4 its formulae as instruments of 
language, he must pursue his researches, become conversant 
with expressions merely analytical^ and, for a^ time, defer their 
application. 

In Older Aat thai lat^r fibh nacp be adopted^ we will, in 
the next Chapter, continue the deduction of Trigonometrical 
formulae. 
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CHAP. Ill 



On the Smei^ Cosines^ Spc. of ntuUiple Arc^.-^-Polveri <jf^ the Sine And 

. Cosine of the simple Arc, '-^ Series of the Cosines of Arcs in Arith* 

metictU Frjbgression. — Viet^s^ Waring* s, and Cotes* s Froperiieirof 

Curves, — De Moitre*s Expression for the Sine and Cosine of a 

muUiple Arc hy means of imaginary Symbols. , - 

Problem 5. It is required to express the sine and cosine 
of tmce an arc, in terms of the sine and cosine of the simple 
arc. 

Byform[i], p. 27, 

sin. (-4 + B) =, sin. A . cos. B + cos. A . sin. B, 

' Lot JB =± .4j 

.'. sin. (2^)^sin. ^.cos. A + c6s. ^-sin. A == 2tin.^^ cos. A ; 
or, by the Rule of p. 19, to rad'. r,'r sin. 2^=: 2 sin. A .cos. A ♦* 

Again, by the form [2] of p. 27, 

COS. (ii + B) « cos. ^.cos.-B.— ain.^^^. B. ^ ^ 

Let A ss B\ .', COS. 2 -4 = cos.^ A — sin** A; 

or, = co8.*-4 — (l~cos.*-^) = 2.cos.*^ — 1 ; 

or, = 1 — sin.* A — sin.* -4 =r 1 — 2 sin.* A. 

■\ 

If we employ a radius = r, then, by the Rule of p. 19> 
r.cos. ^A = 2 co8.*-/rf — r*, or = r* — 2,sin.*-<<, (seep. 11.) 

^ This result has been (p. 12.) already obtained, but it is here re- 
peated, as being the first of a series of formulae deduced on the same 
principle* 
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Cor. 1. By transposition, 

r* — r . COS. 2 Ay or r(r — cos. 2 -4) = 2 sin.^ A (see p. 1 1 .)• 
Now, r — cos. 2ui =s ver. sin. 2^, consequently, 

r. (ver. sin. 2 ^) = 2 sin.* ^ (see p. 11.) 
which equality^ thrown into a proportion, is 

▼er. sin. 2 A : sin. A :: sin. A \ '-x 

or^ expressed in general terms, announce$> that the sine of an angle 
is a mean' proportional between the versed sine of twice the 
same angle and the semi-radius. 

Again, t^ + r. cos. 2 -4 s= 2 cos.* A^ 
or r(r + cos. 2^) == 2 cos.* A^ 
or r (ver. sin. 8upp^ of 2 ^4) = 2 cos * A ; 

or, (if we call the ver. sin. of the supplement of an arc, the 
suversed sine) r .suversin. (2 ^) = 2 cos.* A^ which equality, like 
the preceding, may be expressed under the form of a proportion, 
or in general terms. 

Cor. 2. Hence the sine of 30® = |, radiu> = 1, 
For, sin. 60» = sin. (2 . 3(y>) = 2 sin. 30».cos. S(f, [i?robl 5.], 
but, COS. SQf^ = sin (90® - S0<>) =» sin. 60® ; 
.•. sin. 60® = 2 sin. 30® .sin. 60® ; 

or sin. SO® = |, and consequently sin. 60®, or cos. 30®=^^ . 

Cob. 3. Since, radius being 1, 

sin.* A + COS.* il = 1, 
and, (p. 42.) 2 sin. A. cos. A = sin. ^A, 
we have, by the solution of a quadratic equation such as 

^* + ^ = tf , 

sim -rf = i V(l + sin. 2 ^) ± ^ ^/(l - sin. 2 ^), 
cos. ^ = i v^(l + sin. 2 ^) q: § a/(1 - sin- 2 ^), 
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in which expressions the upper or lpv«jr eign. ^at aflS^ots the 
second terixtis to be used, accordingly as sin. A is greater or less 
than cos. A, that is, in arcs not exceeding a quadrant^ accord- 
ingly as A is greater or le^s than half a quadrant. 

These two formulas are useful either to compute arithmetically 
the sines, cojsines, 8cc. of arcs, or td examine their accuracy when 
computed by other formulae ; and, performing the latter office, 
they are called Formula of Verificdiion. It is easy t6 perceive their 
use in computing sines, cosines, &c.; since, if we take sin. 2^, 
'dt;known quantity/ for instance, the siri. 30^ which equals ^, we 
may, by successive substitutions, regularly deduce the sines of 15*^, 
7® 30V &c. Thus, 

sin. 15« = W(^ + l)-i s/{\-k) = .258819, 

sin. 7<> 3(y = ^ s/\ 1 .2588 19) - ^ s/ (.74 1 181) = .1 305262, 

6in. 3<>45' =, 8lc. 

Problem 6. It is required to express the sine' and cosine 
of 3 times an arc, 4 times an arc, &c. in terms of the sine and 
cosine of the simple arc. 

If we substitute in the formula fox cos. {A-\-B) (p. 290 2 A 
instead of .B, we have 

cos. (il + 2 ^) s= COS. 2 A . cos. A — sin. 2 A •&in. A\ 

but, by the preceding Problem^ 

sin. 2^ = 2 sin. A cos. Ay 

and COS. 2 A z=. 2 cos.* A — \\ 

.-. cos. 3 -^ =: (2 . COS.* A -^ \) COS. A — ^ cos. A' sin.* -^ 
= 2 . COS.' A— COS. ^ — 2 ct)s. A{\ — cos.* A) 
= 4 €08.^ A — 3 co^*Ay when the raflios = 1, 
4 C06.' A 



r* 



~ 3 . COS. Ay when the r^itis = r. 



This form, if we substitute therein, instead of the arc SAy 3 A 

gives us . . / 
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COS. r ~ — 3 ^)=4? . Tcos. ^ — J J —3 . COS. T 5— ^y ; 
but, bj Cor. 6i, Pfob, ^^ p. 34. 

COS. f — — 3w<^ 1 ss — sin. 3^9 COS. / ^ -» ^ 1 sa sisu A ; 

consequemly, 

sin. 3 ^ s 3 sin, A — 4. sin.' i[, when the radius = 1, 

=s SiV^.sin. A ' — ^ — when the radius = r. 

By -a similar method may the cos. (4ijf) sz cos. (SA + il) or r: 
COS. {'2A + 9, A)y and the cos. (5 A) = cos. (4 -<< + ^ or =: 
cosk (3A+ 2 A), kit. be deduced. But, the successive formation 
of the cosines and sines of multiple arcs may, most easily, be 
effected after the following manner : 

By the form [^^J^ page 31, 
COS. {A-^B) + cos.(^ — B) B 2Cos.^.cos. B.. ....A>By 

or cos. (J5+<i^) + GQs.iB^ A)\^ £cQs. Jf.^^.^.^ «• ..J^A. 

Lfet J7-!t= nA, tJien tranSpo$iftg 

COS. (n 4- l)A = 2 . cos. n A .cos^ A — cos. (« — 1) u4, 

and hence fr6m cos. (« — I) A, and cos. w-<^, may be assigned 
COS. {ft + I) A: for instance, 

if fi ss ], COS* (n — 1) JT =:x:6s. io = 1 ; 

.•. COS. 2 ii 5= 2 COS.* A^ I ...... .[^'fj. 

If II = 2, 

COS. 3^toSvep8v2:4.C0S. J'-'tdS. ii^4iC68.*ji»^S't08.;4[tf"^]. 

If « = 3, 

COS. 4 ^ s 2 COS. dA .COS. il — COS. 2 A 

•ic: 2(4c<i8.' Jlf-Sbos.-^) cos: A^a^Mi^ A^ I) 
= 8 COS.* ^ - 8 COS.* A + 1 .....;...* . [c^^f 

Anl, )^ i^fihe proo^i. If fi9 *i 
COS. 5 A s± 
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16 COS.* ^ - 16 COS.* ^ + 2 COS. A — (4 cos.* A -^S cos. A) 

= 16 cos.^ -4-20 COS.* -4 + 5 COS. A .[rHt 

or, 2 COS. 5Ass(2 cos. ^J* — 5 (2 cos: .^)* +^cos. X 

Similarly, if [« =* 5], 
COS. 6 ^ =5 32 cos.^ ^ — 4?0 cos.* ^ + 10 cos.*^ 
- (8 COS.* A— S COS.* A -{- \) 
= 32cos.^^-4f8 COS.* ^4- 18 COS.* A- I [r% 

or, 2 . COS. 6^ = 2^ cos.^ ^-6.2* cos.* ^ + 2.1^ 2* cos.« A —2, 

2 

and the general form is 
2C0S. wJ=(2co8.^r-m(2cos.^)"— •«+^^^^^\(2cos. AT^* 

~ ^>(^-^)(^-g) (2 COS. AT-' + &c. 
2.3 ^ 

The formala for the sines of multiple arcs may be deduced 
front those of the cosines, and, on the same principle as that which 
has been already used in deducing sin. 3 ^df ; by substituting, in 

the form for cos. 5 A* — ^ — 5 A instead of 5 A, we have 
2 

COS. Q^ ^BAy^ 

16 f^cos. ^ - A J -20(^008. 1 - a\ 4- 5 . cos. Tj-^) » 

but by Cor. 6. Prob. 3, cos. {— - 5^^= sin. 5 A, 

COS. i^-^Aj = sin. ^ i 
consequently, sin. 5^ =: 16 sin.^ -4 — 20 sin.'-rf + 5 sin. A, 

Or, the sines of multiple arcs may be successively deduced as 
the cosines have, on the same principle, and by like formulae -, 
thus, by the form [0]^ p. 31. 
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sin. (J8 -h M) fh tin. (B ^ A}zzt rin. B. cos, J. 
Let B zr, nAy then, transposing . 

auu C» -I- V) A:=:9, sin. «^; cos* jrf. -r-, sin, (» - 1).^, 
hencej if n == 2, sin. S ^=2 . sin. 2 u^ . cos. A — sin. .^, 
(sin. 2^=2 sin. ^ . cos. A):=:4:9in^ A • cps^* ^— sin. j^ . . [/"] 

«Ssm.^-4sin.»^ [/"]. 

Similarly, if it a 3, 

sin. 4^ as 2 cos. A (9 sin. j/f — 4 sin.* A) — sin. 2 -<<, 

. s= 6 sin. ^ . COS. A^B cos. A . sin.* ^ — 2 sin. ^ .cos. ^4 
r= (4 sin. A -^S sin.* A) cos. ^, 
or, =5 (8 COS.* ^ — 4 cos. -4) sin. A [s"^. 

Similarly, if » s 4, sin. 5 A «s 

(4 sin. A -^ S sm.* A) 2 cos.^A ''^ (3 sin. ^ — 4 sin.* A) 
= 8 sin. A -16 sin.* -4-8 sin.* -4 + 16 sin.* A - (3 sin. ^- 

4 sin.* -4) 
= 5 sin. ^ - 20 sin.« ^ + 16 sin.* A [/^, 

or, 2 sin. 5 Jf a 5,2 sin. Jf - 5 .(2 sin. -^* + (2 sin'. A)P. 

The general «xpif ssibntfor an. m A [m odd] is , 
sin. mA zz 

2.3 . , - 2.3.4.5 



and [m even] is 
* sin. mA = cos. ^ < m . siA. ^ *" ~^~T — ^^ ****'* ^ "*" 

2.S.4.5 ; , •, . .>,,.-,. 

Hie sine and codne of the multiple arc (m A) have been ei 

■ ... .11 . I l< I ..■■.. ■ ' » I • . I I. II IIMI I - ■■ - I , :„ m. ' » r 

. V . . 'i • . ■ . 

* For the general demonstration of these fQrit>V^*(66ttdbe,App^iidi^. . 
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pressed in p<M»ers o£ A» «fai0 and ^oskie of die skiople arc (,A) : 
but, if we express the cosine of the arc (A} by a particular 
binomial, the cosines of the multiple arcs admit of an expression 
rather remarkable $ cor, in other words, they may be said to possess 
a curious, property ; thus, let . 



2. COS. 


Js=» 




:2(2co8.«^- 


1) = 




=*« + 


1 



By the form of p. 45. 

2 . (cos. 9^ = 4 COS. 2 A • COS. ^ — 2 cos. A 

Generally, if 2 . cps. («- 1) -4 = ^-^ + -i— , 

and, i .CAM* uA s:.4r" + r^ » dten> littCB <pw 89,) 

cos. (/I + 1) -4 sK 5 • COS. n A. COB. A — cos. («— 1) -4, 
2 CO.. («+ 1) J « (ar*+ I;) (x +i)-(x— +-J^) 

Hence, if the form were true for two successive inferior numbers^ 
n — 1, and ft, it wofild.be tme fcMr/t^ If but,:itfiad.beien proved 
to be true in thoUe cases, ^en n— 1 ±: 2, and n ssS: conse* 



Unu ititi J i> i I I ■ 



* This mode of H<>nftf.tiig t:h<> nft nifn#>« of multiple accflU wJxicb ledds 
to several curious restults^ occurs first in De Moivre's Miscellanea 
Amafyikur f8^^ and I0.« 
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quently, it is true for n + 1 = 4, and so on successively for all 
i^hole superior numbers. 

The above exptession holds good also for cos. — — ^^ when n 

is an even number. For^ since 

« A COS. -4 + 1 

COS.* — = — ■' — I 

2 2 - 

A 1 

4 .COS.2 — rs 2 .COS. il + 2 = a: + 2 + *; 
2 0? 



.-. S . COS. --• = s/x + . 



Now, 



COS. ^ il =2 .COS. - -4 X COS. — --^ COS. uf ; 

2 2 2 2 



n+1 I 

therefore, as before, if the expression be true for cos. ^ "" A^ 
it is (since it certainly is so for cos. - Ay n being an even 

number) true, for cos. -— — A. But, (1. 5,) it is, when »ss2, 

A 3-4. 

true for cos. —; therefore, it is true for cos. $ therefore for 

2 • 2 

S A 
COS. — - , and, by virtue of these successive inferences, generally 

true. 

The above mode of expressing the cosines of niultiple arcs 
is useful on several occasions : for instance^ in finding th^ sum 
of a series, such ^s 

e 
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COS. A + COS.2 J. + COS. 3 J + &c. + cos. n J, 

for, retaining the former notation, the sum is equal the sum of 
the two following series, 

- (j:* + Jr2 + a?» + &c. + 3^\ 









ow, . ^^=v\ 



Nowi 



n/^t — L 
>^x 

1 \« 







I - COS.'^-:r- \ sm. ' 



V I Zir I ^ ^^ — !T" * ^^'^^^q^^^'y ^® sum of 



1 — cos.2^ / sm.- 
sm. 



the series is equal -j- x cos. (- ) A. 

Since the sin. n ^ =: ^ _ ■ (a?* - ^ •, we cannot, using 
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the above, notation^ directly investigate the-^um of a seri^ 8uch 
as 

sin. A + sin. 2 A + sin. 3 A + &c. 

except by introducing imaginary symbols. The investigation, 
however, is not difficult, and may conveniently be e£Fectedj| 
Calthough by something like an artifice of calculation) in the fol* 
lowing manner : 

In the form [8], p.SSj if we substitute, instead of B and A, 

A S A S A 5 A 
successively the arcs — and — , and , &c. there will 

result 

A . ^ SA r. ' A • A 

cos. -r- — COS. --- =: 2 .sm. A. sm. -- • 
2 2 2 

COS. COS. — • a 2 sm. 2 A . sm. ^ , 

2 2 '2 ' 

COS. — COS. -— sr 2 sin. 3-^. sin. — , 

2 2 2 

&c. &c. 

Hence, by addition, 

A 2 If >u 1 A 

COS.— - COS. — -Ji-il=:2 sin.— (sin. A + sin. 2-4 + sin. 3 A 
2 2 * 2 

+ &c. + sin. n A) ; 

consequently, sin. A + sin. 2 ^ + sin. 3 -rf + &c. = 

cos. ^ ^ COS. ^^.t-i ui sin. ? . ^ X sin. ^±i ^ /^. /^ •. /• 

2 2 2 2^ / ^rj 

^ . ^ r~2 " • 

2 sm. — sm. — 

2 2 

By a similar artifice may the sum of the series 

be found. 

For, if in the expression for tan. {A + B) we make A zz B, 



Digitized by VjOOQ IC 



U^fJi' ^r tan. 2 ^ = ^^^°'^ .. , and therefore (p. 10,) 

1 - tan 2 ^ 1 tan. A 



cot. 2 ^ s 



2 tan. A 2 tan. A 



- cot. ^ tan. A (which agrees with the 9th expression for 

tan. A in the Table^ p. 40.). 

Hence, transposing, and substituting, instead of 2 A, A, suc- 

A A A 
cessively the arcs, A and — , — and — , 8cc. there results (con- 
^ 2*24 

tinually dividing each successive formula by 2), 

;- cot. — - cot, ^ = - tan. — , 
2 2 2 2' 

1 . ^ 1 A l^ A 

"2 cot. cot. — = - tan. *- , 

4 4 2 2 4 4 

I cot. ^ - 1 cot. - = I tan. ^ , &c. 
8 8 4 4 8 8 ' 

Hence, by addition 

L cot. — - cot. ^=: 1 tan. :^ + i tan. — + 1 tan. - + &*c 
S** 2* 2 2 4 2 8 8 

By a similar process, 

co-sec. A + co-sec. 2 -4 + co-sec. 4-rf + &c. = cot *- — cot. 2* "" ^ ^• 

2 

See Cagnoli's Trigonometry, second edit. p. 122. 

We will now return to the expression 2 cos. »^ =a?" + -^ , and 

shew its use in demonstrating a property of curves given by 
Waring, in Us Froprietates Curvarum, p. 110. The property is 
this : 

Jf in a circle ABCDy 8cc. the radius of which is 1, equal arcs 
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JB, BQt CDy &c. be tdcen, and if PS be taken »p, p being 

6 




the coefficient of the second term of the quadratic, equation 
Z^ ^p Z + 1=0, of which the roots are, a, /? ; 

then, PB s=a+/J, orno-i-- since a /d :z 1, 



PC = a« + /S«, or =3 a2 + — , 



2. 



PD == a» + /3», or = a» + ^ , 

&c, = &c, or =: &c. 



Now, PJB = chord(ir— ^B)=2sin. (5--^) = S.cos.^^ 

(It -<4C\ ^C 

5 T- )=2.C08. -— , 

P£>= = 2C0S.— . 

2 



PJB = &c. 



JB 



ja EM 

and it has been already proved, that if, (putting — for -4), 



AB I 

2 • COS. = ar + - ; 

2 X 



then 2 .cos. 2 ( — —J , or 2 cos. T ^y =:a?* + — j 

2 . COS. 3 (^) , or 2. cos.^ = *' + ^» &c. 
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hence, PB being a: + - , or a +-. , or, a + ft 

PCzza^ + /3«, 
PD = a» + ^, 
&C. = &C. 

Vieta, pr 295, C>p^tf Matiematha, Leyden, 1646, expresses 
the values of these chords, not by the sums of the powers of the 
roots, but by expressions equiiralent to such sums: thus, he 
puts for PB, 1 N, or Nj (Nf he represent* by 1 g, {tTf by 1 C, 
{Nf by 1 gC, &c. then 

1(2-2=:PC IV^-- 2 = PC 

iC'-SN^PD ) (n^^SNziPD 

lCe-40 +2=P^ V .'''"".. -J-AT* -4.N2 + 2s=P-S 

1 §C-5 C+5JV=PPr^'^"^"^'*^^^' )iV^ -5N3+5JSr=PP, 
*&c. -^ ^ &c. 



but, -N^* - 2, N* — SjNi &c. express the sums, of the squares, 
of tlie cubes, &c. of the roots of an equation h^ -^ Nx + 1; for, 
the formula for the sum of the tf^* powers is 

JV^-mi^-- 2 + /ii.25^ JV*-*-i».^=l.^:^iSr~-« + &c. 
2 2 3 

Vieta, therefore, is not to be entirely excluded from the 
honour due to the invention of the preceding theorem. 

Vieta calculated by chords ; and, his formulae, which we have 
just given, are, in fact, the same as the expressions for cos. 2 A^ 
COS. 3 Jf &c. given in pages 42 and 44. 

Vieta also has, p. 297, given another form, exhibiting the 
relations between the chords of ABj AC, AD, &c. He puts 
the chord of AB zz I and the relation of the chord of AC to the 

chord AC 



chord of JB^ N, consequently, Nss 



chord AB 



See Simpson's Essays, p. 106. 
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2.8in. . . •„ asm.— .COS.— ^„ 

2 sin. AB 2 2 AB 

' . AB'^ . AB" 7—aB = 2C08. — . 

2 . sm. 6in. sin. * 

2 2 2 



He then fonns this Table : 

1 Q-l=chord AD ^ fN^ - i « chord AD 

lC-2i\^=chord^£ f ^V*^ )n^--2N ^chordAE 

> modem < 
lQ8-3Q+l=chord4/^f notation, Ji^* ^3JV«+ l=chord iiP 

&c. ) i &c. 



Now since the chord JD=:2 sin. 3 f — ) , and the chord JEzz 
2 sin. 4 C~J 9 Sic. and since 2 sin. -— is put = 1, the 
preceding formulx become^ if we put - — = A, 

(2 cos. ^* — 1 = 2 sin. SA, 
(2 COS. Ay — 2x2. COS. A =: 2. sin.4 ^, 
&c. 
which are the same^ in fact, as [/"] [/'T given in page 47. 

We may also employ the above mode of expressing the 
cosines of multiple arcs, in deducing de Moivre's formula^ 
which is 

* (cos. A + v^ — i, sin. A)r = cos. mA + ^-1. sin. mA, 
for since 

COS. 4=i (or + i) , sin. ^=li/(-x-+2 - 1) 



* Lagrange, p. 116 Calcul des Fonctiansj says, that this form ia as 
remarkable for its simpHcity and elegance, as it is for its generality and 
utility : and M. Laplace, in the Legom des Ecoles Normales, considers 
the invention of this formula to be of equal importance with that of the 
Binomial Theorem. 
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and similarly, 2 V — 1 . sin. m 4 = J* — -; j 
hence, cos. A + v" — i sin. Azzx^ cos. -4— V^— l .sin. -A =: - , 

and, cos. mJ. + V^— i . sin. mA^i^y cos. mil — V — 1 sin. mA^^ 
consequently, 

(cos. -4 + V— 1 sm. -rf)** = cos. 171 J. + V^ — 1 . sin. m A, 
and (cos. A — V — 1 .sin. ^)'" =: cos. m-4 — V - i .sin. m A. 

If we expand these expressions^ and then add them, we shall 
have 

COS. m A -::=. 
^^rA-^a^^ cos.—''^xsin.»^+"<'"-^X«.-2)(m-8)^ 

COS.** ""♦-4 X sin.* -4 — &c. 

If we subtract them 

sin. m A -=1 

m.cos.'^-^^xsin.^-- '"'^'"";^y^^^ cos."~Mxsin.»^+&c 

From the above mode of representing the cosines of multiple 
arcs we may abo deduce, and concisely, the formulae of Cotes, 
page lis, &c.* Theor. Leg. Prof, in Harmonia Mensurarum, and 
of De Moiyre, Misc. Analyt. p. 16, &c. thus, 

— — — ' ' * ! 

* The Theorem of Cotes was not announced to the public by its 
Author, but by the Editor of his Works, Dr. Robert Smith, who informs ' 
us, page 113, Preface, that after various conjectures and trials, he ex* 
tracted it and its meaning from the deceased Author's loose papers '^ Re* 
vocavi tandem ab interitu Theorema Pulcherrimum,^ M. Lagrange con* 
jectures, and with probability, that Cotes arrived at his Theorem by the 
way of Vieta's Theorems. See page 54. 



Digitized by VjOOQ IC 



67 

In the expression, 
2 • COS. mJ. =: J?* -f -r- , make mAstO^ 

. then X* -h— = 2co8. 0, or, x*'"-2 . cos. 6 x x* + l=0, 

and X + - — 2. COS.— , or, x*— 2. cos. -x + l =0. 
X m . iw 

Now, from x + i=2 .cos.- , jT + —= 2 cos. was deduced; 
X m x* 

therefore, if x were deduced from the first expression in terms 

of cos. — , or, in other words, if a were the root of the equa- 
tn 

tion, X* — 2 cos. - x + 1 = 0, that same value of x, or root a, 
m 

substituted in the second expression, ^ "^ '^^ 2 cos. 0, would 

make it a true equation, or a would be a root of the equation 

x«"» — 2 COS. ^ . x** 4- 1 = 0. 
Hence, by the doctrine of equation, x — ^, is a divisor, both of 

^2 - 2 .COS. -X -f 1, and of x^--2 cos. .x^-f i ; and similarly, 
in 

1 ' ' 

since - is the other root of x«- 2 cos. - x + 1, provided a h^ 
- a , m 

one root, x — - is a divisor both of x* — 2 cos. — x + 1, and of 
a w 

jt*» - 2 COS. 6, x^ + 1 J and consequently, (x— «) (^^-"/^ ^r* 
X* — 2. COS. — X -f 1 is a divisor of 



tn 



^M _ q^ ^,Qg^ ^ .X** + 1. 

Now, by Table, p. 16, and by the preceding reasonbg, it appears 
that the arcs 
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2 9r - ^, 4 1^ - ^, 8CC. (2 » + 2)ir - ^, 

2ir+a, 4.w+^, &C. 2nir^e^ 

have the same cosine as the arc ^ has : but if, instead of the 
equation 

I $ 

j7 + — = 2 cos. ^9 we assume 
X m 

X ^ -=2.cos. I — ^I- I or = 2. COS. I ^—^ I or =2 COS. I I 

X \ m ^ \ m / \ m ^ 

or =2.cos. f )or = 2.cos./ J or =2cos.( ^ ^ 

the resukiog expressions will be respectively 

^'•-h— = C0S.(2ir.+ ^)or = 2.COS.(4ir -f ^) or =2COS.(2«flr+(?); 
x^ 

or = 2 . COS. (2 w' — ^), or as 2 cos. (4 ^ — B\ or 
= 2. COS. (2 « -I- 2) IT —^, 

which expressions, by what has just appeared', (see 11. 1, 2, &c.) 
are all of equal value. 

Hence, of the same expression 

x*"" "- 2 , cos. ^ . j:*" -f 1, 

X* — 2 cos. — a: + 1, x* — 2 cos. x + I, 

m m 

a:^— 2 .COS. I ^^ ) J? + 1, a:^ — 2 . cos. -^!^ x + 1, &c. 

\ m ^ m 

are divisors ; in other words, x** — 2 cos. ^ . a:*" + 1 may be re- 
presented by a product, of which these latter quantities are the 
factors; accordingly, 

j:«» — 2 COS. a.j:'" + I 8= 

Tj^ — 2.C0S. - X + M X (ofl — 2. COS. ?^ x+lj X 

f^x* - 2. COS. ^ ' ^ ■ y + M X &c. 
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If we make 0=0, we have cos. 0=1 • and cos. scos. 

m m 

and x"» - 2x« + 1, or (ar~ — !)« = 

^2— 2C08. — ^X + 1 ) fx2-2.tOS. ^ X-^-lJ X 

&C. 

.and accordingly, 

X- - 1 = 

(j?--l). (j:2-2.cos.— !• + l) .(a:2 - cos. — x'+l^ . &c. 

which is the analytical expression of Cotes's Theorem. See 
Harmonia Mensurarum, p. 114, &c. and De Moivre's Miscellanea 
Analytical p. l7, &c. 

We will now proceed to investigate expressions for the powers 
of the cosine and sine of an arc, in terms of the cosines and 
sines of multiple arcs^ which expressions are highly useful in 
all Mathematical Investigations connected with Physical Astro- 
nomy* 

PROfiLEM 7- It is required to express the powers of the 
cosine and sine of an arc, in terms involving the cosines and 
sines of the multiple arc 

2 .COS. A -rz X ■\- - \ 

X 

.•. 2" COS." ^= {jx -f -y = 

(collecting into pairs the terms equidistant from feach extremity of 
the series) 



* For the expansion of the Binomial, see Wood's Algebra, page 109, 
first edition ; or Vince's Fluxions, p. 45 ; or Woodhouse'* Principles qf^ 
Andlytical Calculation, page 24, &c. 
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(x.+l)+«(^-+^)+„ 2^(,.-. + _L,)+&c. 

••• by page 48, 2*— i cos."^ 
te COS. nA + n.cos. («— 2) ii+w, ^"" ^ cos. (n — 4) -i + &c. 

The number of terms is /i + 1, therefore, if « be even, the 
last term is 

«.(«-l)(ii~2) (n - - + 'l) 

-*— ^— — ; • ' X - COS. (n — n)A' 

1 '2 S " 2 ^ ^ 

i>««.9.. -' 

Now, 

,^Q « "" 2.4.6 n 

2 ,.;... 

_ 2«.(2/g — 2),8cc. 1.8,5 (»-^) _ 

2,4 n 1.-3.5 (i*-l) "" 

2x2x2, &c.( to - terms; x ■ , ^ . ^ , ,/ ■ X 1.3.5 

..,.Cn-l) = 2^ X illll.lIIJji!Lzi>5 
],2.3 - 

consequently, since cos. (w — w)^ = 1, the bst term as 
^^-1 ^ 1.3.5 (n^ 1) 

^ 1 9 s '^ 

2 

Hence, as instances of the general form, 

^=2, 2.C08.2 A = cos. 2 A + 1 [/'] 

nssS, 2^.cos.^A = cos. SA + S. cos. ^ [/'^ 

« = 4, 2',cos.4^ =co8. 4^ + 4.cos.2^H- 3 [f^] 

« = 5, 24 co&.«^ = cos, 5^ + 5.co8.3^ + lOcos.^.. .[^•'] 
»=6^ 2^cos.^ A zs COS. 6 ^ + 6 cos. 4 J + l5.cos,2^+ 10 fi^l 
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In order to obtain a general form for sin.* A^ in the form for 
COS.** Ay substitute instead of ^^ ^ — A^ then 

2* — l.COS." (5 — -^} =C08. (w^ — Wui J +«.cos. (»— 2)f J — -4^ 

+ !L(^).CO8.(«-4)0-^)+&C. 

Now, let n be even, and of the form ^ .p^ p being an odd 
number]^ or let n be, as it is called, pariierpar ; 

then — = T'^-^p.m = 2*~-> .2^, but 2»'"-*./? is a whole 

number, and therefore cos. (S* •*"•/!. 2 w) is = 1. 

Again, (n-2)r =(2-^-2:^ « (2— > - l)ir, 

but (2*"—*/; — l)is an odd number, and .% co8.(S**— '/? — l)irss--l ; 

hence, since cos. ( - — A\ = sip. A^ and cos. (~ — i»-4.) = 

COS. ^ COS. nA'z: cos. n ^df, [since sin. — a 0], 8ic. 
' S .2 

2— '.sin."^:: 
COS. nA — n . cp8< (n — 2) 4 + " ' " ^ ^ . cos. (»— 4)-<# - &c. 

If « be even, but of the form 2/?, or impariter par 
-j^ = 2/? - szpvznA cos.^pflr = — 1, and consequently^ 

since cos. {pv -^ n A)=^co^.p w . cos. nA^s^ cos. n A, 
2*—*. sin." A zz •- COS. n ^ + » . cos. (n - 2) -4 —Sec. 
and, in both these cases, the last term is, as before, 

1.3.5 (n-lj-g^ "^-. 

A«<6.iy*....«.«'^ 

when n is odd, cos. 2.^=0, and cos. C^^^-^J^ *^^' "i"^"^* '^-^ 
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= ± sin. n J, where the upper sign is to be taken, if n be 
1, 5, 9, &c. Hence, 

± 2" — *. sin."-<^. = 



•in 



[» n A — 



n.sin. (» - 2) ^ + ^'^f J^ sin. («-4) ^-&c. 

1 • ^ 



Hence, as instances of the general form, 

n=:2, 2 . sin.2 ^ = _ cos. 2 ^ -f 1 [/'] 

11 = 3, a^.sin.' ^ ns — sin. 3^ + 3. sin. A [/^ 

#1=4, 2'.sin.*^ =cos:4^ - 4. cos. 2^ +3 [/^ 

w =5, 2*. sin.* -4 = sin. 5A — 5. sin. 3^ + 10 siii. J . . ; . f/T 
« =6, 2*.8in.6 ^ = — cos. 6 ^ + 6 cos. 4^ - 1 5 cos. 2A + 10 [/"] 

Problem 8. It is required, to express the tangent of twice, 
thrice, &c« an arc in terms of the tangent of the simple arc. 

By Prob. 4, page 35, 

.tan.(J + Jg)«>"'-^ V^"-\; 
^ ^ 1- tan. ^.tan. JB 

consequently, 

r J i j\ ^^ 4...« o J *^"- ^ + tan. ^ 2 tan. ^ 

tan. (A+A)i or, tan. 2 ^ =* -; — -. = ^-^ . 

"^ 1 - tan. ^ . tan. ^ l-,tan.^J 

lA + A) = 

and the numerator, 

tan. 2 J+tan. ui/a: 

the denominator, which is 

1 — tan. A . tan. 2-4 = 1 5— -j =: 3-7— • 

1— tan.«^ 1 - tan.24 

Hence •- 

« >* c ..'/«>#. >#\ > 3 . tan. A — tan.* ji 

tan. S A { ^ tan. (QA-i-A) ] = 5-3 — , 

* 1—3 tan.* -4 

and, by a similar method, since 4Ass:SA + A, and 5 A zzAtA 
^ A, , / 
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A • J. /a A t ^\ tani* 2 ^ -h tan. A 

Agam, tan. 02 A + A) = -^ ---: 5 9 

^ ' ^ 1 - tan.2^.tan.^' 



^ o ^ . * ^ 2 tan.^ ^4. ^ J 3 tan. ^ — tan.' A 

tan. 2 A +tan. -4= = — 5-- + tan. -4 = s--; 

l-tan.2^ 1 — tan.2-4 
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tan. 4 A iz 3—- — - , 

1-6/tan.^-rf-h tan*^* 

fi J _ 5 tan. J'-IO. tan.^ A + ta n.^ J 
tan. 5 ^ - ^ ^ ^^ ^^^^ ^ ^ ^ ^^^^ ^ . 

These expressions for the tangents of multiple arcs may also 
be derived from those given in p. 37. For instance, since A, B, 
C,D are equal, t, fy t", r are, and S^ (0 = 4s f 

*^ ^ 1 X 2 X 3 ' 

consequently, 

4/-4<« 



tan. {A ^ A -{- A -^ A) ^ tan. 4 ^ = 



1 - 6/«+r» 
as before, in 1. 1. 

In like manner, we may deduce tan. 5 A from the. expression 
fortan.U + B-*-C + D-f£)(seep. 370 

iFor, . 

*' '^ 1 X 2 X 3 . 

*^ '1x2x3x4 * 

*•. tan. 5 A as^ -—-3 — 4r:k 

1 •- 10^« +5^ 

as before. 

It is not, perhaps, necessary to multiply farther trigonometrical 
formulse ; such as are chiefly useful, and usually occur in inves- 



Digitized by VjOOQ IC 



64 

dgation^ have been given ; and the Student, who thoroughly 
apprehends the principle and mode of their deduction, will be 
-able, by his own dexterity, to deduce others. 

A sufficient number of formulae having been given,' it may 
now be thought proper to proceed to their, application ; and, the 
first object of their application seems naturaUy to be that for 
which the science of Trigonometry was originally invented; 
namely, the Solution of Rectilinear Triangles* Now, this solution 
consists of two parts ; first, it- is necessary to express the relations 
of the sides and angles of triangles by Trigonometrical symbols ; 
and, secondly, to aflbrd the means of arithmetically computing, in 
specific instances, the values of such symbols. For instance^ if 
two sides, a^ b^ and an angle A oi z rectilinear triangle should be 
given, the value of the angle B (see p. 26.) would be truly ex- 
pressed by 

sin. JB = sin. -4 x - • 
' • a 

But this is an algebraical value; in order to obtain a practical 
result, we must be able, when b and a are expounded by numbers, 
and A by degrees, minutes. Sic. to expresses in degrees, minutes. 
Sec. we must, therefore, possess the means of assigning sin. A 
from a given value of Ay and also of assigning JB from a re- 
sulting value of sin. B. These means, in practice, are afibrded 
by Trigonometrical Tables, and their formation, or, what tech- 
nically is called the construction of the Trigonometrical Camn, is 
an easy consequence from the preceding results. 

We will, in the next Chapter^ proceed to the construction of' 
this Canon, which may be viewed either as a distinct application 
of the preceding formulae, or as a preparatory step to their appli- 
cation in the solution of rectilinear triangles* 
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CHAP. IV. 



On the Construction of the Trigonometrical Canon, — Methods of com- 
puting the Sine of V. — The Sines and Cosines of successive Arcs*--* 
Formulce of Verification^ or Methods of examining the Accuracy of 
ComjnHed Tables. 

Problem 9« It is required to find a numerical value of 
the sine of 1 minute 5 the circle being divided into 360 x 60 or 
21600 minutes, and its radius being 1. 

By Prob. 5, cos. ^ = v^ { i (^ + ^^s. 2 A) } [a], and by 
Cor. 2, Prob. 5, if 2.4 = 60^ cos. 2 J = i = .5, 

consequently, cos. 30<>= V { ^ (1 -f i) } = .8660254 ; 

substitute this value into the form [a], and we shall have cos. 15^ : 
and, by a repetition of the operation, successively, the cosines 

- 60» 60^ 60® 60<> .k . -r J ri a 4, j r .u 

of — r , -T * -T > ""77 • «o t"*^ " ^f ^ > ^ f 8cc. Stand for the 
2 2 2* 2 

successive cosines, the operation may be thus exhibited : 

^^ , or, cos. 30^= y^ J-(^ 1 + -)| = ^r' = .8660254, &c. 



'COS. 

2 



COS. — , or, COS. 15<> = \/(^i (1 +^o) = ^'^ = .9659258, &c. 
cos.^, or, COS. 7030^= y/Q(1+^"))=^'^'= .9914449, &c. 
~ , or, COS. 3^ 45' = \/Q (1 + tf^^))=c^=:.9978389,8cc. 



cos< 
&C. &c 
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»cos.^, or, COS. 52" 44'"- 3^.45^ = k/Q (l+c^^)) = 

.999999967S2. 
From this value of the cosine, the sine = .000255663462. 

In order to find the sin. 1', we must compute on this prin- 
ciple, namely, that the sines of rery small arcs are to one another 
as the arcs themselves f ; and then, since the arcs 5^" .44'".3^^.45^, 

. w , , 60 60 

and 1 are to one another as -—r : 



2" '60x60* 



60® 
* The values of —^ may be shortly obtained by the foUowiog 

mode of decomposing numbers: 

60' 60.60.60,^ ... ,. (64- 4) (64- 4) (64 -4) 
— = ^ (the units bemg seconds) = ^;—- 

but 2« + |j=64".45'", 
3.2»+ ij = 12".0.56'^15'; 

subtracting, ^ = 52^ . 44'" . 3"'. 45^ 

t If from the two extremities of an arc there be drawn two lines 
touching the arc and meeting each other, such lines will be equal. By 
the principle assumed by Archimedes, the arc is < sum of tangents > 



chord joining the two ends of the arc ; consequently - arc < tangent 



2 



> 



1 A A A A 

— chord or > sine of i arc : and therefore tan. — — sin. — > — —sin.- : 

2 * 2 2 2 2 

hence, if, in the instance given in the text, we find the difference be- 
tween the tangent and sine of V y^computing tan. l' from — '- — ',j , it 

will be found to be .000290888216— .00029088 8204 =.000000000012: 
consequently, the arc of T differs from its sine by a quantity less than 
.000000000012: so that, it is plain,^ the principle of very sniall arcs 
varying as their sines, is very little remote from the truth ; or, rather, 
if assumed will entail on the computation a very small numerical error. 
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or, as 3600 : 4096, 

we have, sin. l' = .000255663462 x ^^^ = .000290888204. 

>S600 

This method of computing the sine of l', ahhough very operose, 
IS of no great difficuhy } for, it requires only the knowledge of the 
simplest arithmetical operations. But, even if we avail ourselves 
of the formulae and inventions of the Analytic art, the computa- 
tion of sin. 1' cannot, in any case, be very expeditiously effected ; 
mbre expeditiously, however, than by the preceding method. 

If we employ the expression for sin. A which was given, in 
page 44, we may successively deduce the sines of 30°, 15°, 7® 
SO', &c. by operations analogous to those already given j thus, 
since sin. ^ = ^ ^^(1 +sin. 2^)— J ^(l -sin. 2A), and sin. 300=:J. 

sin. 3Cf =i • 5=.5 

sin. 13« =|V(r + 4) - iv'(I-i) = «' =.258819 
sin. 7* 30' = Jv'O + «') - Wil-s) = /' =.1305202 
sin. 3* 45'=4v'(l +/')- i\/(l-0= »"= •0^54031 

and so on we may compute till we obtain the sin. — jj- . 

The preceding computation was made to begin from ^ = 30^, 
because the sin. 30° is known ; but we might have begun from 
any other arc, the sine of which is known : thus, if we take 2 A 
= 18°, the sine of 18° = | chord 36°, but the chord 36P = the 
side of a regular decagon inscribed in a circle, = BD the base of 
the isosceles triangle described in the 10th Proposition 4th Book 

of Euclid, * = ■ : hence, sin. 18° =^^- — ^^, and sub^ti- 

2 ' 4 ' 

tttting this value for sin. 2^ in the above form, we have 
ain. »• =i\/(3 + ^5) - JV(5 - >/5) = « = .156434 
sin. 4* 30'=fv'(i + J) - iV(l - *) =4'= .0784591 
sin. 2* 15' =ix/(l +') - 4\/(l - *) = *"= Jt)3925d8 
&c. = &c. 

* J3^1>+2^£D=180*, hut ABD=^2BAD ; .•• 5B^Z)=180»; .*. 

10B-4D=360* and BADz^36*: again, by the Frop. AB. BC=:z AC ^ 

a/5— 1 
5s BD*, consequentJy, if JBZ)=a?, AB= 1,1.(1- *)= J^*, and 4?= ^^ — ; 
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Having thus computed the sine of a small arc that is .nearljr 
1', the method of determining the sin. 1' is, in principle, pre- 
cisely the same as in Prob. 9. There is, however, a third method, 
considerably diflFerent in its principle, which finds the sine of 1' 
by the quinquesection and trisection of an arc. It may be thus 
explained. 

By the form [j^], page 47, 

sin. 5 A =2 5 sin* ^ — 20 sin.^ ^ + l6 sin.* A. 

Lets A = SOP then sin. 5A=i and Azz6^ ; Jet 2 sin. Assx, then 

Iszdx — Sx^tzx'^. ' -f 

By approximation, find the value of x : thus, suppose a to he z 
near value, and ^i + t? to be the true, then 

1 z^5{a+v) - 5{a^ + Sa^v) + fl* + 5fl*r, 

neglecting the terms that involve v^, v\ &c. consequently, 

^ ^ 5(1 --Sa^ + a^y 
Now, since sin. 5^ = - , assume, as a first approximate value 

of Xf a :=. — = .2 : substitute in the expression for ^ this value, 

and find the resulting value of v ; it will appear to be = .009» 
the corrected value of a then, or a-\-vy is .209 > with this, find a 
new value of v, and another corrected value of a, and repeat the 
operation till x is found exact to a certain number of decimals^ 
seven for instance ; in which case 

X =.2090569, and consequently sin. A = .1045285. 

Having thus obtained the sine of 6^, in the form [/"] page 47, 
that is, in sin. SA := S sin. A — 4 sin.^ A, put S A :=: 6% and 
2 sin.AzzXy then the equation becomes .2090569 ss:3x—x^. Find, 
as before, by the method and formula of approximation, a value of 
X, which, to seven places ot-figures, will be .0697989, conse- 
quently X or 2 sin. 2^ = .0697989, and sin. 2® = .0346995. 

In order to find sin, P, take the form (p. 42,) sin. 2^=2 sin, A. 
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COS. -4, then sin.* 2AssA. sm.^A - 4 .8in.*-i : sujbsdtote {arAn.*2J, 
or sin.* ^, its iFalne, and by the solution of a quadratic equation 
find sin.* A, and then, sin. A, or sin. P, the value of which to 
seven places of figures is .0174524. Repeat the operation, and 

we have sin. — , or sin, 30'. the value of which is .0037265. 

By this method then we have descended from the sin. 30^ to 
the sin. 1^ and sin. 30' } and consequently, by like operations, we 
can descend from sin, 30' to sin. 1' and sin. 30": and by this 
method, which is however extremely^ operose, we are able to 
find the sin. 1' without a proportion, and accordingly to 
avoid the use of a principle, which some may think doubtful ; 
namely, that the sines of small arcs are to one another as the 
arcs themselves. 

The above method is, in fact, the same as that which is given 
with all its detail, at page 451, 8cc. in the sixth Volume of the 
Scrtptores Logarithmicif edited by Baron Maseres. It is plain, 
however, that there is no necessity for beginning the computation 
from an arc of 30^ ; we m^y make it begin from any arc, the sine 
of which is known : for instance^ by the form, page 67, . 

sin. gp-i»y(3 + ^B) - J >/(5 - >/5) = .156434 ; 

since, therefore, sin. 9^ = sin. (3 .3®) =3 sin. 3^-4 sin.* 3^ 
solve, as before, by approximation, the equation 

.156434 = 31- - 4 x% 

and the result gives x the sin. 3^. Again, solve a similar equation 
by the same mode and formula, and the result gives sin. 1^. And 
many like methods will suggest themselves to the mind of the 
intelligent Student. 

We shall now proceed to the second patt of the construction 
of Trigonometrical Tables, the object of which will be under- 
stood from the succeeding Problem. 

Problem 10. It is required from the sin. 30" and sin. T, to 
compute the sines of 2, 3, 4, &c. minutes, and also the sines of 
. 1, 2, 3, &c. degrees. 
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Bj die form [^^ page 81^ 

ski. {A ^ B) zi2$itlA. cos. B - sin. (jf — B) 

= 2 sin. .^ A -2 sin.' 5\ - sin. (il - fl) 

«= sin. -4 + } sin. A — sin. (-4 — JB) | — 4 sin. -4 sin.* — . 

K J5 = IS then 
sin. {A + 10)= sin. ^ +sin. -<:< — sin. (^A — l©) — 4 sin. A sin.* 30' 
which is Delasnbre's formiila. 

Let JBsl'andlet A successively equal T, ^, 3\ 8cc. then 

sin. 2' = sin. 1' + (sin. 1' — sin. 0) — 4 sin. I'.dan. 30")' 
sin. 3' = sin. 2* - (sin. 2' — sin. l^ — 4 sin. 2'.(sin. 30^ 
sin. 4' = sin. 3' + (sin. 3' -' sin. 2^) — 4 sin. S' . (sin. 30")* 
sin. 5' = sin. 4' + (sin. 4' — sin. 30 — 4 sin. 4'.(«o. 30"^, 

and thus may the sines of all succeeding arcshe computed, by 
a process not very tedious, since the only part of it at all long is 
the multiplication of sin. ^, sin. S', &c. by the constant factor 
(2 sin. 30^0^9 which is the square of the chord of l^ 

In the above form substitute, instead of B, 1^ and, instead of 
A, successively 1, 2/3, &c. degrees; then 

sin. 29 = sin. !<> + (sin, I© - sin. O) - 4 sin. P (sin. 30*^)* 
sin. 30 = sin. 2<>+ (sin. 2® — sin. l0)-4 sin. 29 (sin. 30")% 
&c. 

«ad 80 on lor the sines of all succeeding arcs. 

In order to compute the sines of arcs composed of degrees and 
snimites ; arcs, for instance, such as 3^ 2', 3^ S\ substitute for 
JB, 1', and for A successively 3® 1', S^ 2^, 3® 3', &c. then 

sin. 30 2'-= sin. 3* 1' + (s»n. 3* 1' - sin. $•) - 4sin. 5* l'(sin. 30")* 
Sin. 3» 3' = sin. 3» 2' + (sin. 3* 2' - sin. 3* O - 48in. 3* 2' (sin. 30")* 
&c. 

orj if we wish to compute for every ten minutes, put jB = IC, 
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and for ^ write successively A + l(f, J + 2CJ[, J + 3(/, &c. 
thus, if J = 7^ 

•in. ?• 20' 3= sin* V ICX+Cwn. 7* !(/ - Mn.7o) ^ 4 sin. ?• l(/.(siB. 5')» 
sin. 7* 3(/ =s sin. 7* 20'+(sin. 7* Q(/ ^ sin. 7» 10')- 4 sin. ?• 20'. (sin. 5')% 
&c. 

By the preceding methods we are enabled regularly to com- 
pute the sines of all arcs from 1' or ]'' up to 90^; but, when the 
arcs exceed 60^, the application of the Trigonometrical formula, 
page 3 1 , renders the arithmetical computation more simple and 
concise: thus, since 

sin. (B + -4) = sin. (B — 4) + 2 • cos. B . sin. A. 
Let B =5 GCfiy then cos. B =: cos. 60^ = i, consequently, 
sin. (600 + Jf) = sin. ^ + sin. (dOR - A). 
(see form 15 of Table, p. 39.) 

Hence, instead of the preceding, we may U8«^ this latter 
method, and compute the sines of all arcs exceeding 60°, by the 
simple addition of the sines of arcs previously computed: for 
instance, 

sin. 63* o = sin. 3« 5' + 56« 55' 
and, since sin. 3* 5' = .0537883, and sin. 56» 55' =s .8378775 
the sin. 63« 5' = .891665. 

The sine of all arcs from to 90° being computed, the 
cosines of all the arcs of the quadrant are known ^ since cos. A=z 
sin. (90<» - J); for instance, cos. 630 15' 7" = sin. 26^ 44' 53" 
cos. 13<> 47' = sin. 76^ 13', &c. ' 

T%e sines and cosines being computed, the tangents may be 

cooiPttted from this expression, tan. A = — ^ > and the co- 
cos. A 

tangents from co-tan. A = ^? ' ^ . 

sm. A 

When the tangents of arcs up to 45® have been computed, the 
Trigonometrical formulae previously given may be conveniendy 
used in computing the tangents of arcs that lie between 45^ and 
909 : thus, by Pxob. 4, page 35, 
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^ '' 1 -tan. -4. tan. J •■ •' 1 - tan. ^ ' 

hence, as instances, putting ^=lo, 2f>, S", Sec. 

tan. (45» + 1«), or, tan. 46"= ^ '^ *^°' ^° , 

1 — tan, l" 

tan. (45«> + 2«), or, tan. 47» = ^ + *^°- ^'' 

1 - tan. 2« 

8tc. &c. 
or, we may thus avoid the fractional form, 

tan. (450 + ^) = 1±1!!Ll4 and tan. (45^ - J) «. ^ "^ ^^"' ^ ; 
1-tan.^ ^ I + tan. ^ 

.-. tan. (450+ J) - tan. (450 - ^) = U + tan. ^^->(l~tan. ^)g. 
^ ^ 1 - tan.2^ 



but, by the form of page 62, tan. 2 A =. 



4 . tan, jj ^ 
l-tan.«^'' 

2 tan. J 



1 — tan.2 A 



Hence, tan. (45o + .^) = 2 tan. 2 A -^ tan.(430 — A), con- 
sequently, 

tan. (4.5« + I'O, or, tan. 46" =; 2 tan. 2« + tan. 44S 
tan. (45*^ + 2"), or, tan. 47" = 2 tan. 4o + tan. 43% 
&c. 

By these formulae and methods may the sines, tangents, &c. 
of arcs be computed. If we attend, however, to the history of 
the construction of Trigonometrical Tables, we shall find that all 
Tables have not been computed exactly by the same formulae 
and methods : modern Tables, from the improved state of analytic 
science, have been computed by the most certain and expeditious 
methods. In the immense Tables du Cadastr^^ formed at the 
expense of the French Government, the sines of arcs are com- 
puted regularly by successive addition, according to the formulae 
given in page 70 \ but, in such a construction, an error committed 
in the sine of an inferior arc would, it is plain, entail errors on 
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the sines of all succeeding arcs. Hence Is created the necessity 
of some check on the computist, and of some independent mode 
of examining the accuracy of the computation. For this purpose, 
formulae, such as those given in pages 43, 67, derived immediately 
from established properties, are employed ; if the numerical results 
from these formulae agree with the results obtained by the regular 
process of computation, then, it is almost a certain conclusion 
that the latter process has been rightly conducted. ' 

As there is, in these formulae, called Formula of Verification^ 
besides their practical utility, something curious, several are sub- 
joined and proved. 

1 k/ s 

[i] sin. 300=^; sio. 45© =: — - ; sin. 60^ = -^ • 

[2] sin. 18° = ^^~7 — •, by the Note to p. 67, or, it may be 

be independently proved thus: 

sin, 36<> = COS. 54<>, or, sin. (2 . 18') = cos. (3 . 1 8®). Let x = cos. 18' ; 
then by form [c'"],page 45, cos.(3. 18«)=4j;3— 3j?, and by form, p. 42, 
km. (2. 18*)=:2^ v^(l-a?*)= .-. 4jr3- 3j?, or, 2v/(l-«'*)=4ar»- 3. 

This equation, cleared of radicals and reduced, is 
16 X*- 20 a?* + 5 = 0; 

whence ir»=^i^ and ,-. i-*»=:5z:^ and v/iT^^, or sin. 180= 
8 o 

il which is also cos. 72°. 

4 

[3] sin. 90, or, cos.Slo = J >/(>/5+3)-J v^(5- ^5), by the form, 

of p. 43, on substituting for sin. 18*^ its value, 
cos. 9*, or, sin. 81»=i n/(3+ >/5)+i ^/{5 — ^/5), by the same form. 
[4] sin. 27°,. or, cos. 63° = J n/(5 + v'S) - i V(3- v^5) 

cos. 27°, or, sin. 63° = J ^'(5 + s/S) + \ V(3- V5) 
for, in the preceding proof of the arith*. value of sin. 18°, (cos. 18°)'= 

^ + / . ^ and (sin. 18°)» = ?-~^ ; .-. cos. 2.18°, or, cos. 36° = 
8 
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(COS. I8o)» - (sin. 18«)» =2±|ii* = ^^Z*"' = sin. 54°, since 
COS. 36° = sin. 54% 

substitute this value of the sin. 5 V in the forms of page 43, for sin. 2A» 
and there wiir result the above values for the sine and cosine of 27^. 

Since, COS. 36* = -^ — ~— , sin. 36*= ^^ — ^^-^ . 

4 4 

The subjoined Table contains the sines of arcs from 0® to 90^ 
that differ by 9S or, in the French division of the circle, that 
differ by 10 degrees. 

French Scale. Eng^Ush Scale, 

sin. 10», oi:, cos. 90* sin, 9», or, cos. 8P =i^/(3+^/5)-J^/(5- ^5) 

sin. 20, or, cos. 80 sin. 18, or, cos. 72 =J ( v'5— 1) 

sin. 30, or, cos. 70 sin. 27, or, cos. 63 =1^/(5+ V 5)— J>/ (3— >/5) 

sin. 40, or, cos. 60 sin. 36, or, cos. 54 =J^/(10--2V5) 

sin. 50, or, cos, 50 sin. 45, or, cos. 45 =— rr 

V 2 

sin. 60, or, cos. 40 sin. 54, or, cos. 36 =J(>/5+l) 
sin. 70, or, cos. 3Q sin, 63, or, cos. 27 = jV(5+x/5)+}>/(3— s/5) 
sin. 80, or, cos. 20 sin. 72, or, cos. 18 =^^(10+2^/5) 
*sin. 90, or, cos. 10 sin. 81, or, cos. 9 ^l^ifi+s/^+i^/iP- s/^)* 

• 
But the most general formula of verification is this, which is to 
be found in Euler's Jnali^sis Infinitorum^ page 20 1 , vol. I. (Lausanne, 
* 1748). 



* There is a large Table of this kind in Cagnoli's Trigonometry^ 
p. 58, &c. edit. 2. And, it is easy to see how additional formulae may 
be obtained : for instance, 

sin. 15' = sin. '(45o - 30*) = sin. 45* (cos. 30*- sin. 30') 

Similarly, sin. 75* = "^^t.^ ' • 

And these and like expressions, besides that utility which is pointed out 
in the text, may have a farther one, in the theory of Polygonals* 
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[5] sin. A + sin. (SS^-^) + sin. <72o -¥4)^ sin. (36« + ^) + 
sin. (72« - A). 

In order to prove this formula, we will use the numerical 
values of the cosines of 36® and 72®. 

sin. (3©> + ^) - sin. {SGP--A)^^ . cos. 36®. sin. A ^ '^^^^ .sm.A 

J c I 

andsin.(72® + Jf)— sin.(72®-^)=2.cos.7S*^.sin.^ = '^-— sin.'-A; 

subtract the latter equation from the former, and 

then we have, sin. (36® + ^) + sin. (72®- A) - sin. (72® + ^) - 
sin. (36® -^ A) ss sin. A, which transposed is the equation [5]. 

If, in the above equation, we substitute 90®— -4 instead of A, 
there will result 

sin. (90® - ^) + sin. (^ - 54®) + sin. (18* + i4) = • 
sin. (54® -{-A)- sin. (1 8® - A), or 
sin. (90® - A) = 
sin. (54^ + A) + sin. (54^ - ^ - sin. (18<> + ^-sin. (18®--4), 

which is Legendre's mode of expressing the equation. But, it is 
plain from the mode by which the latter has been deduced, there 
is no real difference between the two formulae, and, with regard 
to their application, it is quite indifferent, whether we adopt 
Euler's or Legendre's. 

In usifig these formulae, different values must be substituted 
for A, thus : in Euler's, - 

if -4=9®, then, sin. 9® + sin. 27^ + sin. 81®= sin. 45® + sin. 63^; 
or, sin. 9' + sin. (3 . 90+sin' (9 • 9^=sin. {5.SI°) + sin. (7 .y). 

If in Legendre's formula we make -4 = 81®; then 
sin. 9° = sin. 45° - sin. 27° - sin. 81° + sin. 63«; 
or sin. 9° + sin. 27° + sin. 81* = sin. 45* + sin. 63% 

the same as before ; which proves what^^ve have just asserted, 
(1. ll,&c.) 

Again, if ^4=18% then, by the formula [5] 
sin. 18»+ sin. (36*- 18») -f-sin. 90«»= sin. (36«+18») + sin. (72*- 18^ ; 
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or, 2 sin, 18' + ^ = 2 sin. 54*. 

If A:=zl(f, then sin. IQo +sin. 26» + sin. 82* = sin. 46* + sin. 69*. 

Examples. 

Take Sberwin's Tables^ in which the natural sines of arcs are inserted : 
from these it appears^ that 

sin. 9° = 1564345 

sin. 27 = 4539905 sin. 45»=7071068 

sin. 81 = 9876883 sin. 63 =8910065 



15981133 15981133 



sin. 10*= 1736482 

sin, 26 = 4383711 • sin. 46* =7193398 

sin. 82 = 9902681 sin. 62 =8829476 

16022874 16022874 



Here the numerical results of the two sums exactly agreeing, as they 
ought to do according to the formula, we may conclude, almost with 
certainty, that in Sherwin's Tables the sines of 9, 27, 81, 45,63, 10, 26, 
46, 62 degrees are rightly computed. 

These formulae are most convenient for practice ; but if, from 
the solution of an equation of three dimensions, as (s^^^) p. 47, or, 
from that of an equation of five dimensions, as (/^), the value of 

A , A 

sin. — , or of sin. ~ be computed, such value would become a 

means of ascertaining the accuracy of Trigonometrical Tables. 

In 16 10, Pitiscus published great Trigonometrical Tables, 
inserted in his Mathematicus Thesaurus, and, from the account of 
this "Work, given in the Berlin Memoirs of 1786, page 24, it 
appears, that formulae, which, in fact, are formulae of verification, 
were employed by that mathematician : thus, in order to ascertain 
whether the chord of 30° had been rightly computed, he sub- 
stitutes in the equation > 
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* 4 jr« — j:* = r2 (x = chord .of 30°, c = chord 60^) 

instead of x the computed, value, and he finds the resulting value 
of c to be 1000 ; as it ought to be, since the chord 60° = radius : 
and accordingly he concludes x to have been rightly computed. 
Again, in order to ascertain that the chord of 10*^ i$ rightly com- 
puted, he substitutes its computed value in an equation, such as 
chord 30« = 3 chord l(f — (chord 10)* [see form [/"] page 47] 
and the chord 30*^ thence computed ought to agree with its value 
(j) previously ascertained to be right ; and he pursues a similar 
course, in order to verify the computation of the chord of the 
fifth part of an arc. 

Previously to quitting this part of our subject, we wish to 
employ the arithmetical values of the sines of l8® and of 36®, 
which have been just deduced, in proving that which may be 
announced as a geometrical property. 

By the form p. 74, cos. 36° =J^^^l±i , and .-. sin.2 36^ zz ^"*^^ j 
' '^ 4 8 

consequently, 4 sin.^ 36°— 1 = - — ~ = 4 sin.^ 18°, see page 73> 
* « 

or (chord 72°)« - l = (chord 36°)*, but the chords of 72° and 

36° are respectively the sides of an equilateral pentagon and 

decagon, inscribed in a circle. Hence, the square of the side 

of an equilateral pentagon inscribed in a circle, is equal to the 

square of the radius plus the square of the side of an equilateral < 

decagon inscribed in the same circle. 

Having now obtained methods of arithmetically computing the 
sines, cosines, &c. of angles, when the angles are expounded by a 
specific number of degrees, minutes, &c., we may proceed to' 
apply our formulae to express the various relations that subsist 
between the sides and angles of rectilinear triangles. 



* Pltiscus's notation is like Vieta's^ given in page 54 ; the form of his 
equation is 4^— l^^=8quareof chord of twice the arc. Another account 
of this Work of Pititcus, and of similar Works, published about the 
same time, and now very rare, is given in the 5ih Volume of the 
Memoirs of the ImtUute, 
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On the Resolution of the Cases cf Rectilinear Triangles — Ist, When ike 
Triangles are Right-angled, — 2</, When Oblique. — Reasons for tn- 
troducing different Solutions of the same Case. Eacamples, SfC. 

In a triangle there are 3 sides and 3 angles : any three of 
these being given, the remaining may be obtained. There is one ex- 
ception to this, which takes place when the three quantities given 
are the 3 angles. The reason of the exception is this : take any tri- 
angle, then, externally or internally, other triangles may be formed 
with sides parallel to the sides of the proposed triangle, which 
triangles shall have the same angles, but greater sides or less 
sides: the magnitudes of the sides therefore are independent of the 
angles, and consequently cannot be determined frbm them. 

We will begin with the solutions of the cases of right-angied 

triangles, 

1st Case of right-angled triangles, in whi<;h two sides are given. 

Here, besides the right angle C, a, h, are given, and c, A, B are 

required* 

Solution. 

c determined. 

1st. c= V(o*+**) Euclid 47. Book 1. 

A and B determined. 



_ , sin. A a , ^ ^ , 

2d. -: — - = r bv Cor. 1. to Prob. 2. 
sin. B b " 



but^ + B=- or 90"" 



.sin. JB=cos.^ 



sin. A . ^ a , J 
— '. , or tan. ^= - (rad. 
s. -4 ' b^ 



cos. 



l)>or 



tan. A^r . -7 and expressed in log"*. 

log. tan. ^ = log. r+log. a — log. b 
B =90»- A 

A being determined, c may : for 

__ Z».sec. A br 

"" r "^ COS. A 

.•. log. c=log. r+log. ^— log. COS. A. 



Example, 
o = 43; .-. a*= 1849 
b= 55; .-. y = 3025 



.-. c* = 4874 
and c = 69,81, &c. 

Computation, 
r the tabular radius = 10" 

log. r = 10 

log. 43= 1.6334685 

11.6334685 

log. 55= 1.7403627 

.•. log. tan. ^=9.8931058 
.-. ^=38° 1' 8" 
and JB=5l 58 52 
Again, log. r =10 

log. 55 =1.7403627 

» 11.7403627 

log. COS. 38<> 1' 8' =9.8964202 

log. c =1.8439425 

•*. c = 69» 81, &c. as before. 
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2d Case, in wfiich the hypothehuse and one of the acute angles are 

given. 
Here c, B, and C = 90®, are given, 
and a, b^ A required. 



Soltuion* 
b determined, 
sin. B b si n. B 



— : 7? = - or - 

Sin. C c 



. iL "n sin. B , . 

.-. ^=c.sin. jB=c.-— (rad.=:r) 

In logarithms, 

log. ft=log. c+log.sin. B— log. r. 



Example, 
c=361.4, ^=41* 12' 

Computation, 
log. 361 .4=2.5579881 

log. sin. 41« 12' =9.8186807 
■ ■ ■■ - - , . 

log. b =2.3766688 
•'. b =238.05 



A = 90»-^B=48o48'; . 
sin. 48*» 48' 



or a = c . • 



sin. 48® 48' _ a ^ 
sin. 90® "■ c * 

and, consequently, a may be deter- 
mined exactly as b has been ; or thus, from b, 

«*= V(c*'-"^^)= V^ J(c + *)(c-.*)}'. 

In Jx)g-. log. a = i J log. (c+ft)+log. (c - *) } , 

8d Case, in which a side and the acute angle (which is not opposite to 
it) are given. 
Here, b, A and C=90® are given, 
and a, c, B, are required. 



Solution. 
B determfned. 
^ = 90®- A 
a determined, 
sin. A a ^^ _ 

"" *sin. B^ 'cos.A 
^ h tan, A 

.'. in logarithms. 

Jog. aarilog. *+log. tan. A— 10 

c determined. 

sin. C_c , sin. C 

i\ cz=zb. 



since C=p90'» and sin. B=cos. A 

c = ^ _ ^^ / H — ^ 
cos. ^"~cos. A^ ' -^ ) 
In logarithms, 
log. c= 10+log. ^— log. cos. -4 



Example. 
ft=31.76 ^=17® 12' 51" 
.•. JB =72® 47' 9^^ 

Computation for a. 
log. ^ or log. 31.76 = 1 .5018B05 
log. tan. 17® 12^ 51" = 9.4911132 

log. a + 10=10.9929937 
>. a = 9.8399 

Computation for c. 
log. 10'® = 10 
log. 31 .76 = 1.5018805 

10+log.^. = 11,5018805 
log. COS. 17®. 12' 51" = 9.9800967 
log. c = J. 5217838 
.-. c = 53.249. 
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"We now proceed to the Cases of Oblique-angled Triangles. 

First Case^ in which two angles and a side opposite to one of the angles 

are given. 

Here, A, JB, a, are given, and h, c, C are required. 



Solution. 
C determined. 
^4.JB+C=I80*.-.C=l8(y>-.(4+B) 
b determined, 
by Cor. 1, Prob. 2. 
sin. B b I sin. B 
sin. A a sm. A 

In legarithmsy 
log. i= log. a 4-log. si n . JB — log, sin . A 
The side c is similarly determined. 



Example, 
A=z 
41* 13' 22", B=7l'' 19' 5", a=:55 

/. C = 
iSCf- (1 12» 32'. 27") = 67"^ 27' 33" 
log. a or log. 55 = 1.7403627 
log. sin. jB 
or log. sin. 71^ 19' 5" = 9.9764927 

log. a 4- log. sin. B = 1 1.7168554 
log. sin. A= 9.8188779 

.-. log. b = 1.8979775 
.-. b = 79.063. 

Second Case of oblique-angled triangles, in which, two sides and aa 
angle opposite to one of the sides are given. 




Here, a, b, B are given, and A, C, c are required. 



Solution, 
A determined. 

sin. A a • a > -n^ 
", — =r=f .*. sin. ^=sm. J?T . 
sin. Bo o 

In logarithms, 

log. sin. Azz\og. sin. ^+log.a— log. b 

This case may be ambiguous, or 

will admit of two solutions, when 

a > b, and B is acute : for, let MN 

:=:a,MPzzh, zMNP=B, take Mn 

= MiV;then MP{ < Mn) falls between 

N, n. 



Example I . (ambiguous). 
fl = 178.3, J=145, 1^=41? 10' 

Computation for A, 
log. sin. jB 

or log. sin. 4l«> 10'=:9.8 183919 
log. a or log. 178 .3 =2.2511513 

12.0695432 
log. b or log..l45=2.16^13680 

log. sin. A =9.9081752 
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If, n,^tid another line MQ, also between 
Ny Uy can be taken equal to" it; .•. the 
triangle may be MNP, or MNQ, and 
the angled may be either MPQ or 
its supplement M2N; but, if 6 or 
MP be > a or MN, MP would fall 
beyond iVand n, as MP' does, and no 
other line equal to it can be drawn 
between P' and N: in this case, A has 
one value only. If B be obtuse, A 
cannot ; therefore here also the case is 
not ambiguous. 

A and B being known, C = ISO^ 
— (-4 + B) is known. 



.-. A = 54* 2' 22" 
and C = 84 47 38 
or -4 =125 57 38 
and C = 12 52 22 
Example 2. (not ambiguous) 
o=145, A=178 .3, B=41« 10' 
log. sin. 41" 10'=9.81839ld 
log. 145=2.1613680 

11.9797599 
log. 178.3= 2.2511513 

log.sio.^= 9.7286086 
.-. ^=320 21' 54"., 

In this instance the supplement 
of A cannot belong to the case 
proposed. 



c determined. 
sin. C _ c . sin. C 

Sin. B b sm. B 

or c may directly, that is without the 
intervention of the process for finding 
A, be determined from this expres- 
sion 

cos. B = — ^ • , whence, 

2 ac 

c:=za COS. B ± ^(b'^-a^ sin.* JB). 



Computation of c in Ist Example, 
log. 145 = 2.1613680 
log. sin. 84° 47' 38" 99982047 

12.1595727 
log. sin. 41"^ 10'=9.8183919 

log. c = 2.341 1808 
.-. c=2l9.37 



Third Case> in which two sides and the included angle are given. 
Here, a, b, C are given, and A, B, c are required. 



■ ^ ' ^ a sin. A 

By Cor. I, Prob. 2. *^ •x= r — ^ 

^ . ' .0 sm. xf 

*»n».-4 



•*• ^ ^""siia.B 



- 1 



a-^b . sin,.,<^4— ^sin. B 
•^ -r"^' sin.B ' 

^ b sm. B 



Example, 
a^S62, ^=320, C=128° 4'. 
Computation, 
a- 6: = 242 
a+ft s 882 

^H-Bsiso^-Cias^^O^si^' 56' 

^1±^= 250 58'. 
2 

log. 
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a+^-sm. ^+siii.jB*^^ A + B 

tan. ■ — 

2 



ty [/] page 33 

compute .•. tan. — - — - from this ex- 

pression, and — - — is known from 

the Trigonometrical Tables, and 
since 

A+B=iS0'''- C we shall have -^ 
and B, for if 

A+B , A^B . 

--^-=., and -.-5- = If 

then, A=zs + d, and B =: s -- d, 

c determined. 
sin. C _ c , _ sin. C 
Sin. ^4 a sin. A 

In logarithms, log. c = 

log. a + log. sin. C— log. sin. A, 
or c may directly be found, thus: 

= — ^; — 2 — 

.-. c= •(«* +** ^2abcoB.C) 
which form however is not suited to 
logarithmic computation. 



log. tan. 25« 58' = 9.6875402 
log. 242 = 2.3838154 



12.0713556 
= 2.9454686 



log. 882 



log. tan. ^^^^= 9.1258870 



^-B 



= 7' 36' 40" 



^±^ = ^5. 



= 25o 58' 



A = 33« 34' 40" 
B = 18« 21' 20" 



Computation of c. 

log. 562 = 2.7497 36S 

log. sin. 128« 4') ^ o^^,«^« 
il • iri .« J = 9.8961369 
or log. sm. 51 56 y - 

12.6458732 
log. sin. 33' 34' 40" = 9.7427789 

log. c = 2.9030943 
.•• c =s 800.01 



The above is a complete solution of the case, In which 
two sides and the included angle are the quantities giyen. 
But, the analytic art is required to furnish, besides merely ade- 
quate solutions, commodious and concise ones. And, of this lattet 
character are the solutions which have been given of the third 
xase by Dr. Maskelyne, in the Introduction to Taylor's LogarithmSf 
and by Legendre, in his Trigonometry^ p. 36{), 4th edit. These 
solutions we now proceed to explam. 
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Let a'> h : find in the Tables an angle 0^ such that tan. 0as r^ 



ftnd from this logarithmic expression : 

log. tan. ^ = 10 + log. a — log. h .'[«] 

in this case^ since a> ^j ^ is > 45^ for when 6 =45^ tan. ^ = r. 

Now, since tan. ^ =r . | , tan. a :?: r=rf^ q: l^ =-- ^ 



tan. 6— r tf-i 



•»(^i^ 



**tan. a+r a^b ^^ i^ ^ + if \ ' 

but by Prob. 4, pp. 35, 36, &c. tan. (g->45<»)=r^ ^^'^' a*" 
hence, r tan. (^l=J?)=tan. T^^^) -tan. (^-450) [/3] 

consequently, since is known from the expression [a], 

-irf — ^ 
tan. — - — may be computed; and thence, by means of the 

A ^ S 

Trigonometrical Tables, is known, and A and JB may be 

determined as in the former case. 

Solution of the preceding Example by this method* 

Computation of by the formula [a]. 

10 + log. 562 =: 12.7497363 
log. 320= 2.5051500 

.-. log. tan. Q = 10.2445863 .'. 6= 60« 20' 35" 
a - 45"= 15* 20' %b\ 

Computation of ■ ■ ~' by the forraufa [/3] 

log. tan. 15'» 20^ 35"= 9.4383476 

log. tan. — ^ , or log. tan. 25* 58'= 9.6875402 



y4— B 

.% 10 + log. tan. "—— = 19.1258878 
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and since *" = 25" 58' 
^^ 2 

-4 = 33" 34' 40" and B = 18" 21' 20" 

the same result as was obtained by the preceding method^ and 
obtained in practice, almost with equal facility, even when it 
is necessary to take from the Tables tlie logarithms of a and *. 

The demonstration of this method is not more concise than 
that of the preceding j but, the rule and the connected com- 
putation are, and, especially, in those cases in which the loga- 
rithms of a and h should happen to be given ; for then 6 would 

^ jg 

immediately be determined from the form [a], and — ^ — i^^^ 

the form [/3], so that the whol^ of the rule wpuld be expressed by 
the two forms [a], [/?]. 

The above method of determining the an|[les A, B, is the 
same as that which is contained in the fourth Propo.sition of 
Robert Simpson's Trigonometry, p. 486, of his Elenients oi 
Euclid, 6th edition : and^ in substance^ is the same as the method 
given by Dr. Maskelyne, p. 36. Introduction to Taylor^s Ln^ga- 
rithms: the sole difference of the two methods is in the ex- 
pression : instead of the formula, 

r. tan. (f~) = tan. (^^) tan. (O-450) 
Dr. Maskelyne directs us to employ 

r . tan. C^^ ^ ^ = co-tan. -^ • tan. (^ — 45«) 

but, since ^ + JB + C = 180, | = (qO^ - ^-~) 

consequently, co-tan, — = tan. I 1 . 

Two methods of computing the side r, have been already 
given, one, from A and B previously determined; the other, 
independent of such determination : the latter method, however, 
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is not adapted to Ip^ritbmic CQmputatipx) $ Vut^ it may be bj the 
introduction of an angle, called a mh^idmj angle^ sudi as B is 
in the preceding demonstration^ thus : from page S2, 

c = V(fl« -I- A« - 2 a A .cos, C) 
= >/(«« - 2j*+** + 2aA - 2<i*,C08. C) 
=5 n/ I (^-*)? + 2^i^0 - C0$. C) } 

. ^ah ver. sin. C ^ • a • t.« u 

Assume , 7-3 == tan* ^, m which case 

(fl-^)« 2 ' . 

_ , 4a 6 ver. sin. C , . ^ • ^ 4/1 

^ + (^::^- 2— = 1 +tan.«(» = 8ec.«fl; 

consequently, 

^ = (a — *). sec. ^, or = — H— (rad. ps 1) 
cos. ^ 

, ,v sec. B (^ — ft) ^ / J X 

or r = {a-h) , or = ^^ f- (rad. = r) 

^ r cos. ft ^ ^ 

and in logs^rithmsi 

Iog.^=slog.(fl— *)4-log.sec.^ — 10, or=log. (di— *)-f- 10-log. cos. B. 

This agrees with Dr. Maskelyne's determination of r, given 
in page 36 of his Introduction to Taylor's Logarithms : and the 
sole difference in the process is that, instead of 

ver. sin. C • . « C 

g — % be u§e^, sm.**:^} 

wh^ch two valuer, as it appears from p. 43, are equal. 

Example of the computation of c : a and h being 563 and 39P, gj^d 

C=: 128'* 4. 

2 log. tan. ^— 10= log. 2+log.fl+Jog. 6+log. ver. sin. C— 2 log. (a—*) 

Now, log. 2 = 0.3010300 

Jog. 562 = 2.7497363 

log. 320 = 2.5051500 

log. ver. sin. 128* 4' = 10.2085966 

15.7645129 
2 log. 242 =4.7676308 

10,996882' 
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.-. log. tan. e =,10,4984.410,- .-. log. sec. ^ = 10.519282S 

.-. log. c= 10.5192823 + 2.3838154 - 10 = 2.9030977 

.•. c = 800.01. 

If we make the value of c equal to 

^/(€fl ^2ab J^lfi ^2ab - 2j*C08. C) 

we shall have c ^ (a + b) \/(l - - ^"^^ (1 4- cos. C)\ 

and, if we assume -liA^ . (1±S2L£^ = 8in.2(?, 

there will result^ ^: = (a + ^) . cos. B^ 

1 + COS. C is the versed sine of the supplement of C, which 
Mr. Mendoza, in his valuable Tables on Nautical Astronony^ 
calls the ^ suversed sine ; hence the rule for the solution alge- 
braically expressed is, log. sin. Q 

»i { 10 + log.2 + log.suver.sin. C + log.£i + log,^— 21og.(ii + *) \ 

log. c = log. (df + i) + log. cos. B — 10. 

Of the preceding solutions of the third Case, one alone, as 
It has been remarked, is, in strictness, sufficient : the others 
have been added, for the sake of rendering, in certain cases, the 
computation more expeditious. And, when a specific instance is 
presented, it will not be difficult to determine which method of 
solution it is, that ought to be adopted. If, for example, the side 
opposite the included angle be alone required, we ought to com- 
t)ute it by the method of p. 85, 1. 14, avoiding, as unnecessary, 
the calculation of the angles (^, jB,) at the base* 

Fourth Case, in which the three sides are given. 
Here, a, by r, are given, and Ay By C, are required. 



* In these Tables the log; suversed sine = log. ^^^ — ■* , 
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First Solution. 
By Prob. 2, page 26, Tin. A = 

0v/{C-^OC-^-)C-^-OC-^)-'} 

and, in logarithms, putting ^1" tf s 5^ and instead of sin. A% 



2 
sin. A 



r 



log. sin. -4 — 10 as log. 2 + 
i f log. iS4-log.(S-j)-|-log. (S-*) + log. (S-r) } -log. *-log. c 

and similarly, log. sin. C is expressed by the same form, sub- 
stituting in the negative part, instead of — log. c^ — log./i, so if 
also 

log. sin. B, substituting instead of —log. by —log. a. 

Second Solution. 
By Prob. 2, page 26. 

1 _ CO,. ^ = <ii±4(^±£ri) 

9.hc 

Btttl— cos. ^=2.sin.' — , [page 42.] hence, introducing the 
2 

radius >, 



sm.' . — 






In logarithms, 

2 log. sin. :£= 20+log.(S-*) + log.($— tf) - log.* - log. c^ 

2 

wA similarly^ 
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r 

2 log. 8in. — = 20 + log.(S-/i) + log.(S-6) - log.tf — log. *. 



iTiird Solution. 
fiy Prob. 2, page 26, 

1 + COS. J = (^+^+4(^+^-«) _o ^.(^-«) . 
2tc Be 

But 1 4-cos. A^ 1 -COS. (^-^)=2 sm.2.1=^=:2 sin.* C^"^^ 

A 

= 2 . COS.* — . Hence. 
2 

COS.* . — = r* X — ^ ^ . 



In logarithms, 
2 log. COS 

and similarly, 



2 log. COS. — = 20 H- log. S + log. (S - a) - log. i— log. € 
2 



c 

! log. COS. — s= 20 + log. S + log. (S -r) — log. « — log. b. 
2 



Fourth Solution. 

. . . .A A 

Divide the expression for the sin.* — by that for cos.* — , and 

since the tangent is equal to the radiu^" multiplied into a fracHon 
of which the numerator is the sine and the denominator the 

cosine, we have, tan.*^ = r^ x (^ -" *)0S - c) ^ 
2 S.{b—a) 

In logarithms, 
J 
2 log. tan. ~ s= 20 + log. («-*) + log. (S - r)-log* & - log. (S -«) 

and nmilarly, 

C 

2 log. tan. -. =20+log. (S-*) + log.(S— ii) - log. 5-^ tog. (5— r). 
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Example by the first method of solution. 

a=z33 Jog.= 1.51851.39^ .-. log. o+log. A= 3-5479235 [C]f 
A=42.6 Iog. = 1.6294096[ log. A+log. c=3.358574.4 [A] 
c=53.6 1og.= 1.7291648) log. a+\o^. c=3.2476787 [B] 

- ^ ■ =64.6 log.= 1.810325 

'^^ - -«=:31.6 Iog.= 1.499687 1 

^ ■ - fc =: S2 log. = 1 . 3424227 

^_^ — c=4l log.= 1.041 3927 



2 I 5.6937350 | 

2.8468675 C=log. area: Cor.2. Prob. 2. 
(10 + log. 2) 10.3010300 I .% area = 702.858 

13.1478975. 

Hence^ (see the formula of eolutiQp) if we subtract from this loga- 
rithm (13.1478975) the values [C], [A], [B], we shall have, re- 
spectively, the log. sines of the angles C, A and B : 

13.1478975 13.1478975 13.1478975 

\C] 3.1479235 [A\ 3.3585744 [E] 3.2476787 



9.99997 40= log. sin. C9.7 89323 1 =Iog. sin. A 9.90021 88=log.sin.B 
.•. £?=89« 22' 21" A^Sy" 59' 53" J5=52' 37' 46"S 

or 89 22 22 J5=52 37 46,^ 

to 89 22 25 .-. C=89 22 20^ 
180 

In tbiff cf^, if we had not determined 4 and B, the value of C 
(determined from its logarithm of seven places of figures) would have 
been doijibtful to the e:^tent of 4" : consequently, for the finding the 
exact value of Cf in tbis instance, the first method is not proper. 



* [C] [A] [B] are merely marks of reference. 

M 
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By the second method ; the same Example. 



Angle C computed. 

Jog. (5- a) = 1.4-996871 

log. (5— b) = 1 .3424227 

(20 added) 22.8421098 

[C] or log. o+Iog. b = 3.1479235 



Angle A computed. 

log. (5'-.*)= 1.3424227 
log. (5-0) = 1.0413927 

(20 added) 22.3838154 
[A] 3.3585744 



2 log. sin. - = 

1 • ^ 

log. sm. ~ = 

® 2 



19.6941863 
9.8470931 



/. C= 2(44« 41' 10"^j) 
= 89 22 20r, 



2 log. sin. —=19.0252410 

yd 

Jog. sin. -= 9.5126205 

.\A= 2 (18«» 59' 56'f) 
= 37 59 52|. 



By this method the angle C is determined at once with great accuracy. 



By the third method. 



Angle C computed, 
log. S= 1.8102325 

Jog. (5 - c) = 1.0413927 



(20 added) 22.8516252 
[C] 3.1479235 

19.7037017 



Angle A computed. 
Jog. 5= 1.8102325 

log. (5-0)= r. 4996871 

(20 added) 23-3099196 
[A] 3.3585744 

19.9513452 



log. COS. - = 9.8518508,5 

.-. C =2(44M1' 10^,) 
= 89 22 20a^ 



Jog. COS. — = 9-9756726 

.-. 24=2(180 59' 56".5) 
= 37 59 53. 



As C, in these two last methods, is determined to a great degree of* 
exactness, the value of B is not computed from the formula, but it may 
be had by subtracting A+C from 180^. 
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By the fourth method. 
Angle C computed. Angle A computed. 

log. (S - fc) = 1.3424227 Jog. (5 - fc) = 1.3424227 

log. {S - a) = 1.4996871 ^ Jog. (5 - c) = 1.0413927 

(20 added) 22.8421098 (c) (20 added) 22.3838 1 54 (a) 

Again, Again, 

log. S= 1.8102325 log. S= 1.8102325 

log. (5 - c) = 1.0413927 log. (5 - a) = 1 .4996871 

2.8516252 (d) 3.3099 J 96 (&) 

.-. (c)-(rf) = 19.9904846 / (a) - (6)= 19.0738958 

C A 

.\ log. tan. -^ = 9.9952423 .-. log. tan. ^ = 9.5369479 

.-. C=2(44« 41' 10"f,) .-. A = 2(18* 59' 56'\5) 
= 89 22 20jf = 57 59 53. 

As far as instances prove, any one of these three latter methods may 
be used for determining the angle C, and angles nearly of the same 
magnitude ; and, it is of no material consequence which it is that is 
used. The first method is plainly, from a mere comparison of results, 
insufficient to give exactly the value of such an angle as C is : and we 
need not go through the labour of the arithmetical computation in 
order to ascertain its insufficiency : for, if we perceive jhat the square 
of the side, such as c, is nearly equal to the sum of the squares of the 
other two sides, we shall know that the value of C does not differ 
much from 90". ♦ 

It may now be worth the while to enquire^ more minutely^ 
why, since compendium of calculation is a desirable object, several 
jnethods of solution have. been given. 



* This 4th case of oblique triangles is commonly (see Robert 
Simpson^s Euclid, page 488 ; Ludlam, page 220,) solved by means of 
this proposition. The sum of the two sides of a triangle is to the base as 
the diiference of the segments of the base is to the difference of the 
sides; but the demonstration of this proportion, since the case is other- 
wise more conveniently solved, is purposely omitted. 



Digitized by VjOOQ IC 



92 

Npw^ each of the preceding methods is adapted to logarithmic 
computation, and each, in an analytical point of view, affords a 
complete solution. One solution, therefore, would have been 
sufficient, and one alone given, if the same applied, with equal 
convenience and equal nuinerical accuracy, to all iiistanres ^ but 
the fact is otherwise. If an example were proposed in which the 
angle A should be nearly 90^, as C is in the fdrmer Example : the 
log. sin. A might be deduced from the first solution j but, to 
such logarithmic value, there would not, in the Tables^ correspond 
a precise value of the angle A : for instance, if the numerical value 
of log, sift. A should be 9-9999998, A might equal (by the 
Tables) either 89^ 56' 19", or 89® 57' 8", or any angle inter- 
me^diate of these two ahgles. The reason of this i&, the Very 
small variation of the sine of an angle nearly equal to 90®. And, 
this small variation is apparent from the mere inspection of the 
Geometrical diagram, in which two cbntigUdu^ isines should be 
drawn to two arcs each nearly equal to a quadrant ; or, ana- 
lytically, it may be thus shewn. Let A be an arc nearly = 90® ; 
let it be increased by a small quantity {V for instance) j thed by 
the formula [1], p. £7, making B = I'V 

sin. {A + 1") = sin. ^ .cos. 1'' + cos. A . sin. 1^'. 

Subtract sin. A from each side of the equation, theh 

sin. {A + l") — sin. -4 = sin. A (cos, 1" — l) + co8. A sin. 1"^ 

1" 
(by p. 4£,) =s — aift. ^.2 sin*^ -^ + cos. A sin. 1**. 

Now^ sin. A X 2 ain.^ -^ may^ from the emaiia^iesB of the 

1 " 
factor 2 sin.2 — , be neglected ; arid, ac'cbrdihgly, 

sin. {A + l") - sin. A = cos. A . sin. V\ nearly j 

therefore, the difference of tWd coritijguous sihes, or what has 
been called, the variation of the sine, varies nearly as coSk A^ 
ahd the cos. A is when A = 90®, nearly, a very small quantity 
relatively to its other values^ in which ^ is of a mean value. 
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Jt must not, however, be unnoticed, that thA want of pr^cidioA 
in the determination of the angle is partly owing to th^ eon* 
struction of the Logarithmic and Trigonometrical Tables. The 
Tables f efi^tred to, and in common u^e *, are computed to seven 
places of figures \ but, if we had Tables t computed to a greater 
number of places, to double the number, for instance, then the 
Ic^arithmic sines of all angles between 89<^ 56' 18", and 8y^ 57' 9", 
would not be escpressed, as they ate in Tables now in use, by the 
same figures. In such circumstances, we should obtain conclu*- 
sions very little remote from the truth ; but then, such Tables 
would be extremely incommodious for use, and would, in all 
commoh cases, give results to a degree of accuracy quite superfluous 
and Useless^ Moreovetj such Tables, even in the extreme cases 
which we have mentioned, are not essentially necessary : since theit 
ttie can besupertededj by abandoning the first method of solution, 
andToMmng eithet to the 2d, 3d, ot 4tK method. 

When the angle {A) sought then is nearly = 90^, the first 
method must not be used, but One of the latter methods^ in 
which either the ^ine, cosine or tangent of Mf the angle is det^c- 
mined ; and, in such an extreme case, it is a matter of indifier- 
etice whether, instead of the first method, we substitute the £d, 
or 3d, or 4th. But, in other cases, it is not a matter of 
indifference : for since, as it has been shewn, the variation or 
the increment of the sine is as the cosine, and of the cosine as 
the sine, these two variations are equal at 45^ but beyond 45^^ 
up to 90^, that of the sine is less, and that of the cosine greater^ 



♦ Shirwin's 8vo, Hutton^s 8vo. Taylor's 4tow 
t In Viacq^s Tables, published at Gouda, 163S» we have 
Arcs. Log. Sines. 

ay 56' 10" 9.^99999^^00 

20 0753O 

40 .•. * 97958 

50 98154 

89 57 98346 

10 ....,>^ ...•.•..,... .••^*....98525 
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and, the contrary happens between 45^ and ; consequently we 
have this Rule : 

If the angle sought be < 90^, use the second method j 
if > 90", use the third method. 

The 4th method may be used, and commodiously, for all 
values of the angles sought from up to angles nearly s= 180^: 

when, however, the angle {A) is nearly = 180*^, tan. — , which is 

nearly tan. 90"^ is very large, and its variations, (which are as 
the square of the secant *) are also very large and irregular. _ If, 
therefore, we use Sherwin's Tables, which. are computed for 
every minute only of the quadrant, the logarithms corresponding 
to the seconds, taken out by proportional parts, will not . be 
exact : for, in working by proportional parts, it is supposed, if the 
diflFerence between the logarithmic tangents of two arcs differing 
by 60 seconds be rf, that the diflFerence between the logarithmic 
tangents of the first arc, and of another arc, that differs from it 

only by n seconds is ^<^ J now, this is not true for arcs nearly 

equal tD 90" ; and an example wUl most simply . shew it : by 
Sherwin's Tables, 



*- For by the formula, p. 35, 

tan. (^ + 1 ) = - — - — 4": — -„ . 
1 — tan. A. tan 1' 

Subtract tan. A from each side, and 

i A X ^fK * A ^n- 1" + tan-* ^ *^n- l" 
tan. (^+1") - tan. A = i^^.^.tan. r 

by expanding and neglect- 1 ,^.+tan.-^. tan. r^O+tan.^ tan, l') 

ing temas mvolving tan.* 1 3 ^^ ' ^ 

= tan. 1"(1 + tan.* ^) nearly; 
.*. since tan. 1'' is an assigned quantity, 
tan. {A +*!")- tan. ^ oc 1 + tan.* A oc sec.^ A. 
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log. tan. 89^ 30' = 12.0591416 

log. tan. 89 '29 = 12.0449004 [2] 

log. difF. corresponding to 60" = 1 424 1 2 

diflF, corresponding to 30"= 7 1206 [4 J 

.-. by Rule, log. tan. 89^ 29' 30" ([2] + [4]) = 12.0520210 
whereas true log. tan. 89^ 29' SO', by Taylor's Log. = 12.0519626 

Again, 

log. tan. 89^ 50' = 12.5362727 « 
log. tan. 89 49 = 12.4948797 

log. difF. corr^f. to 60" = 413930 
••. diflF. corr«f. to 6" = 41393 

.•. by the Rule log. tan. 89^ 49' 6'' = 12.4990190 
whereas the true log. tan. 89^ 49^ 6", by Taylor's Log"*. = 12.498845 

In these instances, the log. tangent, determined by the pro- 
portional parts, is too large, which it plainly must be ; for, the 
logarithmic increment of the tangent increasing as the arc does, 
that is, the increment during the last 30" being greater than the 
increment during the first 30'', if we take half the whole 
increment for the increment due to the first 30", or one- 
tenth of the whole increment, for the increment due to the first 
&'y we plainly take quantities too large. The same reason would, 
it is true, hold against calculating logarithmic tangents of any 
arcs by proportional parts, if the values of logarithmic tangents 
w^re exactly put down in Tables; but (we speak of the Tables 
in ordinary use) the values are expressed by seven places only of 
figures ; and, as far as seven places, the irregularities in the suc- 
cessive differences of the logarithmic tangents of arcs that are 
of some mean value, between and 90®, do not appear \ thus, 
by Sherwin's Tables, 

log. tan. 440 30' = 9.9924197 
log. tan. 44 29 = 9-9921670 

log. diff. corresponding to 60" = 2527 
.•. diff. corresponding to 30 = 12635 
.•. by the Rule log. tan. 44® 29' 30"= 9.99229335 
and the true log. tan, by Taylor's Tables = 99922934. 
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It appears then, from the assigned reason, and by the instances 
given, that an angle nearly 90^ cannot exactly be found from its 
logarithmic tangent. The determination of the angle by means of 
proportional parts will be wrong in seconds by Sherwin'^ Tables ; 
and will be wrong in the parts of seconds by Taylor's Tables. 
From the whole of what has been said then, it appears that in 
computing the values of angles, two inconveniences may occur, 
either when the successive logarithmic numbers are too nearly 
alike, as in the case of sines of angles nearly 90^, or too widely 
different, as in the case of the tangents of angles nearly equal to 90**. 
It is the business of the Analyst to provide formula?, by which these 
inconveniences may be remedied or avoided ; and hence have 
arisen the different methods for attaining, apparently, the same 
end. 

Before we entirely relinquish this digression, we wish to 
observe, that, although the log. sine or log. tangent of the angle 
J may be determined exactly either by the first or the fourth 
method, yet, if it should be very small, its value cannot, with 
sufficient exactness, be determined by the Tables in common u$e. 
For, very small angles cannot be exactly found from their loga- 
rithmic sines and tangents j not exactly in seconds, by Sherwin's 
Tables, nor exactly, in parts of seconds, by Taylor's Tables i and 
therefore, as great exactness may be required, and is commonly 
required, in those cases, in which a v«ry small angle is to be de- 
termined, the Tables are not to be used. They are to be super- 
seded by a peculiar computation, of which, without demonstration. 
Dr. Maskelyne has given the rule in his Introduction to Taylor's 
Logarithms f p. 17 and 2?. This rule and similar rules will be 
stated and demonstrated in a subsequent part of this Work, when 
the analytical series for the sine and tangent of an arc are deduced* 

To the several cases of the solution of oblique triangle^, 
examples have been given, but, merely arithmetical examples ; 
it may proper therefore, to subjoin a feigned case of practice 
and observation, in order to shew, more plainly, the use and appli- 
cation of the formulae of solution. 

An observer at A wishes to determine his distfmce from two 
inaccessible objects B, C, and also the distance J3C, of the same 
objects. 
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The obseryer takes a new station D, and measures the distance 




AD I suppose it to equal 176S yards: at A and D, by means 
of proper instruments, he makes the following observations, : 



, J /BAC = 450 1' 3"\ ^, ^ /" 



/'BDC = 360 15' 5'\ 



consequently, 

CDA=G9^ 22' 45", ACD= 180>— (JDC + C^D) = 80<> ST IS'' 
BAD=z75^ V 5", ABD:^lS0^'-{BAD + BDA)=:1i^6V 15" 

AB determined. 



By ] St Case of oblique triangles, p. 80. 
AB _ sin. ADB 
AD ^ sin. ABD' 
.•. log. AB = log. AD + log. sin. 
ADB - log. sin. ABD. 



log. 1768=3.2462523 
log. sin. 33« y 40"=9.7375966 

12.9838489 
log. sin. 71* 51' 15"=9.9778456 

log. -4^=3.0060033 
A AB = 1014. 



AC determined 
By Ist Case of oblique triangles, 

AC _ sin. ADC 

AD "" sin. ACD ' 
.*. log. AC =s log. AD + log, sin 
ADG^ log. m. ACD. 



log. 1763=3.2462523 
log. sin. 69* ^2f 45''= 9-97 12441 

13.2174964 
log. sin. 80* 37' 13"=9.994I543 

log. ^C= 3.2233421 
.•. AC = 1672.4. 
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CB determined. 



By the formula of computation 
given in page 85, 
tan.^d Qab 



and, log. tan. 



■5 ver. sin. C 



, I Oo+log. 2+log. a+log. b ^ 
^ I +^og. versin. C— 2 log.(a — ^)5 

1 X (a«*) 



and CB or c = 

and 

log. (?= 10+Iog. (a-*)- log. COS. 

here,o=^C=l672.4,ft=^B=:I014 

C=BJC=46« 1' r, a-b=z65SA 



lO+log. 2= 10.3010300 

log. 1672.4= 3.2233421 

log. 1014 = 3.0060033 

log. versin. 45» 1' 3" = 9.4670294 

25.9974048 
5.6369796 



2 log. 658.4 



20.3604252 
10.1801466 
9.74l227l[a] 



.*. log. tan. = 
and log. COS. = 
.% since 

10 + log. 658.4 = 12.8184898 [b] 
log. c = 3.0772627 . [b] - [a] 
and c= 1194.7. 

The last part of this Example (the determination of CB) 
belongs to the third case of oblique-angled triangles, in which two 
sides and the included angle are given ; but, since the angles at 
the base, that is, the angles ABC, ACB, are not required, the 
method of solution given (see p. 82,) was not adopted : BC, 
indeed, may be computed, and, according to the common 
practice of calculators, would be computed, by first determining 
the angles ABC, ACB from the form 



, /"ABC-ACB^ AC^AB 
tan.(^ i J'^'jCTTB' 



, /'ABC + ACB\ 



and then BC from this expression, BC=:AB 



sm. 



BAC 



: but It is 



sin. ACB 

plain, that the computation, without being at all more exact, 
would be longer than that by which BC has been already 
determined. ' 

The last part of the Example will also serve to illustrate the 
use of that solution of the third case, which was given in page 83 : 
for, the logarithms of AC and AB being determined in the 
previous part, we have immediately 

log, tan. = 10 4- (3.2233421 - 3.0060033) = 40.2173388; 
whence =58<>46' 23", ^d 6 - 45<> = 13<> 46' 28"; 

consequently, since log. tan. 13^ 46' 23".8 =9.3893876, 
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log. tan. ( 



^^C-f^^CE^ ^^ ^^_^^^ 220 3(y 3 r'.5= 10.3835881 ; 
... log. tan. 45£Z:££? = 9.7729757 



and ^^^""^^^ = 30° 39' 48'' 



but ^^C + ACB _ g^o 29^ 28^5 



consequently, JBC == 98^ Q' i6'^5 
^CjB = 360 49' 4(y^5. 

The process had been somewhat more tedious if we had 
found tl^ese angles by the formula given in page 82^ in the 
solution of the third .case, for then we must have computed 
. AC — AB, AC 4- ABf and have taken out their logarithms. 
This instance, and the remark on it, have been introduced to 
shew^ not that the common and general solution is insufficient, 
but that other solutions may conveniently, that is, with some 
gain of expe<tition, be introduced. The Student, however, who 
shall peruse this Treatise in order to be initiated into Trigo- 
nometry, is advised, in the first perusal, to attend solely to the 
general solutions, and to postpone to a time of leisure and of ac- 
quired knowledge, the consideration of the methods that are 
dther more expeditious, or are adapted to particular exigencicfs *. 



* With the view of rendering every thing as easy as possible to the 
Student^ separate investigations of the cases of right-angled triangles, 
have been made to precede those of oblique-angled triangles ; but, con- 
sidered generally^ the former cases are really included in the latter, and 
their solutions comprehended within the general solutions ; we will shew 
this in two instances : suppose in the third case of oblique triangles^ 
that the included angle is a right angle, then by the solution, 

^' (r^^"^^"^' C^i^^ ' S"^ ^^^+-S+^=^S0oandC=9O* 



A+B ^ 

«OQseqaently 



2 =45- 
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We win terminate this Chapter with one or two Problems^ 
the solutions of which may be deduced, almost immediately, 
from the preceding formulae. 

1. In a triangle of which the sides are /i, B, c, and the angles 
opposite. A, B, C, it is required to determine C, whwi a, *, and 
-rf — jB are given. 

By the formula of p. 82, 

- (^) =-(^)x:-^--(-f) xsi 

=:(seep.9,) cot.^xll4=(se«P- 11>)— ^. x ^^; 

tan. — 
2 



consequently, tan. -—7—= tan. 45«. ^^=^^ , since tan. 45« = 1 ; 
but^ = 90»-B; 

.-. -—— = 4.5» - Bj .-. tan. (^i^^^^=tan.(45«-.£)=(byProb.4, 
r^ ^ «t ^ 1 "" tan. B 

hence — r= ■ . ■ ' ^ ; and tan. -B =b - the same solution, in fact, as 
a-j-^ 1 + tan. B a ' ^ 

was given, page 78, in the solution of the first case of right-angled 

triangles. 

Suppose next, in the same instance, we employ the form used id 
the fourth case of oblique-angled triangles, thus : 

l+eos.^= (d^^Hzp) , but i±|±^ X ii^* 

Vc 

^—Jl 4—^= = —5— i since c» = a» + ft*: 

hence, 1 + cos. A = — jf =-+ 1 and cos. A =s- , 

©c c c 

and .'. c = -;^ — -r- the same result as that which was obtained, page 78 : 

so that it is plain the variety of cases might have been diminished, but 
not without a considerable loss of simplicity and facility. 
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.•. tan. ^ = — — . X cot. ■■ " , "- . 
2. Given, ^, 5, C,mda±b; required a and *. 
If the upper sign be used, thenii~*=(tf + 6)xtan. ^ x tan- — — 

C A^B 

If the lower sign be used, then, «+* = (« — *)• cot. - cot — - 

and in each case, by adding and subtractmg, we obtain 2 a, and 
2 b^ and thence a and ^. 

S. Given J, a and * + ^ ; required *, r, &Ci 
By the third fontiula of solution^ p. 88, 

2^. COS.* — = ^ r^ ' — • 

2 be 

Hence * c is known^ let it = /?, and let * + ^ = / j 
then 3 + r ±: X 
be :;=/?; 
.•. (by the solution of a quadratic equation) 

' = 4^(7-") 

4. Given a + b -¥ e, the sum of the sides, the area of the 
triangle, and the angle Ai it is required to find the side a (see 
Newton, Arith. Univ. Prob. 8.) 

By Prob. 2, p. 26, 1. 2, 

1+C0S.J= ^^^ = 2j^ 

Again, the area (X) = sin. ^ x^ 5 

.-. 1 + COS. ^ 8= ^^--^- • 4 JC sin.yf, 

T, f . X 2iS: ^ 1 +C08. J 

... ^ = i (. + 4 + .) - ^:p^:p^ X ^^^j 
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since (Cor. 5. p. 33.) •• ^^"'^ : = tan. ^ = 




The formulas of Trigonometry have now been applied to 
the resolution of rectilinear triangles ; the original object, for 
which the science was invented. And it is to'be observed, such 
application is the most easy, and is of very extensive practical 
utility. In the next Chapter we will continue to apply, still 
farther^ the preceding formulae. The first instances will shew 
their utility in expediting Arithmetical computation : the latter, 
selected from Works and Writings on Phfsical Astronomy^ will 
shew their utility in subjects of great importance and of arduous 
investigation. In this last application, the original object of the 
science, the Properties of Triangles, seems entirely to be lost sight 
of, and the Trigonometrical analysis is peculiarly and almost solely 
useful, because it confers precision and power on mathematical 
language. 
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CHAP. VI. 

Instances of the UtUitif of Trigonometrical Formulas, 

]. It is required to compute the logarithm of a ± b, 
a ± b^a (l ±t^ . 

Assume^ for the upper sign, - = tan.^ 0, for the lower, - = sin,* B 

a ^ 

then log. (« + *)=. 

log. a + log. (1 + tan « 6) = log. a + 2 log. sec. B — 20, 

and log. (a — 3) B 

log. a + log. ( 1 — sin.* ^) =log. a +2 log. cos. B -^ 20* 

In the application of this method, a and * are not supposed 
to be numbers : for, then, the simple way would be to add them 
and to take the logarithm of the sum ; but a and b are com- 
pounded quantities, formed of the sines and cosines of angles : 
thus, in finding the Moon's distance from a star, 

versin. dist. = versin. (d' - d) + cos. d . cos. rf'. versin. J 

(d . d' being the declinations, and A the diflFerence of the right 
ascensions) a is =: versin. (J' — d) and b = cos. ^. cos. if' 
versin. ji, and tan.* B is assumed = 

, 7/ . ^ cos. d . COS. d' . sin.* — 

cos, a . COS. a versm. A ^ 2 

verin, (rf'-d) * ^^' , «d' - ^ ' 

sm.* — - — 
2 

and then, by the process above stated, the form is adapted to loga- 
rithmic computation. 
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M. Sejour solves this instance somewhat differently (see his 
Traiti Jnalyt. torn. I. p. 103.) 

Thus, leta •¥ i ^iff 
then, a sin, 45® r^ i cos. 4.5® =:y .sin. 45® (I). 

A ^ ^ sin. z b J 

Assume tan. :?=:-; .-. sb - , and 

a COS. z a 

a sin. z — b cos. 2f =: (2). 

Eliminate a from the equations (1) and (2), and 

b (sin. z cos. 45® + cos. z .sin. 45®) =y sin. 45® sin. z, 

or b . sin. (45® -I- 2;) = y sin. 45® sin. 2, 

^., ^ j^ b. sin. (45® + z) 

and .-. y, or ij + 6 = — — ^ . 4 . 

sm. 45® . sm. z 

Again, in order to compute the logarithm of a + 6 + r, 
since fl + ft + ^=y+r, make tan. ;?' =£ ^ 

= 1 . ^!"'^^V^^"'f , then, as before, 
b sin. (45® + z)' ' 

_^ , _^ sin. (45® + 2O 

sm. 4d®.sm. jzr 

and so on for a + 6 + tf H- rf, &c. 

2. It is required to compute! the sine of 4n angle; for 
instance, the sine of 3®. 

Sin. 3® = sin. (2® + 1®) =: sin. 2® cos, 1® + cos. 2® sin. 1®, 



• no to/i . ""• 1 cos- ^\ 

= sm. 2® COS. 1®I 1 + — -: 1 

V COS. 1® sm. 2®/ 

= sin. 2® COS. l®Cl +*-^2d!) . 

V tan. 2®/ 



tan. 1® 
Assume .*. tan.^^ss — ^. and we shall have, in a logarithmic 
tan. 2*' * 



form. 
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log. sm. 3" = log. sm. 2* + log. cos. l* + Slog. sec. *— 30. 

3. Let it be required to compute a quantity P, such, that 
P = (1 +/) (1 + *") (1 + *"')x&c.i the law of the formation 
of/,/', /",&c. being 

The computation is conveniently effected, thus, put e a sin. ; 

.-. V(l-««)=co8. e, and/ =LlJ2Ll = [page 33] tan.« - 
' 1 + cos. ^^ ^ ■' 2 

and, 1 +/ = 1 +tan.* - = sec* - • ^ 

Again, put ^' =3 sin. ^ ; 

...?'=lz:f2!lj=tan.«land l+^'nsec.*^. 

Again, put /' = sin. e'*\ 

,. /-« iJILE2L5=: tan.«^, and 1 +/''=sec.2^, &c. 
1 + COS. ff' 2 ' 2 

Hence P as sec* - .sec* — . sec* — . &c 
2 2 2 

and log. P = [supplying the tabular radius] 

log. sec. - +log. sec. — + log. sec. — + &c. ) 
2 2 2 ^ 

- 2 (10 + 10 + 10 + &c) 

4. "^^ Required the integrals of the difierential expressions, 
J^.sin. 0.COS. ^; ^0.cos.*6; (2^.sin.*^; //^cos.'6; 

<70.cos. ^cos. n9; r^ • 

cos.*^ 



* Thisy in other words and symbols, is to require the fluents of the 
fluxionary expressions ^'.sin. cos. d* ; 6* cos.^ 6, &c 

o 
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In order to integrate diese expresslonsi it b heCe^Mtj to 
premise (see Simpson's Fluxions ^ Vol. I^ p. 165.) B being any 
arc, that 

j^ rfCsin.d) d(cos. ^) rf(tan^) 

dB^ --: , or = i- — — i , or rs -^ — r-r^ . 

cos.^ sm.6 8cc.«^ 

1 St. fd B , COS. B . sin. B. 
By the formula of p. 42, 

COS. B . sin. = » . sin. 2 ^; 
% 

.-. fdB ; COS. ^. sin. B ssifdB.sin. S ^ = 5/2 rfa .sin. 2 ^ 

ss — COS. 2 6 + r (tf = correction). 
4 

2d. /(iB.cos.^B. 
By the formnia of p. 42, 

COS.* a = 5(1 + COS. 2 6 i) 
.-. fde. COS.* «=/-^ + j/''* . COS. 2 tf 

1 

= - + - sin. 2 6 + r.- 
2 4 

8d. /dB.sin.^B. 
By the formula of p. 42^ 

Mn.* 6 as - (1 — COS. 26) ; 
2 
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-1 - i$in. ?d + r. 
2 4 

4th. fd e.CQ%?0. 

By the formula of p. 60, 

1 3 ^ 

C08.3 a= - COS. 8 ^ + 7 CQii. ^ ; 
4 4 



... fde COS.' ^ = I fde . COS. 3 a + ?/d^ .COS. 6 



3 

y 

3 



sin. 



=: J»./3de.cos.sa +;- 

= -L-.sin.3 +?8in-0 +r. 
3.4 4 

5th. /da.cos. ^.cos.fii^. 
By the formula of p. 45, 1. 16, 

COS. 0. cos, «0 = ^ { COS. (n^l)0 + cos. (« + 1)<^ J 5 

.'./d0.cos.eco8.ne^ l/d d. COS. (n- 1) e+ i/rf«.co8.(«+J)tf 

____i /•(ii-l)d«. COS. («-!)» 

2. («-!/' 

+ 11 /(»+ l)</flC08.(« + 1)« = 



sin. (« - l)fl + -, ' ,, sin. (« + !)« + *• 



6th. A^ • 

*/ COS.* 

By p. 8, -V = sec* = (sec* fl)« = (1 + tan.« «)« ; 

^ '^ C08.*fl 
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^ ''J'^^^d -J''^^ ^' + *^°'* ^ =/d0(l+tin.»e) x(l + tan* 0) 
=/ { «/(tan. 0){l + tan.« ff)] =s tan. « + "i tan.* tf + r. 

*» Tf ^ ^ 1 — € COS. c . . . , 11 

^ 1 , ga * ^^ »s required to express ^ , ^ > &4:. 

in terms involving th« cosines of multiples of the arc s see 
Mayer's I^ory of the Moon, p. 14- 

1 _ \ - e . cos. « , , a 

y - 2 _ g« =: 1 + € — 6. cos, «, 

rejecting* the terms involving e\ e\ &c. 

•■• ^ = 0+^')' - 2.(l+6«)€.cos. ^ + €«.C0S«C, 

= 3 + 2 6« - 2 e .COS. . + 6- 51 + SStlll 

r- I + — 2 € , COS. s + -cos. 2 ?. 

? 2 



Again, 

n 1 +36«.S6.cos.. + S6«fi 4-'^^''^'? 

is 2 3 



* 3 = (1 + O' - 3 e .(1 4. e-)' COS. 5 + 3€» (1 + e2) C08.2 c 



— 1 -r ~- 3c. COS. s H COS. 2 c. 

2 2 



and generally 

-;;.=z(l+t«)»-«(l+e»)»-«C.COS.C+«.^^(l 4-6T~*^'.COS.*? 



* The rejection of the terms involving e^ €% &c. is not, as it is 
plain, essential to the illustration of the use of Trigonometrical formula?, 
but, we have given the instance as Mayer has, and as all similar 
instances in Physical Astronomy will be circumstanced, in which e 
denotes the eccentricity of an orbit. * 
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1 . a . ** " 1 a f 1 . COS. 2 S 7 

= l+nc' — ne .COS. «+/!, c 1 - H f 

, , /I. wH-3 a . «.W — 1 - « 

xs 1 H €• — n€ . COS. V H «• COS. 2 ?. 

4? 4 

In this instance, it is plain, if all terms involving higher powers 
of € than that of the square be rejected, that no higher multiple 
of 9 than 2 c can be introduced. The quantity c is the mean 
anomaly, and ^ is the radius vector. 

6. If J" =z v/(/* — ^/r.cos. t + r*), it is required to 
express ~ by a series of terms involving the cosine of the mul- 
tiples of the arc t. (See Mem. Acad, des &cuncesy 1754, p. 588. 
Clairaut sur Forbite apparent du Soleil), 

Let 2/r COS. f — r* = a, then 

/ ss >/(/* — ^)> and by the binomial theorem, 

1 - — 4. IfL + 1^^* . 35^ 315 0^ ^ 
x» ""/' 2/^ 8/7 lb/9 "^ 128 •/" 

But, «« = r*— 4/r^.cos. < 4- 4/« A cos.^ f, ^ 
(by Prob, 6,) = r*-.4/r«. cos. f +2/« r^ ( l + cos. 2 
= r^ + 2/2f5-4/r' cos. / + 2/« Acos. 2^ 

Again, 

fl* = - f^+6fr^ COS. i - 12/« r^ cos.* / 4- 8/« r» cos.« / 
= — ^ - 6/« r* + (6/r* + 6/» r») cos. t - 
6/2 f^. COS. 2^ + 2/3 r' COS. 3 1. (Prob. 7, [^'"]) 

Substituting these values in the series for -r, there results 

^ r^r 64/^ 
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In this instance^ r is the radius of the Earth's orbit^ and /that 
of Jupiter's^ and since ^is a small fraction (as. 19245) the terms 

involving 75 * 75 * &c- ^'^ rejected, (see Astron. vol. II. p. 283.) 

The quantity - is a factor in a term dependent, in the theory 

of a planet disturbed in its orbit, on the disturbing force ; &nd, 
the object of the above resolution is to resplve the term into a 
series such as 

A^ 4. ^o).cos.f + A^^ cos. 2^ + &c. 
which is easily effected when ^yn^ small fraction, and may be, 

but Qot without artifice, when ^ is nearly equal 1, that is, when 

the radii of the disturbing and disturbed body are nesgrly equal. 
(See Phil. Trans, 1804, pp. 265, &c. Mem. Acad. 1754, p- 545, 
and Astrtml vol. 11. Chap. XVIIL) 

7. If the terms of the series 

Jio) ^ ^1) ^g. t 4. ^(«) eos. S / + &€. 

be multiplied by cos. tn /, it is required so to transform the terms 
that the series shall preserve its original form. 

By the formula \d] of p. 92, 
cos. ii/f COS. w/as- . { COS. (m—n)t + cos.(m+n)^ | 

Hence, 

cos. f .COS. mt = - { COS. («i--l)/+cos. (wi + i)/ ] 

COS. 2 / . cos. mi a^ { COS. (i»— 2) t + cos. (m +2) / | 
2 

&c. 

which values being substituted in 

A^^ .co^.mt-^A^ cos./.cod. i»^+^*^cos,2/.cos. mt + &c. 
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auid the t^tms propeirly arranged, what is required will be done. 
(See Laplace, Mem. Acad. 1785, pp. 54, Scc. and Muaniqm Celeste^ 
p. 263.) 

8. Required the sin. /, cos. t, sin. 2 t^ &c. 

when /=»!> — ^(1— ^) sip. w v.j 
m 

the coefficient — fl ^ n) being a very small quantity. 
Pi 

(See Jtcad. des Sciences^ l754, p. 539 : also for similar instances, 
Acad, des Sciences, 17^5, p. 348^ and Clairaut's 3X«9r^ ^ the 
Moon, p. £0, and Jstron, vol. 11. pp. 140, Sic.) 

By the formula [1], p. 27, 

sin. / = sin. nv . cos. < -*— (1 — «) sin, mv\ 

^tos. #itF.sin. 5 — ^(l-*j») sin. mv f . 
^ m -' 

2 e 
Now Ae quantity * — (1 — ») sift, iwv, by the hypoAesis, is very 

si^all ; therefore k$ coeine is nearly «p: I, aidd ks sine is nearif the 
arc which it is supposed to represent : consequently, 

2 ^ 

sin. ^=:sin. nv (1— «) sim mv.cos. nv, 

m 

[by(*)p. 31j=5^in.«v*-*^l— 1»).| si».</i+»ijv--8ii>>(i»*-«n)« | 



Again, 
[by (e) p. 31,]saco8. n if 4— -(1 — «) { C08.<«— »)v— cos.(ii+«w)w \ 



2 ^ 
«a8. i d oHk.ft V 't- -^ (i ^ oi) «ib.iii i» » Bkt.,mv 



m 



* As in the former instance, (see Note, p. 108,) so in this, the 

2'e 
smallness of the quantity — (1— ») is, in no wise, essential to the illus- 
m 

tration of the use of the Trigonometrical formulae. 
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and, by a like process, may sin. 2 1, cos« 2 /, Sic. be deduced. 

9. Required the value of 

* sin. v/Q cos. v»dv ^ cos. v/Q sin. v .dv, 

when Q is represented by a series of terms 

a • COS. /I v + ^ . COS. mv + 8ic. 

(See Clairaut, Acad, des Sciences, 1745, p. 341, also his Theorie de 
la Lune, edit. 2. p. 9* Lalande, Acad, des Sciences, 1760, p. SI 3. 
Laplace, Mec. Celeste, p. 241. Thomas Simpson's Tracts, pp. 9^» 
&c. Cousin's, PhyAcal Astronomy, pp. 23, &cl Vince's Astronomy, 
Vol. II. pp. 168, &c. and Woodhouse's Astron. voL II. pp. 99, &c. 

> If we substitute the first term a . cos. n v of the series in the 
expression, then 

sin. vfQ, COS. V .dv = a . sin. vfcos. v . cos. n v • dv 

[form (^p. 31,]=^isin. V -/ { cos. (^—1) v+cos,(ii+l)v } dv 

/ 1/^/5 \ ^ • Jsin. (« — l)tj , 8in.(«+l)t; , ^7 
(p. 106,)= g sm, V { -^-pi- + —Lj^+Cj 

where C, the correction, will = 0, if the integral = when 
V = 0. 

Again, 

COS. v/Q sin. v .dv = a cos. vy sin. v . cos. n v . dv, 

(form[*]p. 31,)=flCOs. V if { sin. (ii + l) v— sin. («— l)t; } dv 

f ,,pv fc08.(w— l)v COS. (»-f l)t? , ^,7 

in which, according to the preceding hypothesis of the correction^ 

= r + C , 

2. (»-.!) 2.(n+l) 



and C = 



w* — 1 



* c{ V is the difierential of v answering to i the fluxion of v. 
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Hence, combining the two parts of the expression, 

sin. ryg.cos. nv.dv — cos. v/Q sin. nv »dv = 

-7 { sin. (» — 1) V . sin. v— cos. (/i - 1) v . cos. v ] 

+ —- { cos. (?i + l)v.cos. v+sin. («+ l)v sin. v ] 

2«(»4-l) 

/I — 1 

^ a . cos. « v^ , ^'CQS.wt; ^ . co's. v _ 
2(»-l) ^ 2.(11 + 1) ««-.! ■" 

a . COS. V A. cos. n v 



If, instead of a . cos. n v for (2, we had substituted i . cos. mv, 
the resulting value of the integral would have been 

b . COS. V ^ b .COS. m t; 
nfl—l m* — 1 

Hence, the whole integral^ when Q is represented by the series 
flw.cos. nv •{- b .COS. mi) -^ &c. is equal 

(fl . COS. nv . b , COS. tnv ^ ^ \ 



10. Expand (see Ex. 5.) — / into a series of cosines of arcs. 



when 

«' :±: -- (1 + <' cos. c'm V) 
m 

« = - (1 4- e COS. cv) 
a 

s Si y . sin. (^ v — 6) 

/ #, Y being very small quantities, (see Astrcn. vol. II.. p. 247.) 

p 
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Ist, nearly, w'^= ^ (1 + S / cos. c m v) 



— =a*(l— 4^ COS. c v) : 



•'• rr = -;: (1 — 4^ . COS. c v + 3<' cos. cmv) 






but s =z f sin. (g: » — 6) ; 

'^ 8in.'(gv-a) 

— ^e.sm.(gv + rv — ^ 

— 2 ^ . sin. (gv — cv'-d) 

3 / 
+ ~ • sin. (gv + c' mv ^ 6) 

H . sin. (gif ^ c' tnv ^ 0) 

2 



•11, Required the value (/) o( /dz .cos. m7i x cos.nj2f x 
cos- /?«. (See Simpson's Traf//, p. 89.) 

COS. mzx COS. wax cos.pz = - \ cos.(wj— «);j+cos.(m+»);8 ] cos.pjs 
= - { cos.(fw-»-ii— j^);? 4-oos.(m— «+/?);k J 

-f 2 f ^®*' (»*+«-/?) z + cos. (fn + n+f)z \ 

Consequently the integral (/) equals 

sin, (m-^n-^p^z sin, (wi— w+;?) 
4 . (m — n — /?) 4 . (»i —71 +/?)' 

-1- sin. (»i+n-/?)2f sin. (fyi+^+jp)jg 
4(»j + /i— jp) 4(»j+w+jd) 

12. Let it be required to compound (F)^ 

sin. (2 v -« 2 a) + sin. (2 1?' - 2 a) - sin. (2t; — %v') 

into one term^ the product pf three sines or cosines (see Afittm^ 
tol. II. pp. 44 J, 442.) 
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By f9nn8 (5), (6), Trig. ed. 8. p. Sfi. 
F=2 sin. { (v- e) + (v - a) } { COS. (v - vO } - 8in. (2 u -2 1;') 
=2 sin. \ { (v-O) 4-(v - ^ } — sin. (v - i/)\ x cos. (v— x/) 
=4 COS. (v - 6) sin. (t;' — a) cos. (v — v) 

This process is, in its nature, the reverse of that in the pre- 
ceding example. 

13. It is required to resolve (r^ -. 2rr' cos. « + r'*)— "** (F) 
into a series such as 

A + £ .COS. « + C . COS. « « + i) .COS. 3 «• + &c, 

(see Astron. vol.11, p. 260: also Lacroix^ torn. II. p. 139. 
Laplace, torn. I. pp. 271, &c.) 

Make 2 cos. » s x + - , then 

X 

r* - 2 r/ cos. « + r'* = r^ — rV r^" + -) + r'* 

^^v"" 0-:-)"" 0-:-D""- 

Now, 

1.8.3 Vr'/ 

■^ 1.2.3 K/J x*^ 

* See Examples aad 7, 
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„_ S f«r , 1^ « -H / r V 
?^ \~"^ 1«" 2 \r'J 

r'2«V 1.2 r'«^l2 2 2 r'* J 

Z> = &c. 

14. In the Lunar Theory^ one of the equations (that of the 
eviction) is represented by — 2 r . sin. (2 -^ - -2,) r being supposed 
to be of a mean constant value : if r should vary and proportionally 
to 1— Sr.cos. Y, what is the new equation that would thence 
arise ? (See Vince's Astronomf^ vol. 11. p. 53-) 

Let 971 be the mean value of r, then 

the evection z= — 2 w (1 ~8 r . cos. Y) sin. (2 X - Z) 

- -2171 sin. (22r- Z)-^6mc cos. T.sin. (2^:^-2.) 

Therefore, since the first term denotes the^ean value, the 
second, that is, 6m c cos. F sin. (2 2^ — Z), denotes the variation 
from that mean value, or the new equation. 

Now, &mc- COS. y. sin. (2^ X - Z) = (by form [a] p. 26.) 
Smc { sin- (2 0!' - Z -V r) + sin. (2 Jf - Z - F) } 

which is the form of the new equation^ in which, the angles 
2 -^ — 2 + r, 2 JiT — Z — F, are technically denominated the 
arguments^ and 3 /w ^ (= 2' 1") is the coefficient. 

The Student, perhaps, may now be inclined to believe that 
the formulae demonstrated in the preceding pages, are not entirely 
without their use, nor invented and shewn as mere specimens of 
analytical dexterity. The instances, indeed, have been, almost 
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all^ taken from Tracts on Physical Astronomy ; and it is, there- 
fore, on the assumption of the utility of that science, that the 
Trigonometrical analysis has been affirmed to be useful. 

We will proceed to apply the formulae of Trigonometry to 
the resolution of certain numerical equations: an application 
less extensive than the preceding, and of more doubtful utility. 
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CHAP. VII. 



On the Solution of certain Numerical Equations by means of Triga-* 
nometrical FormuloB and Tables, 

In this application of the Trigonometrical Analysis, the utility, 
whatever it be, relates to the expedition and convenience of the 
resolution of the equations, and not to any thing novel or curious in 
its principle and method ; moreover, the expedition and conciseness 
of the resolution depends not on any essential and real abridg- 
ment, but on that sort and kind of abridgment which registered 
computations or tables afibrd : for instance, we shewed (page 68.) 
that a cubic equation, such as 

sin. 3-4 = 3 sin. ^ — 4 sin.' A 

when solved by approximation, might be used for' the computation 
of sines, or the construction of Tables. Reversely, the Tables 
constructed may be used for the resolution of similar cubic equa- 
tions ; again, we shewed (page 68.) that an equation of 5 dimen- 
sions, such as 

2 sin. 5 Ay or/=:5jr— 5 3(^ + ofi 

solved by approximation, might be made subservient to the con- 
struction of Tables. Reversely, Tables constructed either by the 
approximate solution of equations, or by other methods of ap- 
proximation, may be employed in the numerical resolution of 
similar equations. De Moivre solved equations of the third and 
fifth degree by the cosines of the third part and fifth of an arc ; 
and Vieta divided an arc into three and five equal parts, by equa- 
tions of the third and fifth degree. This is su£Bcient, perhaps, to 
explain the real principle of the solution of equations by Trigo- 
nometrical Tables • The convenience or expedition of the method, 
as we have already said, is of the same nature as the expedition of 
computation by logarithms. If we do not avail ourselves of com- 
puted Tables, the whole process of the solution of a cubic equa- 
tion, for instance, will be tedious ; we must employ some method 
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of approximation ; now, if Trigonometrical Tables are employedi 
the process is short and easy, but only so, because the most labo- 
rious part of it is already done for us. In these cases, we avail 
ourselves of the registered computations of preceding mathe^ 
maticians. 

Solution of a Cubic Equation* . 

It may be proper, however, to shew more in detail the method 
of solving equations by the aid of Trigonometrical Tables. 

If we take the equations [r"] and [x'"] pp. 45, 47, supply a 
radius r, and put c and / for cos. 8 A^ and sin. 3 A^ respectively, 
and X for cos. A and sin. A^ then 

^r* = 4x» -Sr^x, orx»- l!f x-— =0 [1] 

4 4 

andjr* = 3r«jf-.4af», or, oi? ^~ x ^ ~=0 [2] 

' 4 4 ^ ^ 

Hence, c being given, find in the Tables the arc 3 A cor« 
responding to it, and, from the same Tables, take out the cosine 
of ^ ; this latter value is the root of the equation [ 1 ]• If / be 
given, find 3 A corresponding to the sine /, and then take from 
the Tables the sine of A^ which is the root of the equation [2]. 

But, cubic equations have 3 roots ; now, by the Table of p. 16, 
or by the Cor. 6. of page 28, if r = cos. 3 A^ then also c =r 
cos. (2 IT —8-4) = COS. (2^+3-4) =cos. (4w— 8-4), &c. hence, 

substituting instead of the arc -4, the arcs ~ — A, ~ + A, 

■- A, &c. any and all, of the following equations, are true. 

<-f«=4.(co8. ^ - jy-3 . f« .COS. (— -^) W 

<-ra=4.(co8. ~ + ^y-3.r*.C08. (~ + ^) [*] 

rf*=4.(co8. l:-^y-3.r*.C08. (^-4) id} 

&C. 



Digitized by CjOOQ IC 



COS 



But, COS. Q^ - ^) = c^»- {^'^^C^ ^'^^l ^ 

2 w . COS. ( ^^ J = ^^S' V ^ ^J [®^"^^ ^^^' 2 «■ =: Oi 

and COS. 2 ir = l]. Hence, the equation [d] is precisely the sariie 
as the equation [^]. . 

Again, if we take the equation that would follow the equation [d], 

the cosine in it would be cos. (--^^jij ; now, cos. ( — *{-Jj 

=£ cos. |2ir — f-^ - ^ M =3 COS. 2 ir. COS. ('"^-^) ^ 

COS. f — — -4 V hence, this equation is precisely the same as 

the equation [a] ; and, in like manner, succeeding equations would 
recur, so that, essentially, there are ohly 3 different equations 
[1], [^i], [i], and hence, in the equation 

r f« = 4 i* - 3r2 iv, or, x^-^x - ~ = 0, 

4 4 

X may, either, = cos. -4, or, = cos. f— — Aj , or* = 
cos. (-~ + A J , c being the cosine of 3 ^. 

The same reasoning applies to the equation [2], and similar 
conclusions will follow. 

Example. 
Let jp* — 147 .ir — 285.5 = 0; compare this with 
- 3f^ cr* 

4 4 

3r* 285.5 

.*. -7- =147, and rssH : and c = ^' ' and the tabular cosine = 
4 49 

irww^ 285.5 

10000 

^^ 49x14 

= 4l6.80d, &c. Now the arc corresponding to this cosine, or 
S-4, is dd"" 24'; 
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.\ ^=21»48' nat cos. =.928 4.858 .-. le rad. 14=12.9988012, 1st root. 
Again, 

12(>» - 21*. 48' = 98*. 12', nat. cos. = - .1426289; 
.•. to rad. 14 = - 1.9968046, 2d root. 
Again, 

120« + 2P 48'= 141*. 48', nat. cos. = -.7858569 ; 
.•. to rad. 14 = — 11.0019966, 3d root, 

and the sum of these two last roots, that is, of the 2d and 3d roots, 
exactly equals the first root, which ought to be the case, since the 
coefficient of the 2d teilH in the proposed equation is = 0. 

But, cubic equadons of any form may bo soiVtA by substi- 
tuting Trigonometrical lines, sines, cA: tangents, for the quan- 
tities under the radical sign in Cardan's form : as Dr. Maskelyne 
has done in page 57 of his Introduction to Taylor's Logarithms. 

Not only cubic, but quadratic equations tn^j be solved by the 
aid of Trigonometrical Tables ^ and eomreniently, when the co- 
efficients are expressed by many figures. 

Solution of a Quadratic Equation. 
Let x^ + px ^ q ss Of 

Assume — i = tan.* 6, then, x = — ^ ( 1 q: ^ec. 6). 
P * 

Now by Prob. S. Cor. 5f pp. 33, 34^ 

l-tan.2^ 

cosV = . .^ 

1 +tan.« ? 

' l+tan.2| 

"•''•'"; — r^ 

1— tan.« r^ 
9 
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2 tan « I 



l-tan.«g l-tan.«5 

But by Prob. 8, p. 62, 

e 

2 tan. - 
ton. fl = g > 

e 

.-. 1 — sec. ^ = — tan. ^ . tan. - k 
and 1 + sec. 6 =5 ^^ = tan. a . cot. - . 

Hence, one root (a) = £ tan. ^ . tan. - , 
the other (^3) = - -£ tan. . cot. i . 

And the whole formula of solution, in logarithms, is 
log. tan. ^ SB J (20 + log. 4 + log. ^ - 2 log./?), 

and log. a = log. ^+ log. tan. ^+log. tan. -— 20, 

and for 2d root, log. /3 == log.'£+ log. tan. ^+log. cot. -- 20. 
The solution may be exhibited under a different form, thus : 

'=4{'*\/0*^)}=-|0':s:i) 

. / COS. «Tl \ _ /,/ cos.g qp 1 ^ 

= - ^^ Wa.co8.( »^ - " ^^V 8in.O 7 

SB (with the lower sign) — Vy x cot, - , and 
= (with the upper sign) // ? • tan. 5 . 
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Example. Let a:* + 13.56 jt- 72.31 = 0. 

Compatation of 6. 

10.... t=10 • 

log. 2 = .3010300 

i log. 72.31 = .9^95992 

H. 2306292 
log. 13.56 = 1.1322597 



log. tan.e =10.0983695 



.-. e=i SI''. 26'. 2'', 
and I = 25 . 43 . 1 



Compatfttion of positive root.r 

log. 6.78= .8312297 
log. tan. 5V 26' 2"= 10.0983695 
kg. tan. 25 43 1 *= 9.6827151 

20.6 J 23143 

.-. log. X = .6123143 

and a?, or a = 4.09557 



Computatioii of negative root. 

log. 6.78= .8312297 
log. tan. 5I*.26'.2" = 10.0983695 
log. cot. 25.43.1 = 10.3172849 

21.2468841 

.-. log. (-a?)= 1.2468841 

and — Jp, or — /9 = 17.6556 



Hence the two roots are 4.09557 and— 17.6556^ and the sum 
of these two roots is ^ 13.56, the coefficient of the second term of 
the equation, as it ought to %%. 

The equation that has been solved is a?* +/;j: — jr = 0; if it 
had been a^^p x — 9 = 0, the 2 roots would have been 

f{'V(-|l)?.f{-v/(-^)} 

that is, the 2 roots of the former equation taken negatively. 
If the equation to be solved be^f^— /?x-fj = 0, then 

and X =^ (1 ± cos. ^) = /? . cos.^ « > ^' = -P s"**^ o * 
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Hence the rule of computationi logaritfapiicalljr expressed^ 
is log. sin. a ss I (£0 + 2 log. 2 + log. y — 2 log./?) and 



log. X slog./? + 2 log. COS. - — 20, or =: log. /I + 2 log, sin. -- 20. 

If the equation he x^ +px -¥ q =sO, its roots are the nega- 
tives of the roots of the preceding equation. 

The preceding solutions are, in fact, the same as those given 
by Dr. Maskdyne, page 56 in die Introduction to Taylor^s Loga- 
rithtns. 

If, in mathematical re^arches, equations, like those that have 
been given of the second and third degree, presented themselves 
to be solved, their solution would be conveniently effected by 
the preceding metbodSi and by the aid of the Trigonometricad 
Tables ; but, the truth is, in the application ef Mathematics to 
Physics, the solution of equations is an operation that very rarely 
ia requisite, and oonsequently the preceding application of Trigo^ 
pometrical formulae is to be considered ae a matter rather of 
curiofAty than of utility. 
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SPHERICAL TRIGONOMETRY. 



CHAP. VIII. 



Definitions. 

1. A spABSfi is a solid tennmated by a carte surface, of 
wbich all the points are equally distant from an interior pointy 
called the centre of the sphere. 

The surface of a sphere may be conceived to be generated by 
the revolution of a semicircle round its diameter. 

2. Every section of a sphere, made by a plane, (so it will be 
demonstrated) is a circle. A great circle is thatj the plane of which 
passes through the centre ; a small circle, that, the plane of which 
does not pass through die centre. 

3. The pole of a circle of a sphere, is a point in the surface^ 
equally distant from every point of the circumference of the 
circle. 

4. A piane h said to be a tangent of a sphere, when it has 
one point only common with the sphere. 

5. A spherical triangle is a portion of the surface of a sphere 
included within three arcs"*^ of three great circles, which arcs are 
oalled sid^s <i£ the triangle. 



* Sick^are mmppated to fae hes than a semieircle^ to ^ pro- 
perties of a triangle that has its sides a, h^ and c = «* -f* ^ are always 
known from those of a. triangle that has its sides a, b, and a third side 
s ir — jr. 
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6. The angles of a spherical triangle, are the angles contained 
between the planes in which the arcs or sides lie. (See Euclid^ 
Book XI. Def, 6.) 

A spherical triangle is called Vectangul;ir, isosceles^ equi- 
lateral, in the same cases that a plane triangle is. 



Peoposition I. 
Every section of a sphere made by a plane is a circle. 

Let AnBm be the plane, draw CO* perpendicular to it, 
which consequently, (by . Et4clidi Book XI. Def. 3.) is perpen- 

7. 




dicular to every straight line meeting it in that plane ; hence, 
since 

C« = Ciw, and, jL Conrz z. Cow = 90^. 

On^zi Cffi - C0\ On? = Cnfi - CO^r, r.On:=: Om, 

and similarly, On =z Op; .\ Om, n, Op are equal j .-. ApBm 
is a circle, and is its centre. 

Cob. 1. When COcsO, or when the plane passes through the 



* CO is not drawn in the diagram. 
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centfe C of the sphere,: Onz=:Om:=:Cm^ CB, the radius o£ 
the sphere. 

Cob. 2. Hence two great circles always bisect each other ; 
for, their common intersection passing through the centre is a 
diameter. 

Cob. S. Through two points on the surface of a sphere, 
such as ^fff a great circle, (part of which is represented in the 
Figure by the dotted curve from A to p) may be made to pas^ i ' 
for, the two points A^p^ with C the centre, as a third point, de- 
termine the position of a plane, the intersection of which with 
the surface of ajBphere is a great circle passing' through the points 
A^p. In like manner a great circle may pass through the points* 

If the two points, instead of being A^p, be A^ a, the two ends of 
a diameter, 'then the three points A^ C, a lying in the same line, 
do not determine the position of a plane; but, through these three 
points, innumerable planes may pass. 

Pbop. II. In every spherical triangle as Ap y, (Fig. p. 126.) 
any one side is less than the sum of the two others. 

For the arcs Apj A q,- p y, measure the angles ACp^ AC q, 
pCq\ but by Euclid^ Book XI. Prop. 20, any angle, as ACp *, 
is less than the two others ACqy pCq; .*- Ap is less than 
Aq +pq' 

Pbop. III. The sum of the three sides of a spherical triangle 
is less than the circumference of a great circle (2w). 

Let ACB be the spherical triangle ; then, CB < CD + BD 




by the former Proposition, and AC + AB = AC + AB ; .% 

* Conceive, in Fig. p. 126, a straight line to be drawn from A to tho 
centre C 
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AC-^CB^JB K (AC'¥CDy + (J?JD + ilB)| .% < JCB + 

Cob. Hence, the sum of die sides of a polygon ACEPGA 
(die sides being arcs of great circles) is less than 2 ir. 

For, by the Proposition, AD + DH^AH is <^ 2 «r j 
or, AC + (CD + DJE) -^ EF ^ (FH + -HG) + JG < «*, 
but CD + Dj5> CJ?, and, FH+ffG> FG; 

••. aforthri, AC -{■ CE -¥ EF + FG -^ AG <2w. 

Prop. IV. If CD be drawn from the centre C,^erpendiculariy 
to the pine of the circle AN MB, dien, D is die pole of die 




circle AN MB and of all small circles, such as an mi, that are 
parallel to it. 

For, since DC is perpendicular to the pkne of ANMBj it is 
perpendicular to all lines in it, as CN, CM, &c. (See Euclid, 
Book XI. Def. 3). Hence, DC A, DCN, DCM, each =90^; 
consequently, singe DC is common, and CA, CN, CM^ are 
equal, the hypothenuses, which are the chords of the arcs DA, 
DN, DM, are equal ; .•. the arcs DA, DN, DM are equal to 
one another and to 90®, and .*. D, (by Def. 3.) is the pole of 
ANMB. 

Again, in the small circle anmb, ca, en, cm, are equal, as are 
the angles Dca, D en, D cm\ .*. as before the chords of Da, 
Dn,Dm, are equal, and the arcs Da, Dn, Dm; .*. D is 
equaUy distant from every point in the cnrcumference of anmi, 
and therefore is its pole. 
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Corf. 1. Hy Dfefinitidti 6, the spherical attgle AMD is equal 
to the inclination of the planes AMBC, DCM^ arid therefore is 
a right angle. 

Cor. fi. Hence, to find the pole of a great circle^ draW|. from 
the point M^ a great circle perpendicular to Afd^ and tak^ 
AfD =90® ; then D is the pole: and, reversely, if D be the pole, 
BMNf t>NM z)te right angles, and DN, DM ite qUadranty. 

Cor. 3. Hence, to describe a great circle, of which D is the 
pole, take Z>3V, DM, each a 90** ; then let a plane pass through 
ffi M, and C, and its intersection with the surface of the sphere 
is the circle required. 

GoR.4. Since NDM may be of any magnitude from to 
180®, and since the angles DNM, DMN^ are, each = 90^, the 
sum of the three angles of a triangle, as DNM, may be any angle 

between 180® and 960®, which are the two limits- 

I 

Cor. S* The radius of the small circle a nmb is Cn^ which 
is the sin Dn, or, cos. Nn ; and, if the great circle ANMB be 
divided into any number of equal parts, each equal to NM, the 
small circle anmb will be divided into the same number of equal 
parts, each part being equal to ntn\ but, the magnitude of n m 
will be to the magnitude of NM^ as the circumference of anmb 
to that of ANMB, consequently, as the radius en to the radius 
CN'f or, as sin. Dn to sin. DN i as sin. Dn to radius; or, as 
cos. Nftto radius* 

l*iioP. V. Jf a plane TDl is perpendicular to CD, it is a 
tangent to the sphere. 

For take any point 7", join 1)7, then CDT is a right ngfe^ 
•% €7 ift greater than CD', •*« Tie without die surface, and* since 
this is tru^ of every point in the plane, except the p^^nt D^ the 
plane TD I (by Def. 4.) is a tangent to the sphere. 

Prop. VI. If D7, Di be drawn, in die planes DCA, DCN 
respectively 9 tangents to the arcs Da, Dn, at the point D^ 
ikb aiigle TDt is^ equal to the angle ADN^ both of whicii^ angles 
are measured by the arc AN. 
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For^ DTf D t are perpendicular to DC^ which is the inter- 
section of the planes DCA^ DCN; .-. by Euclid, Book XI. 
Def. 6. TD t measures the inclination of the planes^ and there- 
fore is equal to the angle ADN \ but TD /, the inclination of the 
planes, = ACN, of which AN is the measure ; .•. AN is the 
measure of TD t and of ADN. 

Cob. If two arcs of great circles intersect each odier^ their 
vertical angles are equal. 

Pro p. VIL If from the points Ay JB, C, of the triangle ABC^ 
as poles, be described, the arcs £F^FD, DE, forming a triangle 




DBF; then, reciprocally, the points D, E, F are poles of the^ 
arcs BC, ACy AB. 

Since A is the pole of EF, the arc of a great circle drawn 
from A, to any point in EF, and therefore to a point as E, is a quad- 
rant ; similarly, since C is the pole of DE, the arc of a great circle 
from C, to any point in DE, and therefore to jS, is a quadrant. 
Hence, E is distant from two points .^, C, in an arc AC, by 
the quantity of a quadrant ; .*. by Cor. 2, Prop. 4, E is the pole 
oiAC ; and similarly, F is the pole of AB, and D of BC. 

Prop. VIII. The former construction remaining, the measures 
of the angles at A, B, C, are the supplements of the sides 
opposite, that is, of EF, DF, DE; and, reciprocally, the mea- 
sures of the angles at D, j^, Fy are the stipplements of the 
sides BC, JC, ilB. 
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For, the measure of the angle at jt (see Prop. 6.) is GH. 
Now, GH::^EH'--EG^EH'' {FE ^ FG) zz EH + FG ^ 
f^ = 9(y> + 9(y> - jFjB = 18(y> - JFjB = (p. 12.) the supplement 
of FE. 

Again, 

the measure of the angle at JB, or JT/a FK - FJ= Fjr-(DF-Z)I) 
= JFJr-l-D/- Df =90«+900-DJP= i8a»~Di^ = supp'. Df ; 
and similarly, LM, the measure of the angle at C, is the supple- 
ment of DE. 

Secondly, the measure of the angle at D, or MisiMC+Ciss 
MC-^IB - BC = 90P +. 90^~CJ5 s 180P - CJ = supp*. CJB; 
and similarly, iJ¥, JCG, the measures of the angles at E and P, 
are the supplements of AC and AB. 

From its properties, the triangle DEF has been called, by 
English Geometers, the Supplemental Triangle ; and from the mode 
of its description,^ by the French, the Polar Triangle. 

Cob. 1. If any angle as J3, =90^, then DF- 180<>— 9(y>=9(y>, 
or is a quadrant : and if B and C each = 90^, DF, DE, each is 
equal to a quadrant. 

Cor. 2, If (Cor. 4. Prop. 4.), the angles at £ and C each =s 
90*^, and the angle at A is nearly 18(y = 180<> - x, x being a 
very small angle, then the side of the supplemental triangle 
opposite to A is equal to x ; and the sum of the three sides of the 
supplemental triangle &= semicircle + a^ , = 180^ +x. 

Prop. IX. The sum of the three angles of a spherical triangle 
is > 2 right' angles -< 6 right angles^ 

For, the angles of the triangle + sides of the supplemental triangle 
= 180° + 180° + 180° = 6 X 90°; .-. since the sides of the 
supplemental triangle must have some magnitude, the angles of 
the triangle must be less than 6 x 90° : again, by Prop. S, p. 127» 
the sides of any triangle ; and •*• the sides of the supplemental 
triangle* are less than 4 x 90^, =4 x 90 — x j suppose, consequently, 
die angles of the triangle s^ 6 x 90° -(4.90°— *) = 2 x 90° + Xf 
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Cor. 1. Hencf a •phericai triangle may hvf^ two or three 
righ^ inglQAt .twi9 or three obtuse 4^ngle«. 

Cor. 2. If the angles at B and C are right angles, jiB, AC 
are quadrants, and J is the pole of BC : if also the angle at A is 
a right angle, the triangle ABC coincides with the suppleipental 
pr polar triangle, and the tri^angle ABC is contained eight time9 
in the surface of the sphere. 

P.ftOF. X. Th« anfl«8 at the base of an Isosceles spherical 
triangle are equal. 

lii the triaagle ACS, let j|Cz= BC, draw die tangents ^<S, BS, 
whidi arf equal and which <ut their secant OS m the common 




point S. Draw also from A and JB two tangents AT, ^T, which^ 
by Euclid, Book III. Prop, 37. are equal. 

Hence, in the triangles SAT, SBT-, SA, AT, ST, are re- 
spectively equal tp SB, BT, 8T\ .'. by Euclid, Book I. Prop. 8, the 
angle SAT c the angle SBT, and **. by Prop. 6, page 129, Ae 
spherical angle at ^ n the spherical angle at B, 

To ppove the W¥pf9» proposition, th^t ia> to pmre if the anglf s are 
•^ual, die sides «re equal ; take die auppl^motttal trian^ i thea^ 
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since its sides opposite to the angles at A and B are supplemental 
of equal angles, the two sides are equal, and the supplemental 
triaogjlc is i^ospeles ; .*• by this proposition, the angles at the base 
are equal ; •*. their supplements which are the sides AC^ BC, are 
also oqu^. 

Pgpp, XU In a spherical triangle the greater side is opposite 
to tbe gre^t^r angle^ 

In the triangle ACB^ let Z. ACB be greater than ABC ; 




make BCa = CBa; .'. Ctf=flB (Prop. 10.); but Aa + aC is 
greater than ACi .\ Aa + aB, or AB is greater than AC, 
by Prop. 2, page 127. 

Prop. XII. The surface of the sphere included between the 
arcs DN, DM, is proportional to the angle NDM or the arc 
NJf. See Fig. 9. 

For, if the circumference AN MB be divided into equal parts 
as NM^ and great circles be drawn from D through the points 
of division as N^ Af, the portions of the surface, such as NDMy 
will be all similar and equal ; hence, if AM contains NM^ 
p times, or, if AM s= p x NM, the surface ADM will =p x 
NDM. 

Cob. When DM coincides with DB, the angle ADB and 
its measure AMP = 180^ : hence, if <S =; the whole surface of 
a sphere, and if a = the angle NDM, or tbQ arc NM^ the surface 
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NDM=:^ X — 5 or, since S = area of 4 great circles of » 
4j 180 ' ^ 

sphere> (See Simpson'^ J%/;tfw«/, page 189> vol. L or Vince's, 

page 89,)=4 «'(ir=:3.i4159, &c.) the surface iVDM=«r -^ . 

180 

The surface may be differently expressed, thus : w it the cir- 
cumference of a circle the radius of which is J ; .'. 2 w represents 
the circumference of a circle, such as ANMB^ the radius of which 
is supposed =: 1, and as we represent arcs of great circles by the 

number of degrees which they contain, 2 «■ = 36(y, and — = «• sb 

ISO®: hence, the surface JVDAf=18(y>.-^ = aP. 

180 

Prop. XIII. The measure of the surface of a spherical tri« 
angle is the difference between the sum of its three angles and 
two right angles. 

Let the triangle be ABCy a^ b, c, representing the magnitudes 
of the angles at A^ B^C\ let P s surface BCmB, Q^ m Cn m, 
R = AC n A 9 produce the arcs Cm, Cn till they meet at c, 




(which will be on the hemisphere opposite to that represented 
by AB mnA) then, each of the angles at C and e, equals the 
angle of the planes in which the arcs Cme, One, lie ; .'. the 
angles at C and e are equal. 
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Again^ the semicircles ACm, Cme\ BCn, Cne are 
equal; or, AC + Cm = Cffi + i»f, and .'.^C=»i^ mdBCs^ne: 
and the triangle i»^n = the triangle ABC -, let x s its area, then, 
by (}or: to Prop. 12,, 



a 

Tib 



5 



"^ ^ = V ilo' *"'** * + P + (2 + « = | 
, + fi = ^._Li 

2 180* 
consequently, by addition, 

«x + (x + P + (2 + iJ)or 2* + | = |.(l±i±i); 

by the Coi'. to the last Proposition. 

This result is the same as that given by Caswell, in Wallis's 
Works, Vol. II. page 875, who attributes die Theorem to Albert 
Girard*. 

Cob. 1 . Since by Prob. 9, page 1 2 1 , the limits of ^ + ^ -f r are 
180^ and 540^, the area of the triangle ABC may be equal to 
any number of degrees between and 360?. 

Cob, 2. If each of the angles a^ b, c, = 90^ the area of the 
triangle ABC = 270^ - ISO® = 90<>, which is ith of the whole 
surface, since 4ir ^ 8 (90^) : this agrees with Cor. 2. Prop. 9. 



* This expression for the value of the area was a merely speculative 
truth, and continued barren for more than 150 years, till ] 787, when 
General Roy employed it, in correcting the spherical angles of obser* 
▼ation made in the great Trigonometrical Survey, PhiL Trans, vol. VIII, 
year 1790, page 163. See also Mem. Acad. Paris, 1787, page 348, and 
Man. Inst. vol. VI, p. 511. 
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Cob. 3. The area of I>MN(see Fig- 9), =- x -^ (if i? be 

ifs angk), zz e; if we conceive DN, DM, to be condniied dH 
they meet in the opposite pole, and name the tpace incladed' be- 
tween the great circles a Lune, then the lunie =: 2 . DNM ss Qe: 
but the area of JBC = a + * + r - 180^ : equate dns with the 
area of the lune, and 

which is the value of the angle NDM, when die area o( the^ 
lune equals the area of the triangle. 

Pbop. XIV. If n be the number of die sides of a spherical 
polygcHiy its surface equals the sum of its angles^ nuaus the product 
of two right angles muldplied by ly— 2. 

Let the polygon be AGFECAx divide it by the mean^ of the 
arcs of great circles into triangles, then 

area AGF = z^AGF + jlGFA + Z.GAF-IS(P 
area AFC = Z.FAC + Z^AFC -f ^ACF- \SOP 
area CFE = ^CEF + ^ CFE + /^FCE-^ 18(y> 

.-. area of polygon = z. AGF + (z. FAC + jlGAF) 4- 
(Z. GFA + JL AFC + jL CFE) + z. CEF + (z. FCE + 
L. ACF) - 3 X 180° 

= z. AGF + z. G^C + z. GJ?IB 4- z. CEF + z. ^C^ 
-(5 — 2)180«. 

This demonstration proves the Proposidon to be true fbr a 
polygon of five sides, and a similar demonstradon will prove 
it true for a polygon of n sides : for, it is plain^ if> instead of ACf 
we introduce Ca, Aa, that is, if we introduce an addidonal 
side, we introduce an additional triangle, and consequently we must 
introduce an additional 180^ to be subtracted, that is, die hegadve 
part will become- { (5-2) 180^ + 180» \ or - (6-2) 180>. 

The preceding Prq>osidons belong, lAore properly, to Spbe« 
rical Geometry than to Spherical Trigonometry) they have, how« 
ever, been here inserted^ because they Exhibit oertain propertied 
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of spherical triangles rather curious, and very, easy of demon- 
stration ; so that, if not of essential use in assigning the relations 
between the angles and sides of spherical triangles, (which it is the 
special object of Trigonometry to assign^) they will not materially 
divert or impair the gftudent's attention. 

In the next Chapter, we will proceed to deduce those formulas 
by which, the relations between the sides and the angles of sphe- 
rical triangles are expressed. 
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CHAP. IX. 



On the Expressions for the Cosine and Sine of the Angle of a Spherical 
IViangte in Terms of the Sines and Cosines of the Sides, 

'W'E will begin this Chapter with establishing in the fol- 
lowing Problem, the fundamental formula, from which all the 
methods and forms of solution will be deduced : it corresponds to 
the fundamental one of Plane Trigonometry, inserted in page 24 ; 
and the Student who understands, in principle, the use made of 
that latter formula, possesses, in fact, the clue to the subsequent 
demonstrations of Spherical Trigonometry. 

Prop. XV. Problem. 

It is required to express the cosine of the angle of a spherical 
triangle in terms of the sines and cosines of the sides. 

Let the triangle be min, let the sides be a, b^ r, and the 




opposite angles A,B,C', conceive to be the centre of the sphere, 
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and draw the two tangents / Q, tPf at the point ^ to the arcs 
tm, tn; then Z. QtP ::z /, A: hj Prop. 6; and the angle at 
is measured hj mn, or a; and, by the definition of the secant, 

OQ is sec. i 

OP is sec. C' 

The principle of the demonstration that follows, is, to obtain 
two values of QP, one from the triangle POQ^ the other from 
P/Q, and then to compare them : now by Euclid, Prop. 13, 
Book II, or Prob. 1 of this Treatise : 

in AP0(2, P(2* = sec* * + sec* r— 2 sec. b . sec c cos. a [rad. 1] 
in A P/ Q, P(2* = tan.* * + tan.* r — 2 tan. A . tan. c , cos. A. 

Subtract the lower expression from the upper, 

then, since sec* i — tan * b = (rad.)* = 1, we have 
= 1 + 1+2 tan. b . tan. c . cos. A -^ 2 sec b . siec r . cos. a 
and thence, 

*»^- ^ ^^^' ^ ' ^®c« * • see. £: — 1 COS. tf — COS. b . cos. c 

cos* ^ SB - ■» • ■ SS , ■ ■ T ■■ ' ■> 

tan. ^ • tan. c cos. ^ cos. c • tan. ^ « tan. c 

— r«;«i/«A y.^0 A 4m««i a «:^ .t cos. tf — cos. i.cos. r ^ « 

=1 since cos. o . tan. 9 = sm. ^ 1 -, ; [^1 

sm. b . sm. c 

and similarly, since the process for finding cos. JB, cos. C, will 
be exactly the same, changing a for b, b for a, &c the result must 
be similar, that is, 

.nc R^ cos.^^cos,.i.cos.r j.^, 

sm. ^1 . sin. c 
^^^ ^ COS. r — COS. a . cos. b r -i 

cos. C as -; J [cL 

sm. a . sm. b 

Cob. 1. Henc^ since 

COS. c = sin. a . sin. b . cos. C + cos. a . cos. j 

by substituting this value of coa. r in the expression [«], we 
have 

cos ^— *^Q^' ^ "" COS. b . sin, b . sin, tf . cos. C — cos; g cos.* 6 

8in.>.8in. ^ 

But, cos. tf— cos. a . cos * j=fc6s. a (1 —cos.* i)=:cos. a . sin.^b; 
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. ^^^ A ^ COS. a sin.* b — cos. b.sin. h . cos. C . sin. a 

• . CO*. 3. ZH . . ■ ■ 

sin. b . sin. c 
cos. tf. sin. b — cos. 3. sin. a . cos. C 



Similarly, cos. B = 



sm. c 
COS. b . sin. a— cos. a . sin. ^. cos. C 



sin. c 



•. COS. A +COS. J = ^ ; ^-^ ^ 



Sin. ^ 

sin. (a + *)2sin.2-^ 
sin. c 



Prop. XVI. PROBLEHf. 



It is requked to express the sine of the angle of a spherical 
triangle in terms dependent on its sides. 

-fc - . ^ Ti •^' A ^os. a — cos. b .cos.r 

By the last Proposition, cos- A = s — j — ; — — ^ 

' ^ sm. * . sin. c 

••. 1 + cos. A XB 

cos, g— (cos, b. COS. g — sin, b . sin. c) ^ cos. a -^ cos. (3+^) 
sin. b . sin. r sin. b . cos. r 

by the form [2], p. ISO ; but by the form [8], page SS, 

cos. a — cos. (4 + = 2 8*»- 1 1 sm. I 1 . 

Hence, 

1 + COS. A = -: — r-i xsm. I 1 sm. I — I 

sin. b sm. c \ ^ ^ V « / 

or,^ s= . . . — X sm. f — 1 . sm. I — al 

Similarly, 

. COS. b . COS* c 4- sin. b sin. c - cos. <i 

1 — COS. A = - ' ■ — r — : — 

sm. 4«sm. i: 
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8in. *.8m. c 



sin. 6 sin. c 
or 



X sin. (^J±Zf)8in. (^-ip^) by form [8], p. 3S ; 

. sa -; — - — ; — X sm. I ] sin. I — c I . 

Hence, if we multiply together 1 + cos. A, and 1 — cos. Jlp 
the product of which is sin.^ ji, and substitute 5 instead of 

^ :-— ^f we shall have sin.* Am 

4 
■ . a t — ^—5- X 8in. S Tsin. (S — a) sin. (S — 6) sin. {8 — tf), 

and consequently, 

sin. A s= 



sm. b . sin. c 



s/ { sin. 5.sin.(S - a) sin. (S - 4)sin.(S - r) } *. 



Cob. 1. If we wish to compute sin. B, we must begin 

fK>mcos.B = ?2L*i:^2!l^l£2!L5, and proceed exactly in 
sm.fl.sm. ^ 

the steps of the former process : the result will be a fraction^ 
the numerator of which is t3ie numerator of the above fraction 
for the sin. A, and the denominator will be sin. a sin. c } call the 
common numerator N, then 

sm. A = -7 — 7 — -' — 9 8"i' -B =-: r— * 9 sm. C =-: : — r . 

sm. ^ . sm. c sm. a • sm. c sm. a • sm. a 

CoB.2. Hencegjgi4= . ^^. \ >i^'^'f^'' ^ 
sm. X) sm. 3 . sm. c N 

sin. a tSin, A sin. ^i 

-: — J. , and -: ^ s= -: 9 

sm. ^ sm. C sm. c 

or (if these equations be expressed, after the manner of exprea- 



* The Student, for his own convenience, is desired to compare these 
expressions and the manner of deducing them, with the corresponding 
ones in Plane Trigonometry. 
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0ing a proposition) The sines of the sides of a spherical triangle are 
proportional to the sines of the opposite angles. 

Right-angled spherical triangles may be considered as par- 
ticular cases of oblique. The solutions of the latter, then, would 
necessarily include those of the former ; and^ accordingly, if we 
wished to generalise as much as we could generalise, it would 
not be requisite separately to consider them. Since, however, it 
is our object to render investigation as simple and as easy as it 
is possible to the Student, we shall not avail ourselves of this 
abridgment, and seek to be compendious, but proceed, in the 
ensuing Chapter, to treat distinctly of the cases of right-angled 
spherical triangles. 
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Formula of Solution for Right-angled Spherical Triangles* — Afectioni 
of Sides and Angles, ^--Circular Farts, — Naper's Rules. — Quadrantal 
Triangles. — Examples. 

Prop. XVII. Problem. 

It is required to investigate formulae of solution for all the 
cases of right-angled spherical triangles "*. 

These are to be derived from the fundamental expressions [a], 
[i], [tf], given in page 1S9 : let C be the right angle and = 90^ ; 
.•.COS. CssO; 

hence^ 

COS. C, or =:^^* T^^' f ' ?^' ^ , and .'. cos.^=co8. ^ . cos. ^ [1] 
sm. a . sm. b 

hence, cos. a= — ^ , cos. b ss^^^ ; substitute these values re- 
cos. 6 COS. a 

spectively, for cos. a and cos> b, in the expressions for cos. ^, 
€08. B, and we have 

. cos tf — COS. i . COS. a 
COS. -4 = — 



sin. ^. sin.r 



1 /^cos. 

sin. b . sin. c vcos. 



-- — cos. 3.cos.^ J 



co8.^(l— cos.^^) _ COS. c . sin.* b 
cos. b. sin. b . sin. c cos. b • sin. b. sin. c 



* Spherical triangles that ITave one right angle only, are the subject 
of investigation ; and spherical triangles that have two right angles, and 
tfar«e right angles, are excluded. 



Digitized by VjOOQ IC 



144 

^-2L£^iJ5li==cot.r.tan.* ; [2] 

C08.^*8in. c 



Similarly. 



9 

-^« Tj _cos. r(l — cos.*^) 008. r. sin. II ^ . .^ r^.-, 

C08. i> =: ^i-: r-*-^°= ' — = cot. i: , tan. a. . . .rsj 

C08. A .sin. a . sm, c cos. a . sin. ^ 

Now in [l'\ a fb,c are involved, and two of these being given the 
third may be found: in [2] A, c, b are involved: and if we 
choose^ symbolically^ to represent by (A^ c, b) the fqrm in which 
three quantities as Ay Cy b, are involved, then, similarly, the other 
several forms that can arise by combining angles and sides may be 
thus represented : 

(c,a,b)i {{A,c,b), (B,c,fl){; {(B,c,b) iJ,c,a)] 

\{J,a,b){B,a,b)]', l(,A,B,d){J,B,b)\ ; UyB,c):^ 

which are in number 10, as they ought to be ; the combination 

5 4 S ' 

in 5 things, S and 3^ together, bemg — — '-— = 10: those combi- 

1 • 2 • S 

nations that are similar, such as the second and thirdj are included 

within brackets. 

The forms [1], [2], [3], have been ahready deduced, and the re- 
maining ones must be deduced from them* and from the form . ' ^ 
® sm. B 

= ■ : ' , by the common process of substitution and elimination, 
sin.b ' 

C(c, a, b), that is, cos. c = cos. a\ cos. b [1] 

<XA, Cy b) cos* Azzi cot. c . tan. b [2] 

f (JB, c, a) COS. Bzz cot. c . tan. a [3] 

({B, c, b) 

I this is Cor. to Prop. 16, for 5!I1l:?«:?J!L* j .-. since sin. C=l, 
■ sm. L sm. c 

sin. Brz-'T'^ > or sin. Asssin. ^.sin. B [4] 
sm. c 

{XA, c, a) is exactly similar; 

.:. sin.;B=:-r-^,or sin.a=:8in,r*8in.^ [51 
sin, c^ *• "^ 
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sin. c 
sia. a 



and cofitt^^*t09:ii:cos:iBy[^3>and8^n.css-^-^by [5], p. 144, 

8in. A ' 

As. ^ COS. a . COS. h ' sin. -4 
.-. COS. A = tan. o • ■■■ - " ■■■■ . > 

sin. a 

.\ cot. -^ =s cot. dr. sin. i.. [6J 

<J, tf, fr>i8'8iniibr> tnct .% c<». JB ^ cot, ^.sin. ;.[7] 

.(A, B, a): divide [2] by ^74]^ tlien ^?^ = ^^ == cos. ^ 

|fror^ fi^ " ' ' ''■'' trf, d3S. -rf'ai cos.a.sln. B [8] 

,{A, B, b) is similar, and cos. B :^ cos. 5. sin. Jf £9] 

(i> JB, 4: italltiplyf t»'g«Het: [B] swa [7] ' 

and cot. Jf.cot. JB = cos. i.cos. a=cos. c [10] 

Thu»^ are all tHe f9rms easily deduced from [1], [2], [Sj. 
I^d^d^the quantities that are to be combined, indicate plainly 
the proper process of elimination ; but these forms^ although 
very simple and fitted for logarithmic computation, are not e;isily 
remembered, and therefore an artificial memory has been supplied 
to the Student and Computist, by rules, known by the title of 
Naper's Rules for Circular Parts \ and in the whole compass of 
mathematical science there cannot be found, perhaps, rules 
which more completely attain that, which is the proper object of 
rules, namely, facility and brevity of computation. 

The rules and their description are as follow : v 

Description of Circular Parts, 

The right angle is not considered ; the complements of the 
two other angles, the complement of the hypothenuse, the two 
sides, making in all five quantities, are called by Naper, circular 
parts. Any one of these circular parts may be called a middle 
part (JIf ), and, then, the two circular parts immediately adjacent 
to the right and left of M are called adjacent parts ^ the other two 
remaining circular parts^j each separated from M the middle part. 
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by an adjacent party are called efposiu pariSf or oppositi extremis : 
thu8^ let the side a be 3f, 

then, comp. J3> or go^ — By and b are adjacent parts, 
and, comp. r, or 90® — r, and 90^— -4, opposite parts- 

IfgO**-^ beilf, 
90^— r and b are adjacent parts ;. go*'— £ and a, opposite parts. 
This necessary exptanatioa being premised, we come- to 

liapet^s Rules. 

1. The rectangle of the sin. JIf and radius^ » rectangle of 
€}ie tangents of adjacent parts. 

2. The rectangle of the sin. M and*radiii» s' xeoftangle of the 
cosines of the opposite parts. , • 

There b no separate and independent proof of these rul^, but 
the rules will be manifestly Just, if it can be shewn that they com- 
prehend every one of the ten results, [l], [2], [3], &c. givenySn 
pages 144, 145; for, those results solve every case in right- 
angled spherical triangles. * 
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This 18 a complete proof pf tf e truth of the pies, and^ as we 
have already said^ the only kind of proof which ' the ruled admit 
of ; but^ after tf^e proofs the' rifles ought to bje used, and the 
fornnilx havipg i>erformed the s^fervice of proving them, are then 
superseded. The rules ougHt to be used also,Tnot' only in the 
immediate solution of .right-j3iglfid.sphfixical' triangles, hut in de- 
ducing, where they can .be so made subservient, the properties of 
oblique triangles. We here allude to those properties announced in 
the Propositions 24, «5,>6, 27 of Itobert Simsbn's Trigonometry. 
These immediately ap^eat on the application of Naper's Rules, 
and their deduction ia sor obvious, that it id, practically, against 
the interest of the Student to jnake diem the subject of three or 
four forqial Propositions j since it 'is 'pot woijth the while to 
burthen tiie memory with the terms an4 enundiatiog of a Pro- 
position, for the sate of formally making one or .two steps in the 
process of deduction. 

The fornis for the solution of right-angled triangles have been 
deduced from the generafexpressjons for the cos. -4, cos. JB, cos. C, 
in which, as in ^ particular case^ = ^90°.; The same general 
expressions njay also be Usedfor^ny other case, in which, to any 
one or itioreof Jthe fude$ or angles p^ticirbr values should be 
assigned •: for instance, *the i\A^ c may.4>e a quadrant = 90^, in 
which cs^e the ttiangle ^as ^ee$ caUed a quadrantal triangle ^ in 
this case "' - ? 

«^^ n _ cos..^ — cos^ a .cos. b cos. a • cOfi. ^ r • ^-i 

COS. C it: :-r-^ ^zsi - ^ — - [wnce COS. r=OJ 

sm.a.sm.o :. sin.^.siii*^ 

and .-. sin. (90<*- C) = -cot. a . £ot. k 

s-lan.(9Qe-«)tan.(90^-ft) \a\ 

Again, COS. B • ^Q^- & - ctos. a; c<^. r ^ cosj 
•^ '" s|n. 4-. sia. c -■ sm. a 

jl COS. a r- CDS. A- CdB. C\ COS. a 

COS. 4 = -^, : — r — J = -. — 7 • 

sm. k.^VK.c^ sm. h 

From these three equations, and the additional one, viz. 

?Hll^ = ^ ' ^ , may be deduced all the cases in quadrantal, as 
sm. B sin. b * 

they have already been, in right*^ngkd spherical triangles. 
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If, in the above expression [a], we call gO<> - C the middle 
part^ and SCf^—a, 90^-5 Which are the complements of the 
sides, the adji|Q^fitpsurj^|.the s^o^re result might be comprehended 
under a Rule like Naper's ; but, if a case like that occui^, the 
surest method, and^ perhaps, on the whole, the most expeditious 
for, the, Student, and computist, would be to take the supplemental 
or polar triangle, and to solve it by Naper*s Rule ; for, the angle 
in the s upplem ental triaiigle opposite to rz=180<>-r=: 180^-90^, 
is a right angle:' thus, in the case adduced, the angles of the 
supplemental triangle are 180^— at, 180^-*-^, and the hypothenuse 
is 1800- C; therefore by Naper's first rule, 1 x sin. (C — 90^) 
r; tan. (a— 90^) . tan. (^--SO^) tibe satoe result as [a]. ' 

Examples of the solution of right-angled spherical triangles. 



Example 1. 

eA = 23* 27' 42" re 

Given <_ Required )a 

( &=: 10 S9 4() t^ 




c determined. 

90" — A middle part, gO* — c, b, adjacent parts; 

•*• r.cos. jJscotT^.lim. h ; [1st rule] 

•'. Jog. eot.-coB }6g. r 4* log'. COS. A «- log. tan. b 
' — • log. r =p Id 5 

log. r + Jo^.tjos. 2S<»fl7«42'<.......; = 19-^5240 

Jog. tan. iO ^^ 40....;..; ^ 92747329 

log-.- cot. <?..... .' = 10.6877911 

A>(r apjr^y 49". 
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a determined. 

h middle part, 90^ -• A, a, adjacent parts; 
.•. r . sin. b = cot. A . tan. a [1st rule, p. 146,] 
••. log. tan. a = lo^. r + log. sin. b — log. cot. A 

10+ log, sin. lO* 39' 40" = 19.2671709 

Jog. cot. 23 27 42 ..= 10.5624932 

••. log. tan. a. ,.,..*. = 8.9046777 

.-. a == 4° S5' 26". 

B determined. 

90** - JB =r AT, 900- ^, ir opposite p»rts; 

••• r.cos. B =r sin. ^.cos. b •..•...[2d rule] 

.". log. cos. B + k)g. r= log. sin. A + log. cos. b 

log. sin. 23* 27' 42" =: 9.6000308 

Jog. cos. 10 39 40 = 9.902438O 

.-. Jog. COS. B + 10 =19.5924688 

.\ jB = 66* 58' 1". 

The above is the solution of a Problem in Astronomy, in which 
from the obliquity A, and the right ascension b, as given quantities, the 
longitude c of the Sun, and the declination a are required. 

Example 2. 

b determined, 
90 — c 5= M, a, bj opposite parts. 
.-. r . cos. c s COS. a » cos. b.. ,. ......2d rule ; 

.•. log. COS. 6 = 10 + log. COS. C - Jog. COS. «, 

10+ log. cos, 71* 39' 37"-, , ^ 19.4978286 

Jog, CO S. 27 48 .••... 9.9467376 

.-. Jog,cq8.>.. ,.„ , s 9JII510910 

an^ b a 69* 9^48''. 
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B determined* 
90- 3 =s itf» 90 - c, tf, adjacent parts ; 

4-. r.cos, B ss cot. c. tan. a by Ut rule 

log. COS. B + 10 as log. cot. + log., Un. a, 

log. cot. 71^39' 37'' ' = 9.5204674 

log. tan. 27 48 * = 9.7220085 

10 + log. cos. B =:=19.24a4759 

,-. B = 79** 56' 4". 

This is tbe solution of an Astronomical Froblemi in which, from 
the latitude of a place = 90» — 27<* 48' = 62* 12', and th« latitude of 
llie Sun at six o'clock = QO*-?!** 39' Sf = 18* 20' 23", it U required 
to find the Sun's declination, which, by the result, would be 90" — 
69*9' 48" SB 20" 50^ 12"; the angle B « 79^ 56' U", in the same 
Problem, is the Sun's azimuth. 

Example 3. 

C not a right angle, but c, the side opposite to it, =: 90^. 

fa =s 32* 57' 6") „ • x 5- 
«'«" {* = 66 32 }««*!""«' I 

C determined. 

By the expressiooi [a], p. 139, 

^•r- sin. a i sin. ^ ' 



LC 



J' , since cos; * ss O 



cos* a . cos. & 

as -* « — 

sm. a • sin. 
K •— cot. a . cot. & j 

V*. in logarithms, 
log. COS. C = lof^. cot. a+tog* cot. » - lOk 

Now -* 10 + log. cot. 32* 57' 6" =i .1882850 

Jog. cot. 66 32 0..M.M •. = 9.6376106 

.-.coe^C t.-.....- -'.•* =9.8258956 

.-. C s= ISO* - (47» 57' 16") = 132* 2^ 44". 
The sopplement of 47* 57' 16" is taken, swce fiom the expression, 
cos. C = >--* cot. a . cot« ^ 
<Sis. C is negatif e , .-. C > 90*. 
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B deternliiledl 

By the ezprettion \jb]i p9gk 13^ 
w ooa» k — C68. a . cos, c 

COS, B = : : 

sin.a^sui.c 

COS. b 

= -: , Since cos, c = : 

sin. a ' 

.*. log, COS. B == 10 + log. COS. b — log. sin. a 

10 + log. COS. 660 32' 0" = 19.6001181 

log. sin. 32 57 6 = 9.7355441 

/, log. cos. B , =a 9.8645740 

.-. B = 42«. 56' 12". 

Here, tKe Problem is most simplf resolved frdm the fftfida* 
mental expressions for the cosines of the angles : and there is ho 
need that we recur to the supplemental' triatigle': if h<iweviet' wfe 
do, then since its two angles are 180^ — a, 180<* — b, and the 
adjacent side = 18(y>- C, by Naper^s first Rule, r sin. (C — 90°) 
fi= tan. (a - 90®J tan. (* — 9b^) or — r . co^. C ^ cot a\ cot. b, 
as before ; and similarly for S. ' - 

The above is the solution of an Astronomical Problem, in 
which, from the latitude zzgOP ^ 39P 57' 6" == 57^ 2' 54", and 
the Sun's declination = QO^ - 66° 32/ = 23<* 28', it is required 
to find the time at which Ae Sun ri^^, - - . 

In the soltitimi of plaae triangles, bilib bf-th^ case8,.-see^..80, 
is ambiguous: in spherical right-angled' triangles, there are three 
ambiguous cases : and these ari wiien l!h^' (qfuahtities, a, f» ji are to 
be found from * and B gi¥te j wfcwy by Naper's Rules, a, c, A 
are given by tMse tBre^ e<ps)itio»s ; : . 

#'.8in'.'£r Z" tii^.-p .^^'•'V 
' ^.sitt:*-isSln.i.'im. JB; 

'r.cot.JBs:.m«.4*«cdl%i^} . . 
but after sin.^; sin;^^ shi. ^,'ir€^9^jHibed''ftdmtKb8e equations,, 
theri^ i» nothing to determiBe 119^ whetfaietwe^Qugiit to take a^ f, A^ 
or ]8(y - tf, 180° - Cy 160° r-» A^ ought; to be taken 5 for, the 
sines of the 3 latter qu^ntifi.es are the sanae as the sines of the 5 
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former:, and it is easily shewn, that there are two right-angled 
spherical triangles, which have an angle and side opposite the same 
in both, but in which the remaining sides, and the remaining 
angle of the one, are respectively the supplements of the remain- 
mg sides and the remaining angle of the other* 

The other cases are not ambiguous, and Naper's Rules, with 
an attention to the signs of the quantities involved, will enable 
us to remove. the ambiguity which some of these cases appear to 
have : thus, if b be the middle part, 90° — r, and 90° — B, 
the opposite parts, then sin. h sz sin.r . sin. £ : if b be 
required from this equation, will it not be doubtful, whether 
*or 180° — A, [since sin. b = siil. (180° — A)] ought to be taken ? 
The ambiguity is removed by this property, that, if -ff be > or 
< 90°, A is > or < 90°; for by Naper's 1st Rule, An. a = 
cot. B . tan. b v now, sin. a is positive when a is between and 
180°, and if ^ be > 90°, cot, B is^ negative ; and consequently, 

tan, * = -^^^, is negative, and b > 90°. If B < 90°, cot. B is 

positive ; .'. tan. b . = — ^ is positive : and b < 90° ; 
cot. B 

similarly, make 90° — J = My and 90^ — r, and a adjacent parts, 
then, COS. B=cot. c . tan. a ; .•. if v be sought, 

tan. c = !?5l_£ ; if fl be > 90°, and B > 90°, then tan. a and 
cos.£ 

cos. jB are both negative J .•. tan.r is positive, and consequently, 
c is < 90° : if tf > 90°, and JB < 90°, or, if a < 90°, and 

B > 90°, then — '-— is negative ; .*. tan. c is negative ; .^, c> 90°. 

These considerations are so simple and so easily made, that 
it is, perhaps, better to let the Student endeavour to avail him- 
self of similar ones, than to burthen his memory with the terjns 
and results of formal Propositions : for it must be noticed, that 
in order to prevent the ambiguity of solutions in right-angled 
triangles, terms have been invented and propositions framed 
relative to the affections of the sides and angles : sides and their 
opposite angles being said to have the same affection^ when each 

u 
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18 less or greater than 90^ : See Simson's Euclid^ Pfop. 15^ 
p. 500, 8vo. edit. 1781. 

It has been already proved, that sides . ai^d the opposite 
angles are each greater or less than 90^, that is, have the same 
affection : again, since by the form [1], p. 143, 

COS. c zz cos* a . cos. b, 

if a and h be both > 90^, cos. a and cos. b are both negative ; 
.". their product, which = cos. c, is positive, and c < 90® ; •*• i^ , 
both be < 90®, cos. c is positive, and c < 90® : if ^ be > 90®, and 
b ^ 90®, or if « < 90®, and b > 90®, the product cos. a . cos. b 
is negative ; .'. cos. c is negative ; •*. cis > 90®. This may be 
easily translated into the terms and language which Robert 
Simson uses in his Trigonometry. See Prop. 14, Spherical 
Trigonometry at the end of Euclid's Elements, p. 500* 

The several cases of right-angled spherical triangles being now 
solved, we will proceed in the next Chapter to the solution of 
oblique-angled triangles. 
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Equations exhtbiting the Relations of the Sides and Angles of Oblique- 
angled Spherical Triangles. — Formulce of Solution deduced from such 
Equations. *- Examples^ Sfc. 

I N the cases of oblique-angled spherical triangles six quan- 
tities are concerned^ Oy b, c, J, B, Cz and the general problem 
requires us to determine three of the six by means of the three 
others. We must have equations then between four of 
these quantities combined all possible ways ', but the number 
of the combinations of six quantities, taken four and four, 

6 5 4.3 
equals ~ — ' \ > or 15. These combinations are 
^ 1.2.3.4 

(abcA), (abcB), (abcC) 

iABCa\ {ABCb\ (ABCc) 

(aCbA), (aCbB), {aBcA\ (aBcC), (bAcB), (bAcC) 

{aAbB\ {aCcA), (bCcB). 

Nowj the number of combinations essentially difierent is the 
number of the horizontal rows, or four : for instance, the com- 
bmationt of die first row depend on three similair equations : 

4 cos. fl—cos. b . cos. c f ,T 

cos. il= : ; : [1] 

sm. b . sm. c 
^^^ D cos. ^— cos. a . cos. c ^^^ 

cos. Jo es ; : • I 2 J 

sm. a.sin.c 

^ COS. c - COS. a . COS. b .-t 

cos. C = ; : J [3 1. 

sm.tf.sm. ^ 

The combinations of the fourth row depend on three similar 
equations, 

sin.il ^ sin. A ^ sin, a __ sin. A ^ sin, h ^ sin. B 
sin. b "" sin. £ ' sin. c *" sin. (J ' sin. c "" sin. C ' 

and similarly for the remaining two rows : hence the solution of all 
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the cases of oblique-angled triangles is reduced, in fact, to four 
equations, and these four equations must be deduced, as the equa- 
tions in p. 14*4 were, by the ordinary processes of substitution 
and elimination. 

We will now proceed to deduce these four equations. 

First equation belonging to the form (aic A\ 

^^^ M cos. /I — COS. ^ .COS. r 

cos. A = ■ ; p,— V . 

sm. b . sm. c 

Second equation belonging to {ABC a). 

In order to obtain this, eliminate cos. b, cos. r, sin. 6, sin. c 
from the equations [1], [2], [3]: or, more simply to obtain it, 
take the * supplemental triangle ; then, if a\ b\ c are its sides, 
A'^ B'y C, its angles, we have, by the form [1], 

COS. a — cos. b' cos. c 



COS. A ' = 



sin. V . sin. d 



but COS. A! =: COS. (180*^ — fli) = — COS. a 
COS. a = COS. (180® — -4.)= — COS. A 
COS. y = COS. (180° - jB)= - COS. B 

COS. C =Z COS. (180® - C)= — COS. C 

sin. b' = sin. (180® — B)— sin. B 
sin. c = sin. (180® — C)= sin. G; 

^, — COS. ^ — COS. 5. cos. C 

consequently, — cos. a = -^ — = — ^, ; ^ 

^ '* sin.J.sm. C 

COS. A + cos. ^.cos. C^ 

or, cos. a = : — ^i — = — 71 • 

' . siti. B . sm. C 

Third equation belonging to (a Cb Ay 

^ In order to obtain this, substitute in the equation [1], instead 
of COS. r, its value derived from the equation [3] : and instead 

of sin. d substitute - > ' . sin. a. 
sm. A 

- A ' r sin- C . 

then, CQ8. A . sin. b . . . sm. ^i^ = 

sm. A 
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co». a -^ COS. b (cos. C.sin. a . sin. b + cos. a . cos. b)' 
ss cos. a sin.^ 6 ~ COS. C. sin. a sin. 6 .cos. b. 

Hence, on dividing each side of the equation by sin.^i x sin. b, 
there results 

cot. A . sin. C =: cot. a . sin. b — cos. C. cos. b- 
Fourth equation belonging to{aAb B). 

This equation is deduced in Cor. 2. to Prop. l6> where it is 

J ^i_ ^ sin. a sin- A 
proved, that -^ — - = -: — - . 
sm. b sm. B 

These four equations analytically resolve the Problem ; or, by 
means of them, any thr^e quantities being given, the fourth may 
be found ; but it is plain from their inspection, that they do not 
afford convenient solutions, since none of them are under a form 
adapted to logarithmic computation ; and even, if, in order to 
find one of the quantities involved in the equation, we were to 
express the equation under a form adapted to a logarithmic com« 
putation, such modified form would be useless, except in the 
case for which it was contrived : that is, would be useless, if one 
of the quantities, by which the required quantity was expressed, 
should itself be required to be computed, the previously required 
quantity becoming, in this second case, one of the given quan- 
tities : for instance, in the combination (abcA)ii A be the quantity 
sought, then, by p. 140, 

1 + cos. Ay or, 2 cos.^ — = 
2 



. ^ _fsin.(l±i±f)sin.(5L+A±f^,)^ 
sm. ^.sm. ^ ( V 2 ^ V 2 /) 

whence, by a logarithmic computation, cos. A and A can be 
found ; but, from such form, if A were given, and ^l required, a 
cannot be immediately and conveniently found: and, oh this 
account, something more is required of the analyst, than mere 
equations that exhibit the possibility of solutions : he ought to 
furnish formulae, from which, the quantity, whatever it be, side 
or angle, may by a direct, certain, and commodious process, be 
found. Formulae then, as it will easily be seen, by which one 
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quantity fiiay be computed from others l3iat are gnren/ must be 
more in number than the equations i^bich merely exhibit the re- 
lations of the quantities. TUs does not take {dace in right-angled 
spherical triangles ; in which the formulae of solution need not 
exceed in number the equations: for instance, the equation 
COS. c s cos^a • cos. b represents the relation between r, a, £ ; and 
from the same equation may be found, by a like Ibgaarithmic com- 
putation, either c from a and ^ ; or ^ from h and c\ or b from a 
and c \ the same may be said of the second equation, that is, of 
cos. A = cot. c . tan. b : either A^ or r, or A, may, from the equa- 
tion as it stands, be found with equal facility. 

The solution of oblique-angled spherical triangles will be found, 
by what follows, to require six cases \ and in using the foregoing 
forms of combination such as (a 3 r A)^ the quantity sought will 
be plax:ed last. 



Cases of Oblique-angled Spherical Triangles. 

Pkop. 18. Case 1st, {a be A). 
Tlie sides 0, b, r, are given, and the angle A is required. 

First Method of Solution. 

By Prob. 16. page 140, if 5= ^jLLtl , 

• A o n/ { S"*- S.sin. (S - a) . ^xn.jS-b) s\n. {S -c ) \ 

sm, b . sm. c 

and, k»g. sin«\^=:i | «04- 2 log. « + log. sin. S + log. sin. (S— d) 
+ log. wn. (» - *) + log. sin. (S - r) } -log. sin. * — log. sin. c 

In order to find log. ein. By subtract, in the above form. 
Instead of log. sia. b and log. sin. r, log. sin. a and log. siii. c% 
and, to find log. sin. C> sttbtracti log. sin. 0, and log. sin. b. 
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Second Method. 

B7 Proposition 16, page 140» 

! + .>>. ^_p «in.g.sin.(5-«) , ^,^ _. 8in.^.8in.(^-.a) 
8in. b . sin. c ^ sin. b • sin. c 

and log. cos.TT = 

i { 20 + log. sin. S+log. sin. (S-ii) - log. sin. i^log. wn^ r | . 

TUrd Method. 

By the sanie Proposition^ in the same page^ 

1 — COS. A = 

^ sin. (S-fc)sin. (^-r)^ . .• « ^ sin.(S-fc)8in.(5-r) 
sm. ^ . sm. c 2 sm. 6 . sin. c 

and log. sin. — =: 

J I 20 + log. sin. (S- 6)+ log. sin. (S-c)— log. sin. fr-log. sm.^ \ . 

Fwr/^ Method' 
Divide the Sd equation by the 2d, and 



. A 

sm. -^ 
2^ 

COS.— 

2 



^ ^ . //8in.(S-6)8in.(S-r)X 
, or tan . ^ = y/ V sin. 5 .sin.(i-a) >l 



and, log. tan. — = 

\ \ 20+log:sin.(S-ft)+log.sin.(S— c)-log.sin.iS— log.sin.(S-.fl) \ 

since sin. b = y-, log. sin. b = 20— log. cosec. ft ; 

cosec.ft* ^ ^ • 

.*. instead of subtracting log. sin. ft, &c. in the above forms, we 
may (which with certain Tables is a convenient operation) add 
log. cosec* ^ — 20^ &c. 
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Example, 

a = 50* 54' 32" Numerator computed. 

ft = 37 47 18 

c = 74- 3 1 50 20+2 log. 2 = 20.6020599 

163 33 40 
5=^-i^-X£ = SV 46' 50" sin. = 9.9955158 

5-a = 30 52 18 sin. = 9.7102163 

S-^b = 43 59 32 sin. = 9.8417102 

5-c = 6 55 sin.= 9.0807189 . 

2 I 59.2302211 
29.6J51105 [a] 

B determined. A determined. 

log. sin. 50» 54' 32"=9.8899424 log. sin. 370 47' 18" = 9.7872806 
log. sin. 74 51 50 =9.9846660 log. sin. 74 51 50 = 9.9846660 

[c] 198746084 19-77 19*66 [ft] 

[a] - [c] = 9.7405021' [a] - [ft] = 9.8431639 

.-. B =330 22' 45" .-. A = 440 10' 40"^ 



C determined. 

log. sin. 50» 54' 32" ,. = 9.8899424 

log. sin. 37 47 18 = 9.7872806 

[m] =19.6772230 

[a] - [to] = 9.9378875 

.-. C= 180* - {609 4' 54''} 
= 119 55 6, 
C is greater than 90^> since 
^ COS. c— COS. a . COS. ft 

COS. C = : : T 

Sin. a • sin. ft 
which is negative^ since cos. c < cos. a cos. ft. 
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Solution of the former Example by the Second Method. 

20 = 20 

S = 81» 46' 50" sin. = 9.9955158 

5— a = 30 52 18 sin. = 9. 7102163 

39.7057321 [d] 

b = 37* 47' 18" ^ sin..= 9.7872806 

€= 74 51 50. ...sin. = 9.9846660 

19.7719466. [b] 

[ef| - [ft] = 19.9337855 

A 

i (W - [^]) = 9.9668927 = log. cos. - ;- 

.-. ^ = 22* 5' 20", 
and ^ = 44 10 40 

By the Third Method. 

20 = 20 

5 - ft = 43« 59' 32" sin. = 9.8417102 

5-c= 6 55 0.. sin. s= 9.0807189 

38.9224291 [/] 

[ft]== 19.77194-66 

[/] - [ft]= 19.1504825 

. A 
I ([/] - W) = 9.575241 2 = log. sm. - 

.-. '^ = 2-2* 5' 20", and ^=44^ 10' 40", as before. 
2 

By the Fourth Method. 

20 = 20 
log. sin. (5 - ft) + log. sin. (S - c), by last, or [/] = 38.9224291 
log. sin. S+ Ipg. sin. (S-a), by 2d solution, or [rf] = 39.7057321 

19.2166970 

.•. log. tan. 9 = 9.6083485 



2 
,% ~ = 22* 5' 20", and A = 44» 10' 40'', as before. 



= 25r a 'JSO , ar 
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The solution of this Example becomes the solution of an .Astrono- 
mical Problem, when from the co-latitude of the place b, or 37^ 47' 18'', 
the co-declination of the Sun c, or 74*^ 5l' 50", and the zenith distance 
a, or ^ 54' 32" : the time from noon or the angle A is required ; the 
angle C is the azimuth. 

Any one of the four preceding methods may be used, but 
not, in point of brevity, with equal advantage : if one angle only 
be required, the shortest solution is plainly by means of one 
of the three last formulx : but, if all the angles of the spherical 
triangle be required, the first method is as short, and quite 
as convenient, as the three last methods*. 

Any one of these four methods may be used, but not, with 
regard to numerical accuracy, in all cases, with equal, advantage. 
If the angle sought, ^ for instance, should happen to be nearly 
90^, then the first method is to be superseded by one of the three 
latter, and this for reasons precisely the same, as those which have 
been stated in page 92, to which the Reader is referred. 

Case 2d, {ABC a). 
The angles A^ B, C, are given, and the side a required. 

First Method of Solution* 

Let the sides and angles of the supplemental o/ polar tri- 
angle be a,b'j c \ A'y B\ C'\ then, by the last Case, 

sin j/-^q n/ { sin, S.sin,{S - ^Q .sin. {S-V) ^\n.{S-tf) } , 
"" sin. ^'.sin. ^' ^ 



* In the Logarkhmical Arithmetikcy published in 163 1> the first 
c^e is solved by the second method, and in Vlacq's Tables, published 
at Xjouda in 1633, the year in which the Trigonometria ^ritarmica was 
published, the solution is by the third method : the rules of solution, 
then, 200 years ago, were as plain and precise as they now are : yet, 
in the [node of proof we haye|^ined something, which is certainly more 
plain and direct than Vlacq's. 
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but 5 = fl±il±i.' = i(l8Cf>-4+ 180P-B+ 180»-Q=: 
27(y ^^ + B + C ^ „ _ 5^^ .J A + B+C ^ 5,. 
hence^ sin. S = — cos. 5'. ' 

Again, 5 - a' = 270^ -^ S' - (18(y> - ^) = 90^ - (S'-^) 

.•. sin. (S - ^i*) = COS. (S' -jf); 

also, S— ft'=:90°- ('S'- jB)j .-. sin.(S-ft') = cos. (5' - JB); 
and similarly, sin. (S— c') = cos. (S' — C). 

Again, sin. ^ = sin. (180® — B)ss8in. JB j sin. r' = sin. C, and 
sin. A' = sin. a. 

Henoe, 

.:« o V i -cos- S\ cos. (^^ -^^) . C9$. (^ S' - JB). cos. (&^ - C) | 

sin. assjQ ' ■■ ; ■ . *. ^ - 1 ■ ^\ i ■ ■■!■ ' u 

sin. ±> . sin. C 

and in logarithms, 

log. sin. a - ^ } 2 log. 2 + 20 + log. cos- iS'> log. C09. {S'-A) 

+log. COS. («'- B) +log. COS. (S '- C) } - (log. sin. B+4og. sin. C) 

and sin. b, sin^ r, are represented hj fractions that have the same 
numerators as sin. a, and denominators, which are equal to 
sin. A . sin. C, and sin. ^ .sin. £, respectively. 

The COS. S' under the vinculum is affected with the negative 
sign. Now, by Prop. 9, page }S], A + B + C> .I8(y>, arid 

< 54(y> ; .-. -^ "*" f "*" ^ > 90®, and < 270® ; .-. cos. S' is nega- 
2 

tive, or— COS. 5' is positive. Again, S'-^A = — — : but, by 

Prop. 2, page 127, *'+<:'> «'; /. l80»- J + 180»-C> 180»-^; 

.: B + C- J < 1800, and ^'''^"^ <90»> .'. cos. (.S- - A) 

is positive; so are, by similar proofs, cos. (5' - B) and 
cos. (5' - C). 
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Hence^ in the foregoing expression for sin. a^ the quantity 
under the radical sign is really a positive quantity. 

As the expression for sin. A has, by the aid of the supple- 
mental triangle^ been employed to ^represent a side in t^rms of the 

A . A 

angles^ so^ in like manner, may the expressions for cos. 'T'fSin.— ,' 

A 

tan. -^; thus by the expression, page 159, 

At 

.^o ^' . //sin. S . sin. {S^J)\ 
cos.- = ^(^ sin.y.sin:.- J ' 

A' (180^ - a) .a 1. ,1 t 

, smce COS. -— =cos.^ — ^ =: sm. -, we shall have a 



or, 



Second Method of Solution^ 
And, a may be found from the expression, 

2 V V sm. B . sm. C / 

and similarly, a 

Jliird Method^ 
And, a may be found from the expression, 

cos ^ - 4 // COS- (g^-g)» COS. (S-C) \ 
COS. 5 - V V^ sin.f.sin. C / 

and similarly, a 

Fourth Method^ 

Asd, a may be found from the expression, 

^^^a _ //^ --cos.S\cos.(S^-^) ^ 
• 2 " V Vcos.(S'-B).cos.CS' - C)/ 



Digitized by VjOOQ IC 



165 

ExanfU by the First Method. 
a determined. 

A = 44* icy 40".... sin. =9.8431624 [1] 

-B 3= 33 22 45 sin. =9.7405025 [2] 

C=1I9 55 6 sin.=9.93'78874 [3] 

197 28 31 

.-. 5'= 98 44 15.5 C08,=P.l 815867 

5 - ^ = 54 33 35.5 cos.ss 9.7633 172 

5'- J5= 65 21 30.5 cos. =9.62007 32 

5'-.C=-(21 19 50.5) cos.=9.9696235 

20+2 log. 2 = , . 20.6020599 

2)59.1366605 [*] 

29.5683302 
[2] +[3] =19-6783899 

log. sin. a = 9-B899403 
and az^M* 54' 30".8. 

h determined. 

W = 29.5683302 

[1] + [3] = 19.7810498 

sin. b. = 9.7872804 

and, h = 37° 47' 18". 

c determined. 

[s\ = 29.5683302 

[1] + [2] = 19.5836649 

sin. c = 9.9846653 

and c = 740 51' 49". 

By the Second Method. 

log. r* = 20 

S' = 98* 44' 15".5 .COS. = 9.1815867 

S'- A=z 5^ 33 S5.5 .cos. = 9.7633172 

38.9449039 
P] + [3], or log. sin. JB+log. sin. C = 19.6783899 

2)19.2665140 
.•. log. sin. -2 = 9.6332570 

.\ ? = 25* 27' 15''|. 
and a = 50 54 30{^. 
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By the Third Method. 

log. r» =20 

-y'-B = 65^ 21' 30".5 COS. = 9.6200732 

5^'-C=-21 10 50.5 COS. = 9.9696235 

39.5896967 
P] + [3] , . . . . 19.6783899 

2)19.9113068 
.-. log. COS. 2 = 9,9$56534f 

.-. I = 25*^ 27' 15"!, 
and a = 50 54 304-. 

By the Fourth Method. 

log. r* =s:20 

log. COS. S' + log. COS. i^^'-^A) . = 18.9449039 

log. COS. («'— S) .+ log; COS. (5' - Q. . ..... ac 19.5896967 

^)19.3552072 
Jog. tan. ^ = 9.6776036 

/. 1= 250 27' 15"^, 
and o = 50 54 30f. 

CA8E3d. iaChA). . 

«, by two sides and C the included angle are giyen, and the 
angle A is required. 

By Cor; 2. (Prop. 16, page 141, 

5i^=llHi5. . sin. ^±sin.^ _ sin. ^ ±sm. ^ 
8in. B sin. * ' " sin. B ~ sin. ft 

By Cob. to Prop. 15. cos. -4 + cos. S s 2 . ^^°'(^+^) ein.^ ^ • 

sin. c 2 ' 
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• «in.^ + sin. .B .^ sin, a + sin, b sin.r.sin. B ^ 

* cos. ji + cos. -? "" « - / . . V . a C ' sin. b ' 
2 .sm. {a-\'b) sm.* — 

sin, A + sin. -B , /A + B^ 



biit :, 

cos. ^ 



+ sin. B ^ /A + B\ 
^j___ = tan. (-^-^; page 37, and 



sin. r.sm. 5 . ^ ^ . C C ^^ , 

— ; = sm. C = 2 sm. - x cos. — , p. 42 and 

1. * 2 2 



sm. 



• fan / ^■^B ^ sin.fl + sin ft ^ C 

• . tan, I ■ ■ I = ■■ , cot. -^ 

2.sin.(^*).cos.(^-^) ^ 

= ^4^ ^«l cot. I (by form [5], page 32) 

2.8m.(-^).cos.(_) 



and .-.tan. {-^) = > ^^:^ . cot. - • .[Ij 



V 2 / 773:t>:-'"'-2 

COS. 



Similarly^ 



sin. ji — sin. J? sin. «— sin. b . ^ 

^ 7^ • sm. c, 



-,.«.^.e-±i).^.(i±i) 



2 cot. — ; 



>. 



J. I — — -} = ^ ^ :: .cot.-. 



or, tan. ^—^—j = j: .^ •«>*• g [2] 



Hence, since by the formula [1], tan. ( — - — J is determined, 
■ '*' becomes known, let it = <$ : and, by the formula [2], 
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J-B 



tan,( ■ ) is determined, and — - — becomes known, let 

it equal P, then, since . 



2 

by addition, A ss S -h D, 
by subtraction, B = S — D. 

Example, A -{- determined. 

C = 36"" 4.y 28" ^ = IS* 22' 44-'. . . . coT.zr 10.4785395 

a = 84 14 29 ^^—^ = 20 22 cos.= 9-9729690. 



20.4515085 



* = 44 13 45 ^^-i- = 64 14 7 cos.= 9.6381663 



log. tan. ^li? =10.8133422 

.-. d+^=: 81M5'44".41, 
2 



^ — B determined. 

C 

- = IS** 22^ 44" cot. =10.4785395 

2 

llli=20 22 sin. == 9.5341789 



20.0127184 



t±l = e4 14 7 . . , .sin. = 9.9545255 
2 



10.0581929 
= 48° 49' 38". 



-^""•^ 'fto AQ' aft'/ 
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^^^ ^ Sl^ 15^ M"*4l /Bin- »6^ A5', 23'' 1=5 9.7770158 
^^ = 48 49 38 «ld. 44 19 4S = 9.84«5629 



.••. A mlSO* 5' 22".41 J9,6205787 

JB = S2 2§ 6.4^1 sin. 32 26 6 = 9.7294422 

.'. log. sin. c = 9.8911365 
.-. c=; 51*6' ir. 

The expressions for tan. (^ 1 ^j lad tan, ( "'J" '/^ expand- 
ed into a proportioQ^ are called, from dieir Lurentor* Nap^v'4 
Analogies. 

The anglers and JB being determined by the above forms, 
the side c may be determined, as it has been in the foregoing 

* * A 

Example^ from the expression . * = ■ . ' * : but it may be 

sm. C sin.i> . 

desirable; as in the corresponding ckse of rectilinear triangles 
(see page 78), to determine c immediately without the interven- 
ing process of finding thft angles A an4 B : and) in fj^t, many 
Problems in Astronomy * require, from the data of two sides and 
the included angle, solely the determination of the opposite side c. 

Determination of the side c. 
Second Method. 

cs« ^ rt COS. c — cos. a . cos. b ^ .a/\ 

Since COS. C = . : : — ; , page 139, 

sm. a . sm. b ^ " ? 

.'. COS. r s COS. 49 .COS. ^ + sin. a .sin. ir.'cos. C; 
but COS. C=:l — ver. sin. C, (ver. sin. stands for versed sine); 



* For iastaace, in finding the Mooa^s distance from a Star ; in de- 
ducing the altitude of a Star from the latitude, declination and hour- 
angle (two Problems usefuljn determining the Longitude); in deducings 
in the case of an occultation^ the Moon's distance from a Star; in deter- 
mining the altitude of the nonagesimal (see Astrcmorny, p. 364.) : in de- 
termining the latitude from 2 altitudes and the time between, (see 
AiUronon^^ p. 422.), &c. 

Y 
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.*• COS* ^r=cos. a . cc^. A+sih. a . sin. i — siii. a . sin. b . ver sin. {T 
=; cos* (a-^ i) — sin. a • sin. 3. ver. sin. C ; 

.-. 1 -<oos« c, or, 2 sia.^ -=ver. sin. (a— 6)+sin.^i.sin. b.ver. sin.-C 
2 

^ .•«- •:« / i\ /i . sin. ^j.sin. i-.Ter. sin. C\ 

Assulne* tto.'g «. »i°-^-«i°/- ver> sin. C 

ver. sm. (a - ^) 

which in logarithms is^ 2 log. tan. $ :± 
log. sin. tf +log. sini b -^ log. vei". sin. C— log. Ver, sin. (a-^b) [/} 
then 2 sin.* - = ver. sin. (a-^ b). sec.* B, and 

log. 2 -f 2 log. sin. - =s log, ver. sin. (a — ^) + 2 log. sfec. <9 — 10 * [5] 
2 

, ^ Former ixampU. 

c computed independiently of A and J9 by the 2d M ethod* 
Determination of the subsidiary angle 6 by the form [p} 

a = 840 14' 29" sin. .= 9.9978028 

A = 4.4 13 45. sin. = 9.8435629 

C= 36 45 28 .ver. sin. = 9.2984762 

29.1398419 ^ 
a — 6 = 40 44 ver. sin. = 9.3693878 

.-. 2 log. tan. d » i = 19.7704541 

and log. tan. ^... , = 9.8852270 



* This is the instance to which we alluded in speaking, page 103^ of 
the use of Trigonometrical formulae in computing log. (a+6). 
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Determination of c by the form [q], page 170. 

2 log, sec. a '. =20.2012488 

log. vcr. sin. 40^ 0' 44" = 9^3093878 

29.5706S66 
10 + log, 2 asiaSOlOSOO 

.-. 2 log. sin. I aBl9.2696066 

c 
and log. sin, ^ « s 9.63480SS 

.'. I = 25^ S3' 5'%, 

and c s= 51 6 11.5, nearly. 

This is, perhaps, the most commodious form for computing c; 

for, when we use it, we need not consider whether the fraction 

sin. a. sin. 3. V. sin. C . , . ^ n j -^ r n 

r-— T- — 18 > or < 1, smce tan. $ admits of a)l 

Ter. sm. (fl— i) 

degrees of magnijtude. It is easy^ however^ to give another 
formula of computation, thus: 

Third Method of computing c. 
COS. c ss COS. a. COS. h + sin. a sin. b . cos. C 

C 



= COS. a . cos. b 4- sin. a . sin. * . (s cos.* 1 ) 



Q 

= cos (fl + *) + sin. a . sin. b . 2 cos.* — ; 

.% 1—2 .sUn? t zz COS. (« +*) + sim ,0»sin. 3. 2cos.* — ; 
2 2 

nA .•. 2 sin.* 1 = 2.8in.*ii^ -^ 2 sin. ^ . sin. & . cos.* ^ • 
2 2 . 2 

C 

Let sin. a • sin. 3 • cos,* — = sin.* M ; 

2 * 

and .•. log. sin. M s= \\9» log. cos. - + log. sin. ^y +Iog. sin. * - 20 J 

then sin.* % = sin.* t±i - sin.* M 
2 2 
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= sin.(|+*+M).sin.(f +|-lf) 
by the form {tf}, p» 31 ; and in logarithms, 
log. 8in.|*^{log.sib. (1+1+ m) + log. 8in. Q^-f-if)} 

This is the kind of form which Laplace has employed 
in his Mecamqtse Celeste y Livre 2, page 227. 

Former £satnp]e> by Ihe third Method. 

C 

- = 1 8* 22' 44".2.c<5». =a l^.i>5'45254 

« it 84 1 4 20 ... . Slli.ss 9.9&7S028 
iii£44 IS 4*f....Sin.=f: 9.8435(529 

^^=64 14 7 39.7958911 

M=:52 14 23 ... » \ 9.8979455 =log.8itt. ilfcilbg, sin. 52** I4'23" 

. .-. ^+M= lie* 28' 30"...sin. =9.9518856 
5^-M= 11 59 44...sin.=9.3177204 



19.2696060 



9.6348038= log. sin. -j 

.-. £ = 25* 33' 5"? 
2 • ** 

c =s 51 6 1U33^ nearly. 

Fourth Methdd, 
cos« c = COS. a • COS. i + sin. a • sin. b • cos. C 

I — ver • sin. c s cos. ^.cos. ^ + sin. a . sin. & — sin. ^i . sin.. ^ . ver. sinr. C ; 

.-. ver. sin. 4? =;, 1 — cos. (a — i) + sin.^.sin. b . ver. sin. C 
= ver. am. (a — 3) + sin. a. sin. ^ . ver. sin. C, 

which formufo) trasalated into words, becomfi the precept given in 
Sherwin's Table, page 4-4, (edit. 1771) for finding the aide opposite 
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to the inclttfcd angle. The Author git«s in hia Work a Table 
of natural versed sineSj, which itre plainly necessary in his mode 
pf computation. 

If we use one of the preceding formulse for computing c, we 
may, if we please, determine A and B without the aid of Naper's 
Analogtesy and by these expressions, 

J sin. C. sin. a • u sin. C sin. ^ 

$m. A = : ; sm. Bzz : ;-^ . 

sm. tf wn, c 



Case IV. {AcBd)?^ 

A, B, two angles, and c the adjacent side are given, and the 
side a is required. 

The solution will be deduced from the former, by the aid of 
the supplemental triangle; A\B\ C, a\ b\ c being its angles 
and sides. 

B-(^),..,. ('■'°'-'H'™°-'>)^B„.(i8<y -e±i) 

-C^)— C-?^)=-»-(^) 

—--^ = un. {^18Cf> - -~) - sin. (-^) 
{see Cor. 6, Prob. 3.] 



♦ Ttis combination is in the third row (see p. 155,) and therefore 
not essentiall}'^ different from the first of that row, namely, (aCbA) 
which has been already considered. In fact, the two equations involving 
the four quantities are precisely similar : but, from what was said in 
p. 157, the same formula of solution cannot suit each case, since in the 
former, an angle is the quantity required, which in the latter, becomes 
one of the quantities given. 
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.-. generally, sin. (^——) *= ± «"• (-"^y * 
Again, 

[see Cor. 6, Prob. 3.] 

COS. Q-^J =* co»- ( ~ ) > o' = COS. (-y- ) » 
lastiy, cot. — - s! cot. (gO* — -) = tan. ^ . 

Having now transformed all the terms in [1], [2], (seep. 167), 
into different expressions, if we substitute the transformed terms 
in [ 1 ], [2], there results 



/" J-B\ 



tan- {^) = -7 ,^ nv >tan. 5 [3], 



2' 



and 



whence " , 
2 * 



/tan. I l—- 1 = !S — ? — ^ tan. ~ , . [♦], 






irhence ^! may be derived. 

These equations [3], [4], expanded into a proportion, are 
called, [as the former similar ones [1], [2] have been (see p. l69.)] 
Naper's Analogies. 
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A : 

' B : 

2 
c 



A+B 

2 ' 
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130 5 22 
32 26 6 . 

48 49 38 cos, = 5.8184449 sin. = 9-8766379 

25 33 6 tan, =? 9*6795032 tan. = 9.6795032 



19.497948I 19.5561411 

%l 15 44 COS. s 9.181lf936 sin. :^ 9-9949dai 

— — — ^-^— — ^— nil ai Mina ,, 

^!±^= 10.3163545 



tan. • 



and^=64^ l4' fl"i 

^^ = 20 221 
2 Q 



tan.2-_ = 9.5612110 



and 



«-6 



20^0*22"- 



% a :i= 84<» 14' 28"S 






6 = 44 13 431^;. 



(7 determined^ 



SMI. 1 30*5' 2B" 



9.8856842 



sin. 51 6 12..^.^,. = 9.8911357 



19.7748199 
sin. 84 14 29 ...... .,..* =9-9978028 



.«. log. sin. C .V ^ = 9.7770171 

.-. C = SG"* 45' 28". 

a and ^ being determined^ C may be determined from this 
expression, sin. C = sin. A x . , as it was in the preceding 

Example^ or, without the intervening process of finding a and ^> by 
the following method. 
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Determination of the angle C. 

In the supplemental triangle, by the original form [r], p. 139, 
COS. f' = sin. J . sin. V • cos. C + cos. cl . cos. h' ; 
or cos. (1800— C) -8in.(18O0-^ . sin. (J8(y--B) . cos, (ISC^^r) 
+ COS. (18CP -- ^) COS. (180° - B) 
or '^ COS. C = — sin. -4 . sin. jB . cos. r + cos. A . cos. B$ 
s — sin. ^ . sin. JB (1 — yer. sin. c) + cos. A . cos. B ; 

and ••. 1 — COS. C, or, ver. sin. C = 

ft 

1 + COS. A . COS. jB — sin. -4 . sini jB + ver. sin. c . sin. -il . sin. JB 
= 1 4- COS. (-4 4- jB) + ver. sin. c . sin. A sin. J5 j 

.-. ver. sin. C, or 2 sin.* -* = 

2 . cos.^ 1^ — - — 1 + ver. sin. c . sin. -4 sin. B = 

o /*/*o 2 -^ + ^ / 1 I v®'^- sin. tf . sin. A . sin. B\ 
2. COS. >r-g-^^l + -- ,/ ^+'F r^>' 

2.COS.2 f u i I 

A ^ » /» ver. sin. ^. sin. ^ .sin. B . , .^i 
Assume tan.' 9 = : — '- —^ ^^ — , or m loganthms, 

log. tan. % s 

I (log. ver. sin. r -f log. sin. A -flog. sin. B - 2 log. cos. C — i^— y 

+ 10 - log. 2). 

then, ver. sin. C, or, 2 sin^. — = 9. cos.' i — -^ — } sec.^ tf j 

C A -^ B 

ifi logarithms, log. sin. — =s log. cos* — ^^ — + log. sec.j^ — 10. 
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C, m the former Example, found indepeDdently of a, b. 

10 -« log. 2 = 9.6969690 , 
c s= 510 e^-iof'T. • . /. ver. sia. = 9.5706390 * 
^=150 5 22. sin. = 9.8836842 

B= 32 26 6.-- sin. = 9.7294-422 

>■*— — »■ ■ 

38^8827344 
^Si.— 81 15 44 ...-2 COS. =18.3631872 cos. =9. 181 5936 

20.5195472 
.*. log. tan. e =l0.2597736...8ec.#=JO£J7V29O 

c 

*\ logi sin. ^= 9.^87226 

.-. f = 18*22' 43>/ 

and C s 36* 45' 177'" nearly, as before* 

it we express 1 +co8. {A + £), the yersed sine o^ the supple* 
' tapat of A -h B, by saver, sin. (^ + JSf) we may employ this 
form for computing C 

ret. sin. C = suver. sin. (^ -tr ^^ + ver. sin. c • sin. u!^ . sin. B 

s= suver. sin. (^ -|- B) . sec* ^, putting 

▲ 4/1 * A i -D ver. sm. ^ 

tan.* = sm. ii . sm4 B — — 3 — =r -• 

suver. siii. (-d+JS) 

CaseV. (aAbJS). 

Two sides 0, ^j tod an angle A opposite to one^ are given, 
the angle B, and the remaining angle and side are required. 

•D /^ a -., . T> sin. ^. sin. i 

By Con 2, page 141, sm. B := : . 

• sm. a 



c c 

* Since ver. sin. Css2 sin.* -, log. ver. sin.tf— log. 2=2log.siD. 5 — 10 

.•. log. tan. 0^i\2 log. sin.^+log. sin. ^-f-log.sin.B— 2 log. cos. '^ ) 

which form is rather more convenient than the one used in the compu- 
tation. 
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and in order to find C, take the first of Vvpefs jimihgies, p. l67» 

then cot.£^tm.i(J^JS)2^4^jt^^ [a] 

2 . ^ ^ COS. i (« f- *) 

and loff. cot. — = 

** 2 

log. tan. K-rf + B) + log, cos. i (a + 6) - k>g. cos. J (<i — £), 
C being found, ^ may be had from Ae expression 

sin. c = sin. a . ^!"' . , or directly thus from the third of Naper's 
sin. -^ '^ 

Analogies y p. 174, 

tan. - = tan* \ (a-^ h) f-)— — =1 [^J 

2 * cos. H^ - -8) 



Example. £ computed. 

A^ 33* ly 7". •^. ....sin. ss: 9.7390354 

b as 70; 10 30.... sin. = 9.9734^63 

19.7125017 

.« =t 80 $ 4.. ^. sin. = 9.9934^8 

Jog, sin. JB... .i sin. = &.7190379 

and jB = 31* 34?^ 37".? 1. 



S 



€ computed. 
75*" r 47''....... ,...cos. = 9.4093099 



^^' ^ — 'fftO 1' JL'j'f 



^^ = 32 24 52...: tan.= 9.8027553 

2 . • 

19.2120652 

^ ^ = 4 57 17 COS. = 9.9983741 

2 



c 

cot. - = 9.2136911 



.-. ^= 80" 42'S8"ia. 
and C= 161 25 I7fr 
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c computed from C 

sin. IW 25' 17" = 9 5032532 

810. 80 5 4 ...; = 9.9934^638 

19.4967170 
«in. 53 15 7 = 9.7390354 

log, sin. c , = 9.7576816 

.•. c = 1450 5' 2". 

c computed independently of the value of C 

^-^ =75» r 47'' ^ .tan. = 10.5758962 

—i— = 32 24 52 * . .COS. = 9.^644il7 

205023379: 
-— — = 50 15... 009.= 999995S6 

.-. tan. I = 10.5023.843 



.\ I 3= 720 32^ SO'^j, 
and c a 145 5 1^^. 



Cash VI. (-4^J?«. 



Two angles ^, B and a* side (a) opposite to one of them, are 
given, the other side h^ and, besides, the remaining side c and 
the aiq^ C, are required. 

ain R 
^ is determined fix>m this expression, sin. h s sin. a . ' ; 

C from the first of Naper's AnaUgus [1], p. 167, and € from the 
third [S], p. 164, as in the preceding case. 
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(( cpiQputed. 

a ^ 89^ 16' 5r.5\.. ...,..., siij. =, 9.3990658 

-B *= 48 36 0.^. ,,.,.,,,,,,,., ^ ,810, =? 91,8751256 

19.8750914 
^ = 7Q 39 p. ....,.-,.....,., . . .sin. a? 9-9747475 

log. sin. b == 9.9003439 

.% 5 F= 35?? 39' 4".5, 

The sin. b == sin. (180®-*), but b cannot = 127« 20' 56", for since 
A>B ,a must be > *. 



i±^ = 70' 57' 59" tan .= 1 0.462201 1 



c computed from the form [&]« 
= 70*5 
^~- = 59 37 30 .......cos.= 9.7058563 

20.1660574. 
-r~== n 1 SO ,....cos,= 9.9919097 

Iog.ta§.5 =10.1741477 



2 



.-. I = 5&> 11' 29*^.33, 
* ande 3=112 22 58.6: 



"T 



* This last Example is taken from the Tr^^wmftry^ofSt* l^fgendre, 
iivho has, however^ found c and C by a process different from the above. 
Subjoin^ are the data and* results in Frenqb ffie^r^ (|^ ^4 re^uceci 
by the Rule, page 21, to English (E). 



Digitized by VjOOQ IC 



181 

C caQftpated from the form [a}. 
M^ s= 70" 57' 59". . i . CO?. = 9.5I33&1 1 

'^ = 59 37 30 tan, =5^0.^320208 

2 -— — ..^._ 

19.7454019 

^•^— =18 18 54.5 COS. = 9.9774230 



cot. ^ = 9-7679789 



r 

.•. I = 59« 37' 30", 

and C =119 15 O. 



a = 99* 20* 17" (F) 3 = 54*» 0* (JP) ^ = 78^ 50' (F) 
. 9 9Q on 5 4 7 85 

89 28 153 48 a - 70 65 

6 6 45 



16.8918 a6 39 O 

6 .-. JB =48* 36' (E) .-. i4 = 70» 39' (E) 



53.508 
.-. a = 89"* 16' 53".5 (JE) 

c:^124^ 86' 99".3, 6 «580 50' 14" (J), C= 1320 50' 

12 48 69.93 5 85 014 13 25 

112 38 29.37 52 65 126 119 25 

6 6 6 



22.976!22 39-0756 15.0 

6 6 .'. Cssl 19"* 15' (B) 



58.5732 4.536 

.-. c = 112? 22^58".6 (JE). -.A a 52« Sg' 4".5 (£> , 

and thesQ quantities (c, 5, C,) agree with tbose deterQ)ined in tb^ text. . 

The above reductions may, more easily, be perfornted by the aid of 
the Table inserted at the end of Chap. I^ p. 23. 
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In Case 5ih, the angle C has been determincfd by means of B 
previously determined, and by the aid of one of Naper^s Anahgies ; 
and this method, on the , grounds of facility and certainty, is, 
perhaps, the most convenient : still, analytically considered, the 
determination of C does not require-the previous detenmnation of 
JB, for by the third equation, p. 157, 

cot. ji . sin. C = cot. a . sin* i — cos* C • cos. ^, 

in which A, Oy by C are alone involved. But, this form is not 
adapted to logarithmic computation ; in order to adapt it, we 
must introduce what has been called a subsidiary angle i thus, 
if we take 6 such, that tan* Q ss cos. 3 .tan. A [f] ; then, 

sin. C . COS. b ^ , ^ a. • i 

^ + COS. b . COS. C =s cot. a . sm. b ; 

tan.^ 

or^ COS. b .(sin. C . cos. 6 + cos. C • sin. 0) as cot. a . sin. b . sin. ^; 

^^ *:*• //> I • ii\ cot. a . sm« • sm. b ^ t • a ^ rjn 

or, sm. (C + ^) = ; ^astan. b . sm. d.cot.a Id] 

COS. b 

Hence^ by deducing the logariAm of C-f ^, we diall know C, 
since B is determined by this form, 

log. tan. = log. COS. b + log. tan. A — 10, 

and by a similar method, that is, by the assumptiosi o( a sub- 
sidiary angle, may c be determined solely from A, a, b. It is 
sufficient, however, to have noted these methods, for, the com- 
putist is not recommended to avail himself of them; the preced- 
ing ones, those by which the Examples have been numerically 
solved, being fylly adequate to the purpose of solution. 

In Case 6th, C and c may be also solved by the introduction of 
a subsidiary angle ; and its introduction, in these cases, corresponds 
to the Geometrical resolution of the oblique-angled into two right- 
angled triangles : thus, in the last case, conceive a perpendicular (p) 
the arc of a great circle, to be drawn from the angle C 09 tjb^ base 
c, and let the angle contained bet^re^ tbif parpi^lldiinilaf md idbe 
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side t bt euppoved tqual to (90^ - $) % thetii by Naper'd first 
Rule, 

1 X COS. h = cot. (90^ — e) . cot. J, 

and tan. a cos. ^ . tan. A, which agrees with the assumption [r], 
p. 182. 

Again, by Napet^s first Rule, . 
sin. { 90» - (90* - ^) I or, sin. ^ a un.jn . cot* *, and 
•*. tan. j9 = sin. 6 . tan. h. 

And finally, by Naper^s first Rule, 

cos. { C — (90® — ^ I == tzn.p . cot. tf, or 
.'. sin. (C + ^) e= sin. ^ • tan* ^.cot. a, 
which agrees with the result [cf] in the preceding page. 

A great variety of instances to the preceding methods might easily 
be collected from Plane Astronomf. It is not, however, necessary 
to give any ; since, amongst other purposes, the present Treatise is 
meant to be merely preparatory and subservient to the study of the 
latter science, and to be intelligible to the Student who may happen 
to be unacquainted with its technical terms and language. Astro- 
nomical Examples, stated and numerically resolved, would, indeed, 
be useful to the Student. One part of their utility would be, to 
communicate the art of translating Astronomical conditions into 
bare Mathematical conditions; it is not, however, the special 
business of a Trigonometrical Treatise to teach such art. Another 
part of dieir utility would consist in teaching the method of trans- 
forming general symbolical results and formulae into numerical 
values ; but, of this method sufficient specimens, it is hoped, have 
been given in the preceding pages. 

Still, however, it is desirable to apply and illustrate the pre- 
ceding formulae ; and, it happens fortunately, we can efiPect this 
without introducing either the principles or the terms of a new 
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science. The accounts of tliose T^ mn tHric ^ d Su^nn^, by 
which the figyre and dimensions of the Earth have been attem^ed 
to be determined, will furnish us with very interesting instances of 
exemplification. 

In the next Chapter we wi^l turn oar attention to this point. 
We shall there perceive how results may be obtained by the direct 
application of the preceding methods of solution; and, besides^ 
for what reasons and by what means, those methods, in certain 
circumstances, are either modified, or are completely i^iiperseded 
by methods of approximation. 
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CHAP, til 



Application of Formula: to certain Cases that o^ur in the Trigonomtricnl 
Surveys, — Reduction of the Oblique to an Horizontal Angky by the 
directy by Delambre^s approximate^ Method. — Excess of the Sum of 
the Three Angles of a Spherical Driangle above Two Right Angles. — 
Roy*s Theorem. — Legendre's Reduction of a smaU Spherical to a 
Rectilinear Triangle. -^DeUmbre^s and Mudge^s Method of computing 
the Length of the Meridian. 

• 
In the Trigonometrical Sunrey, the two extremities of the 
line to be measured, are connected by a series of triangles, the 
angular points of which are the stations, at which, by proper 
instruments, the angles are observed. The sides of the tri- 
angles are determined by computation. But, since the sides 
cannot be determined solely from the angles, it is necessary to 
measure, at least, one side of one of the series of triangles. It is 
usual to measure the length of a side of the first triangle, near one 
extremity of the line to be measured; which side is called the 
Jdase; and also* another line, the side of one of th^ triangles, near 
the other extremity ; which latter line, serving as a' test of the 
accuracy of the observations and computations, is called a Base of 
Verification. In the Trigonometrical Survey conducted in 1784, &c, 
under General Roy, the difference between the base of verification 
on Romney Marsh, measured and computed from the original base 
measured on Hounslow Heath was found to be about 2 feet in 
28533 feet. The connecting chain of triangles by which the 
computation was made, extended over a space of eighty miles. 

After the first important operation of the measurement of a 
base, and which, (,the side of the Hrst triangle,) will be a spherical 
arc, if the meamrement be conducted by spherical triangles; or, 

AA 
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a straight line, if by plane triangles of the chords of the spherical 
arcs, the angular distances between certain objects that mark the 
several stations must be obsenred. But as the objects, probably, 
are not situated on the same horizontal plane, nor on the same 
spherical surface, the angles observed are eblique angles. Since, 
however, the lines, &c. to be computed, are supposed to lie in the 
surface of the earth, they are horizontal angles which are required. 
The oblique angle observed then must be reduced to an Hori- 
zontal angle : for instance, — ^if the two -objects be -^, B ; O the 
observer, and Z his zenith, and a, b, two points on the surface of 
the earth (supposed to be spherical), the observed or oblique 




angle, is AOB, measured by ABf and the horizontal angle, which 
is required, is equal to jiZB. 

Now, by the third method of solution, Case 1, page 1^9, 

sin 2 ^^^ = sin, j (AB + ZB-- ZA) . sin, j (AB + ZA - ZB) 
Q sin. ZA • sin. ZB 

cos. H,' cos. h 
and in logarithms, 

log. sin. ^—^ = i { 20 + log. sin. i (a + f^ - *)-l-log. sin. i 

(a + A — i/) — log. cos. H — log. cos. h ] 
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From this formula^ a, k, H, being determined by observation^ 
die horizontal angle may be computed. For example; in the 
Trigonometrical Survey, of 1787, made for the purpose of joining 
the Observatories of Greenwich and Paris, the angular distance of 
Watten and Fiennes, at Calais, wasobsenred to be 66® 30' 38".9: 
moreover, /f was = — 1" (a depression) andA =: 26' 47".2: hence, 
if O represent Calais, Ji and B Watten and Fiennes, AB ss 
669 SCy 38".9. 

log. r* =20 

i (a+if- A) = 33* 2' 25".S5 sin. =• 9-7365802 

|(a+A-fl)=33 28 13.55 sin. st 9,7415519 

39.4781321 
log, cos. -1" + Ibg. cos. 25' 47".2.. ...... = 19.999^878 

.-. log. sin. li|-.c:i(19-4781443) 



=. 9.7390721 



^^-= 330 15' 18"^, and AZB =s 66* 30' 3(5^' 



Here, the reduced or horizontal angle differs from the oblique 
or observed angle by a quantity a little more than S"; and 
although the preceding proce^ of reduction is not a long process, 
jet, for practical purposes, it is not sufficiently short, when 
several hundred reductions are to be made ; and for this cause, 
M. Delambre * has investigated a formula, and constructed 
Tables of easy use, for finding a spEiall correction j wjbk^hr applied 
to the oblique angle, should give the horizontal angle. A fprmulj 
similar to Delambre's, will be investigated in the Appendix, 

But, whether we use the preceding direct method, or Delambre*s 
approximate method, all observed angles, if it is proposed to conduct 
the operation with nicety, must be reduced to horizontal angles 5 



* Sec Ckmnoissance des Temps, 1:793 ; Maskelyne, Phil Trans. 1797, 
page 451 ; Legendre, Mem. Acad. 1787, page 313; Delambre, Mem. 
Inst. 1806, p. 112; Suanberg^ Exposition dcs Operatitms faites, &o., 
p. 38. 
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:fad ^ififte btt^er 911^6 are splienfcal angles. Vfft, tf f^ Mcvr to 
tl^e precediiig method, the angle veince^, was AZS9 i^t^binth^ia 
eiq^oal to the indinaftion of . jd^e planes OZfi^ OZi- . Henceitvif 
£rooi ^ and S^ ae statidos, the angles subtended by i^O, .^^^ 
respectiyely, be observed^ and reduced, by the preoedrng metkb^ 
to horizontal angles, the diree stati6ns will be project^ an A» 
suriiice of a sphere, and the sum of the three abigles at Q, a, vind 
*, ought to exceed 18(y>. (Prop. 9, p. IS I). 

If we could determine, independently of observation, the 
quantity by which the sum of the three angles ought to exceed 
180^, we should then be able to judge of the accuracy of pbser- 
vation9 ; which it is desirable to do, since observations made on 
objects situatednearly in th^ horixon, are liable to some uncertainty. 
Now, the Theorem concerning the area of a spherical triangle, 
(Prop. 1f^, page 134), enables us to determine the quantity of the 
excess For, the area is equal to the difference of the sum of the 
three angles and 180^, and consequently, since th^ sides of the 
spherical triangle described on the Earth's surface are nearly 
rectilinear, they may, with scarcely any error, be considered as 
rectilinear in the computation pf the area, 

This beautiful application of Albert Girard's Theorem was 
first made by General Roy, in the Ptnlasophkal transactions tat 
1 ?90, page 1 7 1 , where he gave the foUowiug rule * for computiing, 
what he terms/ the spherical excess. '^From the logarithm if'thi 
mrea of the triangle^ taken as a plane one, infiet, subtract the constant 
logarithm 9.3^67^ST, and the remainder is the logariAm of the excess 
ahve 180^, in seconds nearly.*^ 

The rule may be thus investigated, 
a ^h-k-c-^ 18(y>=^180« (Prop. 1S)> but «=;4irr^i.-.# + *+^ 

— 180^ = — -tx ; or, if j, 6, r, are reduced to seconds, th^ 



* M. Beiambre finds, T^ry expeditiously^ the spherical excess iiy 
means of a chart of the triaag^es, a 8cale» and a Tabfe ef imro pageik 
See Mem. Inst. 1806, pages 166, 179, 180. Pmc. Prel. 
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excess in seconds ^s "-^ — x \ nowj on the Earl's wthtt^ 

1® (taking a mean measurement) corresponds to 

S€0 
(60859-1) X 6 feet; .*. since an avc ' (s= radius) s -— -, 

V> I (60859 .J) X 6 :: ~ : 1^ X (60859 . 1) X 6 m Eartb't 

2ir 2 IT 
ra4ius in feet^ 

Hence the excess in seconds 

- ^ CiO.60 

""*'S60 'e^x (60859. IP 



'36 X i60S59.lf' 

••• log. excess 

= log. a: - {2 (log. € + log.60B».l) - log. 2^ . W ] 

= log. PC - (11.12495S6-1.7981799) 
=iog.jr- 9.5267757. 

As an instance of this rule, take the Example given by 
Geneid Roy, Pkil. Tram. 1^90, p. 172. 

Names of tteSUtioiit. O^rvfd A^pf^ltB, putaneei in FmL 

Ha©g^-Hitt Tower (a) ^** «' 3?" (^ from (*)= 38i6M2 

Hampton Poor-house.... (&) 67 55 $9 (a) from (c)s: 24704.7 

King's Arbour...^..., (c) 7p 1 48 

H^nce, maldng the distance from (a) td (i?) the base of the tri* 
angle, the perpendicular on that base will be equal to 38461.12 x' 

sin, 4f9P 9! 3g^ and therefore the aresiof the triy»n^le=: ^^^ ^ PfP'- 
== 24704.7 X 19«S0.S6 x sin. 42* i' sr. 



Digitizecf by Google 



190 

Computation, 

log. sin, 42* 2* 32" = 9.8258661 8.5026328 

Jog. 24704.7 = 4.3927761 9.3267737 

log. 19230.56 =4.2839906 -1.1758591 

18.5026328 

.-• taking away 1 for radius, 8.5026328 Corrt. No. = . 1 4992 *, or 

the logarithm of the area in feet. the spherical excess in 

seconds is nearly .15. 

Again, as a second instance^ take that given in the succeeding 
page; 

Names of the Stations. Obseired Angles. Distances in Feet. 

Hundred Acres...... (rf) 53° 58' 35".75 

Hanger Hill Tower (e) 68 24 44 (^0 from (e) = 71934.2 

St. Ann's Hill (/) 57 36 39.5 ((Q from (/)= 79211.22 

179 59 59.25 

log. sin. 53^,58' 35".7 5 =; 9.907 8287 9.3625207 

log. 35967.1 =4.5559054 9.3267737 

log. 79211.22 =4.8987866 0.0357470 = log. 1.0858 

19.3625207 or spherical excess in se- 

conds = 1''.0858. 

Third Instance^ from the PkU. Trans* 180S. page 428^ 

Buxter Hill (g) 76* 12' 22" 

Dean Hill (h) 48 4 32.25 (1) from (g)=: 140580.4 

bunnose... , (i) 55 43 7 (t) from (A)= 1 83496.2 

log. sin. 55'' 43' 7^=9.9171279 . 10.0276492 
log. 70290.2 =4.8468947 9.3267737 

log. 18349.6 =5.2636266 .7008755 = log. 5".022; 

20.0276492 or spherical excess = 5^^022, 



* There appears tb be an error in the Philosophical Trans, p. 172. 
where the spherical excesses put down •29> which is nearly equal to 
2.(14992). The cause of the error 'seems to be, the neglect of the 
divisor 2 in estimating the area of the triangle ; for if we add the log. 2 
to — 1.1 758591 « the resulting number expresses the logarithm of .29. 
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In this manner the spherical excess computed ^^ will .enable 
the observer to examine the accuracy of his observations, and in 
some degree to correct them. He may then proceed to calculate 
the sides of the triangles by the rules of Spherical Trigonometry. 
But these rules, although they must give exact results, will not 
give results very expeditiously. It is, however, very desirable tq 
obtain results expeditiously, when several hundred triangles are to 
be solved ; and, this desideratum, M. Legendre has put us in pos- 
session of, by combining sufficient exactness with conciseness in 
the following Theorem : " A spherical triangle being proposed^ of 
which the sides are very small relatively to the radius of the sphere ^ if 
from each of its angles one^third of the excess of the sum of its three 
angles above two right angles be subtracted^ the angles so diminished 
may be taken for the angles of a rectilinear triangle y the sides of which 
are equal in length to those of the proposed spherical triangle!^ The 
demonstration of this rule will J>e given in the Appendix, but its 
utility may be here shewn. Suppose in a spherical triangle, two 
sides and the included angle to have been determined, respectively, 
equal to 53<> 58' SS".75, 71934.2, 79211.22 feet; compute the 
spherical excess, which is equal to 1".08 nearly (see the second 
Example, p. 19O), then J (l".08) = .36, and 5S* 58' S5".75-.S6 = 
55^ 58' S5''.39 : with this, as an included angle, and the given 
values of the two sides, resolve the triangle as a rectilinear tri- 
angle, by the method f given in page 83, Plane Trigonometry. 

* In two of the instances that have been given/ the sum of three ob- 
served angles is less than ISO"; .*. in order to correct tYi^X sum, we 
must add the defect plus the spherical excess; that is« in the first 
instance, we must add l"+.15 j in the second, .75 + l".08. If all the 
observed angles were made under similar circumstances, and with equal 
care, we should have angles better suited to calculation than the 
observed angles, by adding to each of the latter, one-third of the pre- 
ceding corrections V'.IS and T'.SS. But if two of the observations 
should have been made more correctly than the third, then to this 
third is the correction chiefly to be applied. General Roy, probably, 
acted thus; for his corrections, as they now stand, appear rather 
arbitrary. 

t This method has been used, in preference to the common method, 
because the logarithms of the two sides were, already taken out. 
See page 83. 
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lQg.7MII.d^.. .. *^-* * .• .. ..ss 4,8087a6a 

log. 7 1 93 4.2 - - = 4.8569354 

.•. lbg.«Aii.e- !'(!> = 0.0418312 

;•, e sr 47^ 45'. 2f.\ 
a -^ 45° = 2 45 123.1 

]<>g. tan. {p^^^. = 8.6625575 

COL 26« 59' 17".69 = ia2990544 

.-. log. tan. (^^^) ,..= 8.97561.19 

.-. 4Z.5 -= 5^ 24' 2".325 

-^-i— = 63 42.31 

.\ A = 68^ 24' 44".635 
B= 57 36 39-985, 

The Side c, opposite the imiluded Angle, computed. 

log. 71934.2 = 4.8569354 

Jog. sin. 53^ 58' 35".3fl = 9-9078286 

14.7647640 

Jog. sin. 57^ 36' 39".99 • - • = 9-9265645 

.% \oi^. c. == 4.8381995 

.•. e = 66896.9. 

We must now sidd to A and J3 one-thitd of the spherical 
excels, and we shall have the spherical triangle completely re* 
soJhred } "^ that 19^ 

$ Angles of the Spherical i^riangle. abides of the Spherical triangle. . 
<?' = 53® 58' 35'\75 c ^ 6Q^6.9 - 

A' = 68 24 44.995 a = 79211.22 

B': s: 57 36 40 ^345 ^2= 71934.2 

180 l.Od 



* In this instance solved by this method of Legendre^ the conditMMi» 
<^ the triangle were, two sides and an included angle ; but it iii ptoin, 
that by the same method, a triangle with any tbree ot&er condili<Hicl 
may be solved. 
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We shall hare the same result as that which we. have already 
obtained by. r^^solviag the Example according to the method em- 
ployed in Case 3, page \66 ; but that method is rather longi and| 
on that account, it is superseded by the present, which, in cafltes 
like the preceding, gives results sufficiently exact. It must not, 
however, be forgotten, that, in fact, tlie preceding method is a 
method of approximation. 

One or two cases may be brought under the conditions of the 
foregoing. If two sides of a spherical triangle are each nearly 
180^, and the third side is very small, then, if we produce the 
two longer sides till they meet, a small spherical triangle will be 
formed, which may be resolved by the preceding method ; and, 
from the sides and angles of this second triangle thos« of the first 
may be immediately deduced. Again, if two angles of a spherical 
triangle are very acute, the polar or supplemental triangle will 
have two sides nearly s 180^, and the third a very small side : this 
case, therefore, is under the conditions of the preceding one. 

Triangles solved* by the foregoing methods will be spherical 
triangles, their sides arcs of great circles, and the computed arc of 
the meridian also an arc of a great circle. But, the foregoing 
methods have not always been employed, and they are not in- 
dispensably necessary. Delambre, in France, and Colonel Mudge, 
in England, do not consider the line of the meridian as a curve, 
but as formed of the chords of curves ; and they have resolved 
their triangles not as spherical triangles, either by the direct, or 
by Legendre's approximate process, but as rectilinear triangles, 
the sides of which are the chords of arcs. This method then re- 
' quires Tlieorems and formulae different from those that have been 
already explained. It, however, to a certain point, goes along with 
the former ; for it supposes the oblique angles to be reduced, 
either instrumentally '^ or by calculation, (page 186) to horizontal 

* Ramsden's Theodolite, by means of an azimuth circle, gives at 
once the horizontal abgle when the oblique angle is observed; this inr 
strunaent first, we believe, shewed the spherical excess, which rarely 
amounts to 3". Delambre's and Mechain's Theodolites were Borda's 
repeating circles of soiall dimensions ; with these the oblique angle was 
observed, and then reduced by calculation (see page 1 bC.) to the hori- 
zontal angle. 

B li 
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angkfft i and, At hi6itiz6rttil angl^ b^itlg> as it has been alfeady 
explained, spherical ahgles, mtito hi tedoccNf to ^ Higlei don- 
taitled by the chcnrds of the spherical sides of the triangle, to 
eAct thi» reduction, we must resolvel this t^toU^iti. 

Given the angle contained by the spherical arcs andf 6 m O, 
(Fig. 15), the angle aOB contained by die chords a Of bO is 
required. 




Let the spherical sides ai^ BmO, a n O, be represented by 

the chords ab, b Of aO ft fis^% 

the spherical angle at O C 

the angle « O ^ of the chord 6 

then 06s. c = sin. a . sin. h . coS. C + cos. a . cos. f (paj^e l3&.). 

9ut, cos. c xs 1^2 sin,^ ^ , and stn.^ = ^Mn. % cos. ^ , &c. 

2 2 ft 

.-. 1 — 2 . sin.^ ^ sx 4 . sin. ^ . cosi 2 gin. i . cos. b . iWS. C -f 

but, sin. I , sin. | , sin. ^ , (see p. 10.) =| > 1 1 f > respectively ; 
.*. substituting, transposing, 8cc. 
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9x?^±^?=^=«/3co8.f co..*co8. C +<^, 
4 '2-2 .4 

but (Prob. 1, pages 24, 25\ CO8.0 ss 7^ i •*• substituting 

2 op 

«i^ X COS.B = a/3 cos* f .COS.- COS. C^-'^^ J 
2 2 4 

and dhridiag by a /(?, 

«KM* VSRC90* 5. cps 5 .001. C -f sm. ^ . sm. ^ . 

Fiom this «Kpmsfioa» $ taof be found by the metliod givm 
in Case S, f age I71 ; ^hus, taking the instance given in pzge 1^, 
the distance of Calais from Watten and Piennes being in imnutes 
and seconds of the Earth's meridian respectively 15' 59", 7' £6", 

we Kav^ f ^ r 59'\5,| ^ S' 43". 

.-. 2lo|r.c«P. 33* ly J8\44=19.8446.59p 
l^jg. CM. 7 J9.5 ?= 9.999Sf988 
lo^. COS. 3 43 = 9.9999998 

••. 2 Jpg. «w. ilf + 20 7=3^.8446^76 
am;} M ^ 56® 44' 41". 

Again, 90* - ^4^ = 89* 54' 8.75; 

'" ■ i ■■■ ■ ' ' ' 

... ^0^ - ^^t^+Hf=l80^-(330 21' 10'.25); .'. sin, = 9.7401996 

90^ - 2jL*-M = 53 9 27.75 sin. =9.7 379440 

4 



2)19.4781436 
.-.ipg. sin. I =97390718 

and « as^JW* SO' S6'.68. 

For reasons, however, similar to those \i^hich we used when 
speaking of the reduction of oblique angles to horizontal angles, 
the direct and ordinary rules of Spherical Trigonometry are too 
tedious for the occasion : 6 differs very little from C, and a small 
correction only is required. To enable the computist to obtain 
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iuch correction and with little trouble, M. Dehmbre, as in the 
former case, of reduction, page 187, has investigated a formula, 
and constructed Tables resembling the former Tables. 

In this iftethod, then, M. Legendre's Theorem is not employed, 
nor is the Theorem relative to the spherical excess requisite; 
for there is this criterion of the accuracy of the observations — 
the sum of the three angles contained by the chords deduced 
from the spherical angles, ought, if the observed angles were 
truly observed, to equal 180*^. The remainder of the calculation 
in this method is by the common rules of Plane Trigonometry ; 
and the arc of the meridian, if that is proposed to be deterniined, 
is composed of the sides of an irregular polygon inscribed in a 
eifclp^* 

We may then, in a Trigonometrical survey, calculate the 
arcs and angles according to the exact rules of Spherical Trigo- 
nometry, as Boscovich has done ; or, we may reduce the observed 
angles to angles of the chords, and calculate, by Plane Trigo- 
nometry, such reduced angles and the chords, as Delambre and 
Mudge have done ; or we may, by a slight transformation, give 
to spherical triangles the properties of plane triangles, and resolve 
them as such, according to Legendre's method. 

Delambre, indeed, indefatigable in quest of accuracy, informs 
us, Mem. Irut. page 512, 1806, that he computed by the three 
different methods, the whole series of triangles that extend from 
Dunkirk to Barcelona. 



* The whole of the process of calculation in a Trigonometrical survey 
hns not been described. Since the Earth is not a perfect sphere, some 
xmali correction is dne to its spheroidical Ibrm; the investigation of 
these corrections Js net of great difficulty, but is omitted here, since it 
would be foreign to the plan and matter of the present Treatise. 
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CHAP XIII. 



On the Relations between the corresponding Variatiant of the Angles and 
Sides and Triangles ; andy on the Means of selecting^ in the appli- 
cation of Trigonometrical Formula^ the Conditions that are most 
favourable to accuracy/ of result. 

Xhe preceding Chapter contms some illustration of the use 
of Trigonometrical formulae. These formulae are applied to 
certain data or conditions furnished by observation. Now, the 
Mathematical process is sure and infallible $ but all instrumental 
observation, in a greater or less degree, is liable to error. The 
practical result then cannot be perfectly exact : but it will not, 
necessarily, be inexact to the full extent of the error of the ob- 
servation. That error, according to the conditions of the case, 
will be variously modified by the Mathematical process; If it 
changes its magnitude by changing the conditions, it will be leasS 
when the conditions are of certain values. Hence^ if it should 
happen, that we could vary the conditions, it would undoubtedly be 
expedient to assign them such a magnitude, that the errors of ob- 
servations should least vitiate the results : that, in th^ words of a 
Mathematical statement, the error of ^ the result should be least 
with a ^ven error of observation. 

These remarks stand, perhaps, in need of some illustration. 
The height of a tower may be * determined b^ observing the 
angle which its summit makes with the horizon, and by measuring 
the horizontal distance between its base and the station of the 
observer. Now, in observing the angle, a certain error may be 
committed : but the error of the result (that which is Mathema- 
tically obtained) will Tary as the distance between the tower and 
. the observer is varied. If, therefore^ we have it in our power^ to 
regulate that condition, that is, if we can observe the height of 
the tower at what distance we please from its base^ we j^nly 
ought to select that which renders least inaccurate the result. 



Digitized by VjOOQ IC 



198 

Agam^. in Astronomy, the time is determined from an c4>served 
altitude of the Sun or of a Star, from their declination and the 
latitude of the place. It is not then a question of mere curiosity 
to determine in what position, or part of the heavens, the Sun 
or Star ought to be observed, in order that the instrumental error, 
supposed to be of a certain magnitude, may least vitiate the 
determination of the time. 

The determination of the least errors is only one bfMich ci the 
general Problem, which assigns, in its solution, the relations 
between the corresponding errors in the data and results ; that is, 
the given errors in one* or more of the conditions of the Pro- 
blem, and the cons^fuent err4Mfs in the i9suks« Thus, the right 
ascenmn and declination of the Sun are computed in tke 
Nautical Almanack from the longiftmde furnished by die Solar 
Tatdes and from the obliquity of die edtptic- Now, die 
determination of dits latter condition is subject to wbm tnor. 
If -we assign a value to iliat «rrpr, we may dien investigate th^ 
corresponding errors in die right ascension and dedtnatipn. Mid, in 
die result of such investigation, we should neeessaiily inelude the 
cases, in whicti die original error w^Mild least afl^t the vaiues' of 
die right ascension and declination. 

The 0rrori, that hitherto have been spoken of^ are small variations 
or increments in the angles and sides of rectilinear and Spherical 
triangles. Hence, an investigation of their corresponding values 
will comprehend a great variety of Problems that occur in Astro- 
nomy. For instance, it would assign the effects of parallax, re- 
fraction, aberration, precession. Sic. in declination, right ascen- 
sion^ &c* sini:e the effects of these inequalities, always very 
smaU, may be represented by very small portions of the arcs or 
cixdes along which those effects originally take place. 

It IB not here intended tp extend this enq^iry beyond tri- 
Anghtt ; bittt, there are a great yariety of Problems belongiiig to 
fldbar figures and other suibject^ <of in^estig^ition that might h^^e 
jMeen iaduded under the class of £ri^4s m miftti MiiAm. 

This was the Title which Roger Cotes gave to his Tract * on 

M ' I I ■ I " ■■ ■ ■ ii<i « i»ii ■ I I lii ■ n il ■■ i n . .11 ^m 

•* iEstimatio erroram in toiixta Ma^leei per ¥ttrialioaes partium 
TriattgeK plttni -rt Spherici. 
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this subject ; and LacaiUe ^, in treating of the same subject, pro* 
perly describes the object df Cotes's Tract to be the ietirfnination 
of th limits of inevHable errors in the practice of Geometty and 
jostrononuf . 

We purpose to treat this, as we have treated all the preceding 
subjects, analytically. Suppose the relation between an angle A 
and a side ^, to be expressed by this equation, 

sin. A zzm. tan. h \ 

then, if A should be increased by A A^ whilst 6 was increased 
by A 6 (AJ(, Aft, representing the entire differences or in- 
crements of A and 6), the equation belonging to th6 chahged tri- 
angle would be 

sin. (^ -f A 4) = m . tan. (4 + Aft)^ 

and the corresponding errors of A and *, or Ajrf, A 6, would 
be to be determined from this equation, which is the difference 
of the two former, namely, from 

sia,^ + A^)^sin.^ =: m. ( tan. (i *f A*) --- tam. ^ { . 

If we expand f nn. (^ + A A\ the lefit^hftnd side of the 
equation will become 

Now, in most of die cases that come under this en^iry^ A A^ 
whether it represents the quantity of precession^ or of pwalhx, 
or of aberration, &c. is always a very small quantity : so small, 
that without vitiating the result, we may reject all terms involv- 
ing (A A^ 5 (A A)^f &c. ; in which case, the precedmg quantity 
would become 

d • sin. A J. A 

— =—3 — .A -4. 



* ' Le but de PAutear est de determner ks Ikniles d0s errfidris in- 
evitables dans la pratique de la Geometrie et de I'Astronomie.' Acad, 
des Sciences, 1741, p. 240. 

t See Principles qf Analytical Calculation^ pp. 7'i, 73. 
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In like manner, if the right-hand side of the equation be 
evolved and the terms that involve (A^)^, (A*)', &c. be rejected, 
it will be reduced to 

d . tan. h . . 
Hence A^, A 6, are to be determined by this equation, 

d • SlTk* j1 j. a ditSLTk'O A , 

— r-3 — •AA=im — — — ^.A^. 
a A db 

If A Aj A^, should not be very small, or if considerable accuracy 
were required, the terms involving (A Af, (A bf may be retained, 
in which case .the equation will be 

d.sm.A .J d^.An.A f^jyA^ 



[rf tanfc ^^ J«.tan.^ ,? 
[ db ].2,db^^ ^ 5 



and for deducing A ^ in terms of A3, or A & in terms of A j1, 

the solution of a quadratic would be requisite, J — , — — --^ 

a A db 

(see Principles of Anal. Cole. p. 74,) are the differential coefficients 

of sin. Ay tan. 3, and are respectively equal to cos. A^ sec.^ b. 

We have taken a particular form ; but^ if we assume a general 
one, the method will be the same and the formula of solution 
similar. For instance, let X denote any function of A^ and F of b, 
and let the equation be 

X = mT\ 
then the equation for determining A^, Afe, will be 



m 



U-'*T^<-^^-'''\ 



and if A -rf. A*, are very small. 



--= . A^ cs '»-T7- • ^ ^> nearly ; 
d A db 
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br/ -p- . A -rf = — X -rr- . A b, nearly. 

And, m like manner, if F should be a function of C, and U of a, 
&C' and the finite equation of relation should be 

z + II. r + &c. = wi r + ^ y + &c. 

n, m, &c« being constant quantities, the equation of relation be- 
tween A J, A a, &c. these quantities beiijg very small, would be 
nearly 

a^ dC . rf* ^ da- 

In order to facilitate the solutions of the following cases, we 
will .prefix the values of the differential coefficients of sin, t, 
COS. X, Sec. 

^d.sin.x d.cos.x . rf.tan. a: «^^ « ^ 

* — ; =cos. Xf — ; = — sm. X, ; = sec* X 

dx^ ax dx 

d.sec.K tan.jr ^. co-sec. 0^ co-tan. x ^.co-tan. x ^« 

^,^^^ — ^i:::; ^ — > ^ — « co-8€C.' x. 

dx COS. X J. a: sm. x dx 

Example 1. 

In a right-angled triangle, of which one side is h^ the other a^ 
and the angle opposite h, 0^ it is required to find the error or 
variation in h, from a' given error in ^, (See Cotes's E/t. Errorum 
in mixta MatAesi, p. 20.) 

Here, hzza . tan. 0; .-. A A = <i . A ^ . — t-—- = 

a.A0.sec.^0zz^^^.AA0 
tan. a 

;^.A^ ^.Aa 2^.Aa 



tan. . COS.* sin. • cos. sin. 2 ^ 

consequently, if A 9 be given, A h will be least when sin. 2 ^ is the 
greate$t> that is, when = 45^, and consequently, when azizk. 



^ d.shuA* . fl . ' .. . sin. or 

* ■ , ■- , in duxionary notation is — r- , 
- d X • X 



c c 
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Hence, if h represent the height of a tower, and A be the 
error of observation, (see p. 197> 1- 22,) it will be most advan- 
tageous to observe the angular height of the tower at a distance 
about equal to its height *. 

Example 2. 

In a right-angled spherical triangle, where C is the right 
angle, and A is invariable, it is required to find the corresponding 
variations of the hypothenuse c and the side &• 

By Naper's first Rule, p. 146, making the complement of A the 
middle part, and the radius equal 1, 

1 X COS. A = tan. h . cot. r j 

.'. (see p. £01, 1. 12,) 

= A i . sec^ b • cot. r — A ^ . tan. h .co-sec^ c ; 

A 6 tan. 6 co-sec.^ c 



A c sec.^ b cot. c 

sin. b . cos. b 



sm. c . cos. c 
sin. 2 b 
sin. £ c 



(see p. 9, 10.) 



(see p. 12.) 



Example 3. 

Let now c be invariable, and let it be required to find the ratio 
between the variations of the sides a, and b. 

Make the complement of c the middle part, then^ by Naper's 
second Rule, p. 146, 

1 X COS. c = cos. a . cos. b y 

.% (p. £01, 1. 12,) 

= — A.a * sin. a » COS. 6 — A ^ . sin. ^ . cos. a; 

* * Commodissum erit ad earn distantiam (AC) obseryationem instituere 
«t angulus (ACB) flit graduum 45 quamproxime«' Cotes's Est, Errorum, 

p,2a 
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A a sin. ^ cos. a ^ . 

-x-7= r X -: = - tan. 6 x co-tan. a. 

A^ cos.^ 8m» a 



Example 4. 

In an oblique-angled spherical triangle (SZP), if one side (PS), 
vary, it is required to find the corresponding variation in one of 
the angles (SP^). (See Lacaille, Mem. Acad. 1741, p. 242.) 

Let the angles SPZ^ SZP, ZSP be A, C, B respectively, and 
a, r, b, the opposite sides ; then, see p. 139- of this Work, 

cos. A • sin, b . sin. c = cbs. a — cos. b . cos. c $ 

.> by p. 201, 

-r A ^ sin. A . sin. i • sin. r -h A r . cos. c.cos* A . sin* i « 

A ^ • COS. b . sin. r ; 

.*. A ^ = -: — r-A — ; (cos. A , COS. r . sin. *- cos. ^. sin. c) 

sip. ^ .sin.o.sm. £: 

= A £: (co-tan. A . cot. r — co-tan.^ . cosec. A). 

If Z be the zenith, P the pole, and S the Sun, then the above 
solution will, in the method of finding the time by equal altitudes, 
assign the correction of the time (A^) which is due, by reason 
of the variation or error (A c) in the co-declinatioa. (See Astron. 
p, 404.) 

Example 5, 

In the preceding triangle (SZP) if SZ (=«) vary, it is re- 
quired to find the corresponding variation in the angle SPZ 
(=: A). (See £sf. Errorum, &c. p. ^.) 



Byp 


. 1S9. of this "Work, 

• 
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•cos. 1 

•— 


a — 


cos. b . cos. 


c 






sin. 


.^•sin. ^ 


■" 5 


by p. 


201, 














-AA. 


Sin, 


.^s: - 


-A, 


sin. a 






* sin. b . sin, 


c 



Digitized by VjOOQ IC 



S04 



T» . • A • rt Sin. a 

But, 8U1* A == sm, C X -: ; 

sin. € 



A/i sin. ^. sin. C 

Hence, since ^ is supposed to be constant, and C to be variable, 
A ^ is least, (A a being given,) when sin. C is the greatest, that 
is, when C is a right angle. 

If Sy Z, &c. designate, what they were made to do, in the latter 
part of the preceding Example, then this solution determines the 
error in the time (A A) consequent on a given error in the ob- 
served altitude (90® — a\ when from such altitude and the known 
latitude of the place, it is proposed to find the time ; and, the 
solution also determines that the error in the time will be ' the 
least when C{ = &ZP) is 00^ that is, when the star S is on the 
prime vertical. (See Astron. p. 408.) 

By similar processes we might find (as Lacaille has done, Mem. 
Acad, 1741, p. 248.) the eiFects produced in the right ascensions 
and declinations of stars, by the precession of the equinoxes* 
But this, and like Problems require no new or peculiar principle 
for their solution, the first step of which (the essential one in 
this class of Problems) is to be made, as in the foregoing cases, 
by taking the differential or fluxion of each side of the equation 
(see p. 201, 1.12). The other steps necessary to produce 
results of a certain form, must vary with the conditions of the 
case, and consequently cannot be anticipated and prescribed by 
any fixed rules. 

Here terminates what specially belongs to Trigonometry. 
In the course of the Treatise, considerable aid has been drawn 
from certain auxiliary branches of scienot : for instance, in almost 
every example, the processes and formulae of logarithms have 
been introduced. Now, logarithms have neither a more intimate 
nor a more natural connexion with Trigonometry, than with 
many other branches of science. There is no eminent reason, 
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then, why the properties of the former should be discussed in 
a Treatise on the latter science* Still, since it is usual to treat 
together of the one and the other, the custom is here not departed 
from. And, accordingly, for the purpose of investigating 
the** properties of logarithms, and for the discussion of some 
other subjects connected with the preceding matter, the following 
Appendix is now added. 
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I F we look to those branches of Science that are mathe- 
matically treated of, such as Dynamics, Astronomy, &c. we meet 
continually with instances, in which it is necessary to multiply 
numbers together, to divide one number by another, or to extract 
the roots of numbers. The common rules of arithmetic are 
adequate to these operations: but the operations themselves, 
especially if the numbers consist, as is generally the case, of 
several places of figures, are very tedious. The conditions of the , 
problems that are really presented to us in Natural Philosophy 
for solution^ are rarely expressed by small integer numbers. 
They are most frequently the results of methods of approximation ; 
and, as such, are necessarily expressed either by decimals solely, 
or conjointly by integers and decimals. For example, according 
to the meth$d of determining the eccentricity {e) of a planet's 
orbit (see Jstronomyy vol. I. pp. 203, 204,) the eccentricity can 
never be exactly expressed : it. is merely the result of a method of 
approximation i it can only, therefore, be nearly expressed : very 
nearly by five decimal places, more nearly by six, still more so by 
seven, and so on. The case is the same with other quantities : so 
that when we are obliged numerically to expand (which in practice 
we are always obliged to do) our formulae, or the results of our 
mathematical processes, we have to multiply, divide, or extract 
the roots of such quantities as 1.016814, .983185, &c. (I +^,1—^) } 
which operations, indeed, are not difficult, but are tedious; and, if 
of frequent recurrence, very embarrassmg to the computist. . 

There is, besides, this circumstance to be noted in these simple 
operations of divisions, extractions, &c. namely, that the operatioiis 
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performed in- any particular case cease, when the case is resolredy 
to be of farther use. The extractions of the square roots of . an 
hundred numbers do not aid us in determining, with any increase 
of facility, the root of the hundredth and one number. Previous 
operations become not subservient to the abridgment of similar 
subsequent ones. The labours of preceding mathematicians are, 
in. these cases, of no use to those that come after them. 

These inconveniences, (such as have been described) could not 
but be felt by the early analysts : and, as it is natural, having once 
possessed themselves of sure methods of calculation, they began 
to seek after expeditious ones. After many trials and immense 
labour they discovered such, or rather invented such, by means of 
Logarithms* 

These have had various, definitions assigned to them, and have 
been computed by a great variety of methods. They have, with no 
great propriety of language, been styled Artificial lumbers. They 
have no more title to that denomination than the square or cube 
roots of the numbers 2, 3, 5, &c. have. If 10* =3, x is the loga- 
rithm of 3, and is some number between and 1, and must be 
expressed, for the practical purposes of computation, by some 
vulgar or decimal fraction. But ^2, 'v^3, &c. are in the same 
predicament. There is no number that exactly expounds Vg: its 
value (if we may so express ourselves) is between 1 and 2, but not 
capable of being exactly assigned : it is greater than ^, but lesa 
than I ; greater than ^' but less than -j^, &c. &c. ; and these 
limits between which the value of V^ is always placed, may be 
found either by the common rules for the extraction of roots, or by 
' a series of tentative methods. The case is nearly the samewith 
the equation lO* =: 3. A series of limits between which x is, 
successively^ still more and more narrowly placed, may be found 
by trial and the simplest operations : the value of x is between | 
and ^ : it is less than |, greater than g : ^^ than j, greater dnm 
^T less than |, greater dian J|; or less than .5, but greater than 
.46875 : and, in this way, we may make approaches to the loga" 
rithm of 3, with as much certainty as towards the square or cube 
root of 2, 3, or of any other number which is not a complete 
power. The results are no more artificial in one case* than in the 
other. 
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tt 18 trae that the direct process for approaching to the value 
of jv in an equation such as l(yxsS, or IO'sS^Slc. is not so simple 
nor so easily practised as the ordinary processes or rules for the 
extraction of roots. But if we examine die matter on those 
grounds on which all analytical calculation rests, there is no es- 
sential difference between the two processes. They are in the 
same line of consecutive deductions : one nearer, indeed, to the 
common source than the other. 

We have chosen to consider hgarithms as the values d x m 
the equation 10* = W, when N is represented by the several 
numbers from to 1000 and upwards. This, however, is not the 
Jbrm under which logarithms were originally exhibited, or need 
necessarily to be exhibited. It is the form rather to which (after 
many trials) as essentially embodying their properties, they have 
been reduced by analytic art. All numbers then are made equal 
to, or feigned to be equal to certain powers of 10, and the indices 
of diose powers are the hgarithms of the numbers. But it is plain 
if we assume such an equation as 

10* = N, 
or 10^^' -^ = N. 

We may also suppose 2' = Nj or 3* = Ny &c. ; that is, there 
may be several systems of logarithms : alike in their general pro- 
perties, but differing from each other by reason of their hasts^ 
which are the technical denominations of the numbers 2, 3, Sic. 
in the equations 2* = ^, S* = N, &c. 

The general formula for the value of x in the equation N ^tf 
cannot be obtained by any ordinary or simple processes^ But 
there are particular cases in which, without any trouble, we may 
assign the values of at : for instance, if 2 should be the bascy then 
since 

22 ss 4, 2* = 8, 2* =s 16, 2* = 32, &c. 

2, 3, 4, 53;&c. would be the hgarithms of 4, 8, 16^ 32, Sec. If 
3 should be the base^ then since 

3« =i: 9, 3» = 27, 3* = 81, &c. 
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2f 3, 4, &c. in such a system would be the logarithms of 9^ 27* 8 1 , &c. 
In like manner, in the common or Briggs's System of Logarithms^ 
in which 10 is the base» 

2, 3, ^ 5, &c. are the logarithms of 100, 1000, 10000, 
100000, &c. 

There is no need of calculation, not even of the slightest, in 
these simple instances : and, if we selected others, we might still, 
by very simple, although tedious, processes, deduce or approximate 
to (and almost all the values are approximate ones) the values of the 
logarithms of numbers. For instance, if the base should be 2, 
then the. logarithm of a number intermediate to 4(= 2*) and 
8 (=2*) must.be some number (using that term in in its general 
meaning) between 2 and 3 : suppose the number to be 6 = 2': 
then X is intermediate to 2 and 3 : if the arithmetical mean of 
2 and 3, namely |, be used to represent to, then, since 2t =: v^ 
whkh is less than j^S6 (zsi6)i9 or ^, or 2.5 is too small an 
index. If we assume x = 2|, or 3, then since 2r = ^>v/256 
which is greater than *>/2l6 (= 6), the index 2|, or 2.26666, is 
too large. The logarithm of 6, therefore, is now confined within 

2J and 2| : if we try — | =- T- + -y [ we shall find it too 

smaU : the next trial, therefore, must be with some number be- 

tween.the limits — and — : and as these limits successively 
• 12 12 ^ 

approach to each other in value, we shall, by repetition of trial, 

continually approach more and more nearly to the value of the 

logarithm of 6. 

The above, however, is a very rude method of obtaining, and 
by trials not speedily made, the index of 2. It will, together with 
all similar imperfect and irregular methods, be superseded by any 
formula, or regular process, >yhich, from the equation, 

N:=:a', 

exhibits x in terms of N and a. 

From such a formula the arithmetical values of the logarithms 
might be deduced whatever were the system: whether it were 
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Brigg^Sf or the common system in which the base a is 10, of 
Naper^Sy or the hyperbolic^ in which the base is 2.7182818, &c. 

The use of such a formula, as that we have just spoken of, is to 
deduce the logarithms of numbers, principally of prime numbers. 
The use of logarithms is, as it has been stated, to render arith- 
metical operations more compendious*, than they are by the 
ordinary processes of multiplication, division, involution and evo- 
lution. That object (compendium of calculation) is attained partly 
by the registering of the arithmetical values of logarithms, when 
once obtained, and partly by the properties of logarithms. The arith- 
metical values of logarithms are obtained for us by the labours of 
others : and we should have indeed, on that score, the same kind of 
benefit, if the square, cube, &c. roots of numbers, the products of 
numbcrs,&c. obtained by previous computation, should be registered 
in Tables. But, as it is plain, the labour of computation would not 
only be excessive, but the size and number of the Tables would be 
so incommodious as to be almost entirely useless. The logarithms 
of numbers may be comprised within Tables of a convenient size : 
and may be applied, by means of the properties of logarithms^ to all 
arithmetical operations whether of multiplication, division, evo- 
lution or involution. Their properties then (of which we shall 
now proceed to speak) render it, worth the while (whatever the 
expence of time and labour) to procure the computation of several 
millions of results and to insert them in Tables. 

Properties of Logarithms. 

Let N = a% JV' == «^ N'' = ^", N'" = i^\ &c. then 
NN' = fl* X fl' = ^•♦■'' ; but by the definition, x + a:' is the loga- 



* The iatroduction to the English Translation of Briggs states^ 
very plainly and distinctly, the uses of logarithms, '*By them all 
troublesome multiplications and divisions in arithmetic are avoided, and 
performed only by addition instead of multiplication, and by subtrac-^ 
tion instead of division. The curious and laborious extractions of roots 
are also performed with great ease, as the square root of any number is 
found by bipartition or division by 2, &c.'^ Logarithmetical Arithmetic, 
IfiSh 
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rithm of the number represented by NN', and x and a/, by the 
same definition, are the logarithms of N and N' 5 hence we 
have, in other symbols^ 

log, {NN') = log. N + log. N\ 

If therefore we possess already computed the logarithms of 
numbers, instead of multiplying, when there is occasion, one 
number by another, it is sufficient simply to add their logarithms ; 
and^ the sum will be a logarithm corresponding to which, is the 
number that is the product required. For instance, 

the logarithm of 213 = 0.3283796' 

of 47.£ = 1.6739420 

2.002321 a 

I 

and, the number corresponding to 2.0023216 is 100.536^ which 
is the product of 2.13, and 47.2 ; as on trial, it will be found 
to be. 

Again, NN'N*' z=: a' x a" x i^ = «'+"+'''; but by the 
definition, x-^-x' + af^is the logarithm of NN'N", or, 

log. N + log. N' + log. JV" = log. {NN' Ny 

Again, — =— =:^— *', but by the definition, or— a' is the loga-^ 

N 



N 
rithm of the number corresponding to A*—", or — : or. 



jV 
log, N - log. JV ' = log. — ; 

hence, instead of dividing, for instance, 841.32 by 5.316, subtract 
the logarithm of 5.316 from that of 841.32, and the remainder 
is a logarithm, corresponding to which is a number that is the 
quotient that would arise on dividing 841.32 by 5.316 ; 

Again, JN'"*=(£i')~=o**', but, by the definition, mxis the loga- 
rithm of ii*"', or N'^'f .*. in other symbols, 

m log. N = log. N*^ ; 

hence> instead, for instance, of multiplying 53.127, five times 
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by itself, la order to obtain (53, 127)^ multiply the logarithm of 
53.127 by 6, and the product is a logarithm, the number corre- 
sponding to which is the 6th power of 53.127- 

Again, iV» n («*) » sij^ : but by the definition, - is the loga- 

n 

nthm of a number represented by fl» , or JV * : or in other sym- 
bols, 

1 1 

-.log. ^ = log. W** . 
n 

Hence, instead, for instance, of extracting the square root of 
137.51 twice, in order to obtain* is/ (137. 51), divide the logarithm 
of 137.51 by 4, and the result is a logarithm : and the number 
corresponding to it is the fourth or Biquadratic Root of 137.51. 

Even these few illustrations shew the utility of logarithms : 
by means of a few siiiiple rules and the same Tables, or registered 
results, the complex operations of arithmetic (as they may be 
called) or the involution and evolution of numbers, are super- 
seded by the most simple, which are addition or subtraction. The 
enquiry, therefore, may be now directed towards what, indeed, are, 
in this subject, the sole remaining objects of curiosity, the certain 
methods of computing logarithms from numbers, and numbers 
from logarithms. These objects will, it is evident, be attained by 
the solutions of two problems, by one of which, the equation 
being 

N = a', ^ 

X should be expressed in terms of N and a : and by the other N 
should be expressed in terms of a and x ; the expressions in each 
case admitting (which is essential) of an easy application in 
specific instances. 



Expansion of a*. 
«• = { 1+ (a - 1) } ' 
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+ X . ^Ili . iZl . (a - 1)^ + &c. by the Binomial Theorem * : 

and arranging the series by the powers of x\ if -siX ^ s 
\ (^- 1) - i (^ - 1)^ + W - 1)^ - &c. J +ga?« + r*» -h &c. 
jT, r, &c. standing for certain combtnations of (a — l)*, {a^ 1)', with 
the numbers, 2, 3, &c. : for, it is plain, from the manner by 
which they must be formed, that they cannot involve the index 
Xf or any function of it : 

hence, if we put/ = (a - i) - |(fl - 1)« + J (a - 1)* - &c. 

tf'zzl +/7a: + gri« + rx^+ &c. 

and fl'zzl +j5;z:4-?:z*-l-r'2^+ &c. 

.-. tf X fl», or «* + '= 1 -h/?(x + 2) -V ]^xz + j(x* + z*) + 

pq{x^ % + 2:* Ap) + &c. ; but from the original form for «*, sub- 
sdtttting 9i •\' z instead of «*, we have 

tf*-*-' = 1 -|-/?(^ + :8) 4- ?(x + 3:)2 -h r{x + ;2)' 4- &c. 

= 1 +;?(ar + 2) + y .2j?2; + 5 (x^ + z^) + ^^3^22 + 3j?2«) + &c. 

hence, comparing the terms that involve like powers and com- 
binations of X and z\ 



2q -j^j and /. q ^^y 



|2 



3 r =r pa. and .-. r r: -C-^ = -£— ; 
and, if s represent the coefficient of the term succeeding r or^. 



,4 



This series then determines the number N in terms of the 
* See Woodhouse's Brinciples qf Analytical Calculation, p. 35, &c. 
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base a, and the index or logarithm x ; but» the reverse Problem, or 
that which determines j: in the terms of N and a is of the most 
consequence. 

X expressed in terms of N and a. 

Since tf* = 1 + pj: -f -^ x^ + -^ — ^ -f &c. 
1.2 1 .2.S 

N' = 1 + P;2 + — 2« + - ^' 2» -h &c. 
1 .2 1 .2.3 

if P =:(iV- l)--.|(i^-.l)2 + J(i^«l)S«&C. 

but, since iV=tf% N'=/i« z= 1 +/?xz + ^^^ .z^ + &c. 

1*2 

Hence, comparing the terms that are aiFected with like powers 

(v x^^ P' 

of z, pa:=: P, ^ ^ ss , the same equation in fact as 

1.2 1.2 ^ 

and hence, if instead of JV = a*, the equation is 1 ± N = a*, 

we shall have. = , =^,.^ " ^ ^!.t/.^' "^s''^ [i]. 
(tf-l)-i(^-l)«+i(^-l)*-&c. *• 

This is a simple algebraical mode o^ expressing x : but, it 
does not follow that it is, in all instances, commodious for the 
arithmetical computation of x; since, if N be represented by any 
number, 7 for instance, and a be lO, the base of the common 
logarithms, neither the series 6 — ^ (36) + J (2 16) — &c. repre- 
senting the numerator, nor the series 9 — J.(8l)4-i (729) — &c. 
representing the denominator, converge : in fact, the terms of the 
series are larger, the more remote they are from the beginning, 
and consequently no number of them summed can exhibit, either 
exactly or nearly, the true sum. Retaining then the law of the 
expressions, we must now adapt them to numerical computation : 
and first we will shew a method of computing 

p = (fl - 1) — j (fl r- 1)« + &c. 
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In the series a* = 1 -f o x + -^ «* -f - K ^ ^ + ^^' 

^ 1 .a 1.2.3 

let 07 = 1^ and j9 ss 1, then a will have a peculiar value^ and 

be = 1 + 1 + — + — i — +&€•«= 2.7182818284, kc 
1.2 1.2.3 

call this <r, then (^ - l)-i(^ - 1)* + i (* - l)* - &Ci (which 
is the value oip in this case) s 1. 

In the expression for <f put x = - > then 

i. 1 « , 1 . 

A^ s 1 + 1 + + 8ic.=^, and - = ^""'j 

1.2 a 

but if ^— ' ss - , then, by the form [/], page 214, 
a 

P- (,_l)_4(^_J)«+J(*_l)»_&C. 

or, unce the denominator =1, 

Now, since a — 1 -< «, this series always converges. Hence, in 
the common system, or Briggs's, in which a = 10, 

p-.g^ I^ + ^^ + &c. = 2,3025850929, &€. 

Let us now endeavour to obtain the numerator by means of a 
converging series. 

By the form [L], page 214, it appears, that 

if 1 + « = tf% AT = i (« - i«^ + Jn» - &c.) 
P 

and, if 1— « = fl^y=-(-n-in* — J«^ — &c.) 
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Hence, 

ii^=«'-», and, x-y, = ? (« + 4 «» + j ««+&c.> 

or, log. (^j-^) = ? (« + Jn^ 4- i «^ 4- &c.) 
JV- 1 



1 + 



N 4- 1 
Now, W = XTZTT * substitute therefore, in the preceding 

1 - ^ 1 

N + 1 

N — 1 
form, rrr instead of «, and we shall have 

isr+ 1 

and this series is plainly a converging series, for > ' • being 

a proper fraction, the terms, reckoning from the beginning of the 
series, are less and less. 

For other methods, see the Principles of Analifiical Calculation^ 
pp. 137, &c. 
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Let it be required to compute the logarithms of 2 and 3. 



iV= 2, and 



iV^- 1 _ 1 
iV + 1 "■ 3 

= .33333333 



1 
3.3^" 

1 
5.3» " 

1 

7 .37;* 

_l 

9. 39'" 

1 

n.3"' 
1 

13. 3''* 



••• log. 2 = 



. = .01234567 

.= .00082304 

, = .00006532 

. = .00000564 

.= .00000051 

.= .00000004 
.34657355 

X .3465735 



2.30258509 &c. 

= .3010300 to 7 places. 



N=:S, and 



1 
2' 



AT-l 



1 



1 
3.23' 

J 
5.2*' 

1 
7.27' * 



1 

9.29" 

1 
11.2*»' 

1 

1 3.2*3 • 

1 



15.2'* 

1_ 

17.2"' 

1 
19.2*»' 

1_ 

21.2"»' 

1_ 

23.2«3' 



AT+l "" 4 "■ 2 
....= .5 

= .0416666666 

= .00625 

= .0011160714 

= .0002170138 

= .0000443892 

. . . . = .0000093900 
. . . . = .0000020345 
= .0000004487 

-....= .0000001003 
. . . . = .0000000227 

.....= .0000000050 



•5493061422 



.-. log. 3 = 
2 



2.30258509 ^^"'^'^^^^^^^ 
= .4771212, 



££ 



Digitized by VjOOQ IC — 



218 

The logarithms of 2 and 3 thus computed, are the logarithms 
in Briggs's, or the common system, in which a = 10 and 
(fl - 1) - i(^-l)* + i'(a-iy - &c. = 2.30258509, &c. 

If we take the base = ^ =: 2.71828182, &c., in which 
(^- 1)— i . (^- l)*+i (e- if -&c. = 1, the logarithms will belong 
to a system called, from certain analogies, Ht/perbolic, or from 
its inventor, Napet^s / and accordingly^ we shall hare the hyper- 
bolic logarithm of numbers from the preceding series, by omitting 
the denominator /7 which is equal to ], 

since it = {e- 1) - i(^- 1)» + J (^- If - &c. 
hence, hyp. log. 2 = .693 147 18, and hyp. log. 3 = 1.098612, &c, 

A constant multiplier connects one system of logarithms with 
another : if A be the hyperbolic logarithm of a number N, then, 

* X ^ ^^^.^.r.^ n. f or h X .43429448, Sec. is the common 
2.30258509, Scc. 

logarithm. Generally, if the base of a system of logarithms be 

h 
^, then, in that system, the logarithm of a number N = -^ , 

if B = (*- i)-i.(^- i)» + j(6 - i)3_&c. 

or, if j: be the logarithm of a number N in a system of which the 
base is a, then log. N (base b) = 

£^ _ (a^l)^l(a^iy+j,(a^iy^ Sec. 

' B " (6~l)-i (*- 1)* +4 (b-lf- &c. ' 

By means of the logarithmic series, page 214, the logarithms 
of 2 and 3 have been computed ; and, by the aid of the same series, 
by the properties of logarithms, and by certain simple decom* 
positions of numbers, the logarithms of all other numbers may be 
found: for instance. 

The logarithms of 5 *, 7i 11 may be computed from the 
series. 



* Since 5 = -^, log. 5= log.— = log. 10 - log. 2= 1 -log. 2 = 

1 -> .3010500 ^ .6989700 ; .*. it is unnecessary to compute the log. 6 
by the series. 
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r The logarithms of 4, 6, 8, 9, lO, 12, 14, 15, l6, 64, &c. 

will follow from the properties of logarithms, for 

log. 4= log. 2* ..^52 log. 2 

log. 6= log. (2 X 3); • = log- 2+log. 3. 

log. 8= log. 2» = 3 log. 2 

log. 9= log. 3* = 2 log, 3 

log, 10= log.(2x5) = log. 2+log.5 

log. 12= Iog.3 + log.4 — log.3+2log.2 

log. 14= = log. 2+log. 7 

log. 15= = log. 3+log. 5 

log. 16= log. 2*.. = 4 log. 2 

log. 64= log. 2* - ss «log« 2. 

The logarithms of IS, 17, 19, «S, 29, &c. cannot be easily 

computed from the series [\], since "~ , the larger N is, 

approaches to l: with the preceding numbers iS, l7, &c. the 

fraction would be respectively, — , or-, — , or-, -r-, -rT* ^'^' 

and the numbers also being prime cannot be resolved into factors ; 
but if they algebraically be expressed after this manner, viz. 

W^ = (iST - 1) (^1 + j5-^)> then 
log. N = log. (N - 1) + log. (\ + j^^4-l) == 

by [i], page 214 -, and thus, the logarithms may be computed by 
series that converge with sufficient rapidity. 

For instance, 
if 2yr=13; log. ,3=log. 12+i(^ _ __L_ + _i_, - &e.) 

if2yr=17; log.l7=log.l6+i(3L_-J_ + ^,_&c.) 

if JV=23 ; log. 23^1og. 22+^-(^ _ _|_ + ^ - &c.) 

if2^=29i log.29=log.28^(^- ^+5-^-&c.) 
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« 

In these expressions^ the logarithms of 12| 16, 22, 28, are 
known from the logarithms of their factors, see p. 219 : and when 
JV is a prime number, N — 1 can be aways resolved into factors. 
There are, however, besides the preceding, various other artifices 
and methods for computing logarithms *. 

But, as it has been in substance remarked before, the art of 
computing logarithms, and dexterity in that art, would, by them- 
selves, be of no use in expediting calculation : if, for instance, we 
had to multiply 31.523 by 17.81, and to divide the product by 
5.4312, it would be a most long method of performing the ope- 
ration, to investigate the logarithms of these numbers. It is the 
circumstance of registering computed logarithms in Tables, and, 
by the art of printing, of multiplying such Tables, that enables us 
to compute quickly. The calculation of logarithms is exceedingly 
operose ; but one man calculates for thousands, and the results of 
tedious operations are made subservient to the abridgment of 
similar ones. 

'. By the methods already described, the logarithms of all numbers 
from V to 100000, are computed and registered in Tables. Those 
in common use contain the logarithms of numbers, according to 
Briggs's System, in which the base (a) is 10. Naper's, or the 
Hyperbolic logarithms are so seldom required in numerical cal- 
culation, that it is more convenient to deduce them from Briggs's, 
by multiplying the latter into the number 2.30258509299, &c. 
than to search for them in separate Tables t. 

ButNaper'sSystem, in which, (<?--l)-^(<? - 1)* + J(^-iy 
— &c. zz I (e =: base) is, apparently, so very simple, that there 
must exist some substantial reason for the adoption of Briggs's. 
Now, in this latter system, the logarithm of 10 is 1, the loga- 
rithms of 100,- or 10*, of 1000, or 10', &c. are 2, 3, &c. re- 
spectively 5 consequently, the logarithm (L) of a number N being 

* See Principles of Anal Calc, pages 142 to 183 : Phil. Trans. 1S06, 
p. 327 : Bertrand, p. 421 to 676. 

t Thomas Simpson, has given a short Table of Hyperbolic Loga- 
rithms at the end of his Fluxions : in Callet's and Button's Logarithms 
there is a Table, of a single page, for converting common into Hyper-* 
bolic Logarithms. 
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known, the logarithms of all numbers corresponding to N x 10*% 

N 
or — I can be expressed by an alteration in L of the simplest kind. 

Thus, if the logarithm of 2.7341 be .4S68144, the logarithms of 
the numbers 27.341,273.41, 2734.1,27341, 273410, are 1.4368144, 
9.4368144, 3.4368144, 4.4368144, 5.4368144; that is, these 
latter logarithms are formed from the first by merely prefixing to 
the decimal, 1, 2, 3, 4, 5, which are called characteristics^ and 
which characteristics are always numbers one less than the number 
of the figures of the integers in the numbers whose logarithms are 
required : the reason is this, 
27-341 = 10x2.734 1; .*. log.27.34I = Iog. 10+log.2.7341 = 1.4368144 
2734.1=1000x2.7341 ; .'.log. 2734,1= log. lOOO+log. 2.7341 = 3,4368144 

and generally, log. 10"* x N = log. 10*" + log. N = m + L 
and, similarly, it is plain, that the logarithms of 

2.7341 2.7341 2.7341 2.7341 . ,. ^ 

, — , , , that IS, of 

10 100 1000 10,000 

.27341, .027341, .0027341, .00027341, 

must be the logarithm of 2.7341, or .4368144, Subtracting, «e- 
specdvely, the numbers 1, 2, 3, 4, which subtraction, it is usu^il 
thus to indicate : 

r.4368144, 2.4368144, 3.4368l44, 4.4368144 

The logarithm of a number (N), then, being inserted in the 
Tables, it is needless to insert the logarithms of those numbers 
that can be formed by multiplying or dividing N by 10 and 
powers of lO. 

Hence, we are enabled to contract the size of logarithmic 
Tables: and this advantage is peculiarly connected with the 
decimal system of notation. If there had been, in common use, 
scales of notation, the roots * of which were 9, or 7, or 3 : then 
the most convenient systems of logarithms would have been those, 

^ The root or radix of a scale is that number according to the 
powers of which any digit, as it is moved more and more towards the 
left, increases in value : in our scale the root is 10 : thus 723=7 x 10^ 
+ 2 X 10 + 3. 
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the base$ of whicfa> «re 9> 7 9 ^f respectively. For^ in such cases^ 

after having computed the logarithm of any number N, we could 
immediately, by means of the characteristics, assign the logarithm 

of any number represented by 9~ x ^, or — [root =: 9,] which 

numbers would, analogously to the present method, be denoted 

by merely altering the place of the point or comma that 

separates integers from fractions. The root, then, in the scale 

of notation ought to determine the choice of the base in a 

system of logarithms. We may construct logarithms with a 

base = 3, and then, having computed the logarithm Z of a 

number N, the logarithms of all numbers corresponding to 

N 
3"* X N, and — would he m + L, and -- m + L, and, there- 
o 

fore, could be assigned by merely prefixing the proper charac- 
teristics ; but then, in order to know the numbers corresponding 

N 
to S'^ X N and — , we must multiply and divide N by 3, and 

the powers of 3. We cannot multiply and divide by simply 
altering the place of the point or comma that separates integers 
from decimals ; so that, in fact, not knowing,. by inspection, such 
numbers as 3 N, 9 Ny 27 iV, and 3"» x N, we should be obliged 
to insert the logarithms of ail numbers in the Tables. 

A single instance will elucidate this statement r with a base 
rz3, the logarithm of 2.7341 equals .915519, then the logarithms 
of the numbers 

. 8.2623, 24.6069, 73.8207, 221.4621 

are 1.915529, 2.915h9, S.915519, 4.915519; 

for, the numbers 8.2023, 24.6069, &c. are produced by multi- 
plying 2.7341 by 3, 3% 3% 3*, respectively; they are known, 
however, only by actual multiplication, and consequently it would 
not be sufficient to insert in Tables of logarithms constructed to a 
base = 3, the logarithm of 2.7341 only; but, those of 8.2023, 
24.6069, 73.8207, 221.4621, &c. must be also inserted : and it 
is plain, that the logarithms of 27.341, 273.41, 2734.1, 27341» 
•027341 must be also inserted. If these latter logarithms are not 
inserted^ the computist would be obliged to undergo^ the labour 
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of forming them, by adding to |he logarithm of 2.7341, re- 
spectively, the logaritfims of 10, 100, 1000, &c. computed to a 
base = 3. 

This is not the sole principal inconvenience that would arise 
from using a system of logarithms with a base not equal to 10. 
We might indeed, as it has been explained, by slight Arithmetical 
operations, directly find the logarithms, of numbers from Tables 
of no greater extent than those which are in use ; but, the reverse 
operation of finding the number from the logarithm, could not 
at all conveniently or briefly be performed : for, the logarithm 
proposed might be nearly equal to a logarithm which the Tables 
did not contain. These considerations will, perhaps, be suf- 
ficient to shew the very great improvement that necessarily 
ensued o;i Briggs's alteration of the logarithmic base. The real 
value of that alteration does not seem to have been duly appre- 
ciated by writers on this subject. 

For the description and use of Tables, in which the computed 
logarithms of numbers are recorded, the Reader is referred to the 
volumes of the Tables themselves : and, as nothing seems wanting 
to the plainness and precision of the rules therein delivered, it 
would be a needless accumulation of matter to insert them here* 
The principle however of the construction of certain small Tables 
for proportional parts, that are nearest the margin of every page, 
requires explanation. The use of these Tables is to find the 
logarithms of numbers consisting of more than five places. See 
Sherwin, p. 6, Hutton, p. 128, first edition. 

Let the number composed of the first five figures or digits 
of the number N be w ; therefore, the number next to «, or which 
diflFers from nhj 1, is «+ 1 ; let ^ be the digit, which placed after 
the digits composing n, shall make it N, then N ss 10 n + fic, and 

log. iV=log. (10« + j:)= log. lOn (l +— ^ , 

= 1(%. 10« + log. (l + ^) [p. 211], 



Digitized by VjOOQ IC 



334 

, if the terms 



x" 



^, &c. are, on ac- 



=log. 10« ■^^^,^, -"- 2^^|o^ 

count of their minuteness^ neglected. 

Again, log. IL±-i =; log. ^ 1 -h M = i . ^^ [neglecting 
J, &c.] consequently, = log. (» + l) — log. w, and 



p X 10/1 10 

and from this formula the small Tables of the proportional parts 
may be computed : for instance, 

Let N = 678323, then n = 67832, and w + 1 = 67833, 
and log. 67833 - log. 67832 = 8314410 — 8314346 = 64, 

atid since x = 3, — { log, (»+ i) — log. n } =— x 64 = 19.2, 

(or taking the nearest whole number) = 19 - and by putting for jt, 
1, 2, 3, &c. we may form the small Table which is in the page 
containing the number 6783, &c. thus: 



X = 1 


Proportional Part. 
6.4 


Proportional Part 
in the nearest integers. 

6 


2 


12.8 


13 


3 


19.2 


19 


4 


25.6 


26 


5 


32 


32 


6 


38.4 


38 


7 


44.8 


45 


8 


51.2 


51 


9 


57.6 


58 



See Sherwin's Tables, page 6, and at number 6783, and also 
Button's, page 128. 

The above proof establishes the truth of the precept for 
finding the logarithms of numbers consisting of more than 5 places 
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of figtties : the other (Hrecept * which ilirects us to find the number 
corresponding to a logarithm not found exactly in TaUes, may 
be thus proved. 

Let L be the proposed logarithm, N the number : / the tabulaic 
logarithm 'next less; /' the tabular logarithm next greater j n, 
pff their corresponding numbers. 

Let X be the difference of N and w, or let iV = n + a: ; then 
kg* ^=:log. (» + jp) 5= log. n( 1 -h- ^=log. n + log. ( I -{-^J 

or, Z i= / -J- -=— , nearly ; .\ x = np (L — /). 
np 

Again, 
log. n = log. (/I + 1) =log.« (^1 +-) =Iog. n + log. (l +i) 

or / = /H ; .'. /'— /= — , consequently x = "" , and AT a 

n^ /j[p / — / 

g-fjrsgrf-f / "~ V f»o« which expresstoki, the precept (Sher* 

win, p. 8. Hutton, p. i30.} ahd the small Table are derived : for 
instance, let L =z .4414728> then (see the Tables), 

/ = .MU595, n = 27635 

r =: .4.414752, «' =s 27636 

.\ L — i n 133, r n 157, and — -- = - x — — — 
' i- ' 157 10 157 

1 l«56 + 74_, J^ 1 ^ ^400 



10 157 1570 100 1570 

j^ X ^^QQ+^^^Q -: .8 + .04 + &c. « .84 + &c. 8 and 4 
100 1570 

being the two figures given according to the Rule and Table, 8 
corresponding to 125.6, or 126 the nearest integer, and 4 to 62.8^ 
or 63 the nearest integer. 



* Htttton^p* IdO, first edition : Sherwin^ p« 8, fifth edition* 

F F 
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It may now be worth tibe while to illustrate, by a fewoipiote 
instances/ the uses of logarithms ; and this will be^done chiefly 
with a view of relieving the Student from any embarrassment 
which the negative index or characteristic (see p. 221.) as it is 
called^ may occasion. 

In the common sy^em of logarithms in which the base is 10, 
1 is the logarithm of 10, and the logarithm of 1 : consequently, 
every number than can be assigned between 10 and 1 must have 
for its logarithm a proper fraction, or (since a fraction may always 
be decimally expressed) a decimal fraction. The logarithms, 
therefore^ of 2, 3, 4i.56y 6.9345^ &c. must be such decimals as 

.3010300, .47712125, .6589648, .8410152, &c. 

which, as it has been already argued (see pp. 207, 8cc.) are 
not to be called artificial numbers, but are computed numbers 
such as make good the equations, 

10.6589648 = 4.56, 1(>8410152 - 6-9345. 

The Logarithmic Tables contain, in fact^ the logarithms only 
of those numbers which are contained between 1 and lO ; and, 
from these registered logarithms, those of other numbers, less 
than 1, and greater than 10^ are to be derived by means of the 
properties of logarithms. Thus, in the following extract from 
Sherwin's Tables : 



Nambers. 


Logarithms. 


1255 


093 6437 


56 


9896 


67 


099 3358 


58 


6806 


59 


100 0257 



the logarithms, with a decimal point prefixed to their first figure, 
are respectively the true or real logarithms of 

1.255, 1.256, 1.257, 1.258, 1,259, 

and since * 

log. 12.55 =log. (1.255 X 10)=log. 1.255 +log. lOalog. 1.255+1* 
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knd since simDarly, 

log. 125.5 = log. 1.255 = log. 1.255 + 2, &c. 

we find by these properties of logarithms^ the logarithms of 12.55, 
1£5.5^ 1255, &c. to be expressed by 

1.09864S7, 2.0986437, 3.0986437 : 

and similarly, we may, from the logarithms of 1.256, 1.257, &c. 
immediately assign, by preGxing the proper indices or charac- 
teristics, the logarithms of 12.56, 125.6, 12560^ &c. 12.57, &c. 
1257000, &c. 

But if ^0986437 be, as it is, the real logarithm of 1.255, the 
real logarithm of .1255 r since .1255 = -^ 1 must equal 

.0986437 - 1, or - .9013562, 

(1 255\ 
since .01255 = ■ ' ■ 1 must 

equal 

.0986437 — 2, or - 1.9013562. ' 

llbese negative quantities, then, are the real logarithms of the 
above decimal numbers, that is, the equations, 

.12.55 :;: lO^wssee, or « 

.01255 =10-^-^^-««, or ^^^^^^ 

See. = See. 
arcj within certain limits of exactness, true equations. 

Now although, by means of the registered logarithms, the 
logarithms of decimal numbers may always be assigned by the 
preceding method, yet they are not immediately assigned : there- 
intervenes, as an operation, the subtraction of the logarithm taken 
out of the Tables, either from 1, or 2, or 3, &c. In order to get rid. 
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of this subtraction, the Authors of the Rules or Preempts for th* 
use of Logarithmic Tables have devised a notation for negative 
logarithms (which the logarithms of all proper fractions are) by 
which the number or the series of figures assigned by the Tables for 
the logarithm of any number may be retained. They have choseii 
to represent the logarithms of 

.1255, .01255^ .001255, &c. 

neither by .0966437 - 1, .0986437 — 2, 8tc. 
nor by the results - .901356^, — 1.901 S568, 
but by 

T.0986437, 2.0986437, &c. 

and they apply a similar conventional notation to designate the 
logarithms of all other decimal numbers. The advantage of this 
notation is obvious : the same set of figures or of cyphers which 
the Tables assign to a number are to be forthwith used, whst*- 
ever that number be, whether integer or a decimal fraction : thus, 
if in the Logarithmic Tables 8785218, under the column marked 
log., stands opposite the number 756, then, by the properties of 
logarithms (see pp. 210, 8cc.) and the peculiar notation^ 



Numtiert. 


Logarithtns. 


75600 


4.8785218 


1S%0 


3.8785218 


756 


2.8785218 


7.56 


1.8785218 


.756 


0.8785218 


.0756 


1.8785218 


.00756 


2.8785218 


.00756 


3.8785218 



. The first 5 logarithms are real numbers in which the figtires 
and cyphers have, according to their order or arrangement^ that 
significancy which they have in all ordinary arithmetical opera- 
tions : the 3 last logarithms might be called Artificial Numbers, 
since their significancy cannot be inferred from analogy, but is 
altogether arbitrary or conventional. 
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NoV) this being die e&de, w€ cannot^ relatively to fhese latter 
logarithmsi establish any rules for opetating on diem, that is, any 
rules for adding to them, or for miiltiplying a^d dividing them^ 
except by reference to what they are made to stand for. In so 
doing we make a recurrence to a kind oi first principles. In order 
then to add die logarithms, 

T.43296dS and 2.6901961, 

(which it is necessary to do in finding, by means of die Logaridlmic 
Tables^ the product of .471 and X>49 of which the above quan- 
tities are respecdvely the logarithms) we must substitute.. the 
quantities they stand for : thus 

(«) 1.4329693 = •432969S - 1 * 

(*) 2.6901961 = .6901961 - 2 
1.1231654 — 3. 

Now 1.1231654 means 1 4- .1231654; 

••.1.1231654 - 3 equals .1231654 - 2, 

which, according to the peculiar notation, may be ditts written 
2.1231654 X which is the result that would be obtain^ by acldfOg 
(ii) and (^), and causing the unit carried over by the addition of 4 

and 6 to destroy l« Generally, 

«.431 = .431 - n 

— " • j?* 

m . 752 =: .752 — iw 
" ^ ■ .11 

.% « -f- w -I- 1 . 183 = 1.18S — « - wi 

= .183 — (» — 1)— *iw; 



but .183 — («— 1) — w may be written w - 1 + wi . 183 \ 

,*. in n +m + 1.183 the 1 is to be incorporated widi the ^ 6r m, 
and written thus. 



wi - 1 + m . 183, o^ m - 1 + /1 . 183. 

Suppose it necessary to subtract the preceding logarithms 
(which it would be were k required Ito divide, by mesiiis (tf loga- 
rithmic Tables .27 1 by .049.) 
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then alnce (c) TAS2969S stands for .4329693 — U 
and (^2^6901961 ,6901961—2} 

ky subtraction, the right result is — 1 +.7227732 -h 1> 

or .72*27732 

which is the same result as will follow by subtracting (d) from (c) 
in the common way and by considering — 1 and 1 as the same. 

In order to procure instances for the multiplication and division 
of such indices or characteristics, as 2, 3, &c. Suppose it were 
required to find, by the. aid of the Logarithmic Tables, the value 
of (,0756)3. 

Now, by the properties of logarithms (see pp. 210, &c.) 

log. (.0756)' = 3 log. 0756 = 3. x 2.8785218 

Now 2.8785218 stands for .8785218 -- 2 
(multiply by 3) 3 

2.6355654 - 6 

but 2.6355654—6, is the same as 2 + .6355654 - 6, which equals 
•6S55654, which, according to the peculiar notation of logarithms 
(see p. 228.) may be thus noted 4.6355654 : the same result as 
will be obtained by multiplying 2.87.85218 by 3, considering 
6 (=3 X 2) + 2 to be the same as 4. 

Since .6355654 is the logarithm of 4.3208, 4.6355654 [which 
is the logarithm of (.0756)^], is the logarithm of .00043208 : con- 
sequently, 

(.0756)' f= .00043208. 

When the index or characteristic is to be divided (which 
happens in finding the root of numbers by the method of loga- 
rithms) the operation is less direct : suppose it were required to 
find the value of (.0756)^. 

Now log. (.0756)^ = 1 log. 0756 = i (2.8785218), 
o • 3 
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Now, 2.87852182= .8785218 - 2 

= 1 + .8785218 - 2 - 1 
= 1 + .8785218 - 3 
or = 1.8785218 - 3 

.-. 1(2.8785218) = i (1.8785218 - 3) 

= .6261739 - 1 
or "1.6261739. 

But it is eiddent we may at once obtain this result by changing 
2, into 3f then by dividing by 3, and, in the division immediately 
succeeding to that of the index, carrying 1, as a quantity borrowed, 
to the next figure. 

If the value of (.0756)^ had been required, then, since it 
would be necessary to divide 2.8785218 by 5, we must make 2, 5, 
and cany, as quantity borrowed, 3 to the next figure : for 

2'.8785218 = .8785218 - 2 
= 3.8785218 - 5 

.-. i (2.8785218) =i (5- ■♦- 3.8785218) 
5 5 

= T.7757043. 

A few. more instances, involving such characteristics as 
2, 3, &.C. are subjoined. 

Required the sum of 3.6989700, 7.3467875, 1.4771213, 
5.4313638, 

by separate additions, 

7.3467875 3.6989700 

5.4313638 1.4771213 



12.7781513 5.1760913 

12.7781513 

7.9542426 
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7.3467B75 
6.4813638 
3.6989700 
1.4771213 

"7^542426 

Instances of Subtraction. 
1st, 7.9788107 (= log. 00000095238) 
fubtrah^d i.l 549020 ( s log. 00 14986) 

4.8239087 ( = log. OOOt566(J6). 

2d, 2.2218487 (= log. .016666) 
subtrahend 4.6989700 (= log. .50000) 

7.5M8787 (= log. .000000^3333). 

In the first of these kistances the quotient (.00066666) arising 
from dividing .00000095258 by .0014285, is found by the method 
of logarithms : and ixi the seco&d die quotient (.00000033333) 
arising from dividing .016666 by 50000. 

Instances rf MultipRcatim and Division. 
Find the values of (.05)*, of (.0000625)^, and of (.075218)^. 
1st multiplicand ¥.6989700 (the log. of .05) 
mukiplier 5 

7.4948500 (the log. of .0000003 125) 
.-. (.05)' s ,0000003125 
2d, 4 1 5.7958828, the dividend (= log. 0000625) 

2.9489707 (= log. .088914) j 
,/. (.0000625)^ = .088914. 

3d, T[87^253 (= log. .075218) 

2 



5 I 1.7526506 (see pp. 230, 231.) 
1.9505301 (= log. .89234) J 
.-. (.075218)^ = .89234. 
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The logarithms of decimal fractions (see pp. d27> 8tc.) ate truly 
and properly expressed by negative quantities: but since (see 
pp. 228.) they are not comtnodiousltf so , expressed, a peculiar 
notation with negative indices or characteristics has been invented. 
Their meaning is to be derived not from analogy, but from the 
terms of that prescription that assigns them their meaning. We 
must refer, as we have seen (see pp. 229, Sec), to the same source 
for establishing the truth of rules for operating on such indices. 
But there is another contrivance for designating the logarithms of 
fractions, in which no negative indices are employed. This 
consists in borrowing 10, or 100, or 1000, 8cc. and by prefixing, 
to the decimal part of the logarithm, the difference between 10, 
or 100, or &c., and 1, 2, &c. Thus, 

instead of r8763253, 7'.4948500, &c. 

the numbers 9-8763253, 3.4948500, &c. 

or 99.8763253, 93.4948500, &c. 

are written : but then, in these cases, to prevent ambiguities or to 
derive rules for operating on these artificial logarithms, it must be 
noted or understood that 10, 100, &c. is borrowed. For, .4948500, 
1.4946500, really representing the logarithms of 3.125, 31.25, the 
logarithm 3.4948500 would naturally and analogously be that 
of 3125 ; but it is made, according to the notation we are now de- 
scribing, to represent the logarithm of .0000003125. There will 
exist, therefore, in this, and in similar cases, an occasion of ambiguity 
which cannot occur in the notation with negative characteristics. 

In order to establish any rules relatively to the last*mentioned 
method of noting the logarithms of fractions, we must^ as in the 
case of negative characteristics, refer to the real quantities they 
are made to represent. For instance, 3.4945800 (which, without 
^ any convention expressed or implied, would designate the loga- 
rithm of 3125) is made to represent the logarithm .0000003125, 
it stands for 3.4945800 — 10 (= - 6.5054199): and this mul- 
tiplied by 4 equals 

4 X 3.4945800 - 40 
= 13.9783200 - 40, 
G G 
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which may be thus expressed) 

13.9783200 40 being borroMhed, 

or 3.9783200 30 being borrowed ; 

whence we derive a rule for multiplication $ which is^ to multiply 
the logarithm (expressed by borrowing 10) by the multiplier {iff 
for instance) and to reject the lO's from the characteristic ; tibe 
number then borrowed is i» x 10 — the I0*8,rejectedi 

Thus, if 5.9635786 stands for .9635786 - 5 

6 or .9635786 — (lO-5) 

35,7814716 represents 6 tim^s the logarithm of 

.00009195. Again, if 5.9635786 stands for .9685786 -(10—5), 
six times the logarithm equals 85.7814716, in which 60 is 
borrowed, or rejecting 30, 5.7814716 may represent it, 
30 (=60 -30) being borrowed. 

In order to divide 9.7526506 by 5 (to take such an instance) 
9.7526506 stands for .7526506 — 1, 
or 9-7526506 - 10 ; 

.•• 49.7526506 is equivalent to 49-7526506 - 50 j 

.-. \ (49.7526506) equivalent to i (49-7526506) - 10,. 
5 5 

or 99505301 to 9-9505301 - 10; 

but the left-hand set of figures is made to stsnd for the right : 
therefore we may divide a logarithm (expressed by the borrowing of 
10) by changing the characteristic (c) into m — 1 xlO+r, ifmbe 
the divisor, and then by dividing by m : the quotient is the real 
quotient, 10 being supposed to be borrowed, or is the real 
quotient - 10; thus if 3.4948500 standing for 3.4948500- 10, 

he tb be divided by 5, add 40 (=z 5 — 1 x 10) to the chai^acteristic 
making it 43 : then 

I (43.4948500) = 8.6989700. 
5 

There is then no difiiculty in findihg rules for operating with 
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logaritjims tiuia noted. But since (as we have already explained the 
matter in pp. SS3, 8cc.) the logarithms, expressed by 10, or 100, 
or &c. being supposed to be borrowed, have a meaning different from 
their usual or natural import, there exists a cause of ambiguity and 
and some danger of confusion.' The logarithms expressed by 
means of negative characteristics are free from these objections : 
they have indeed, like the others, a conventional meaning but 
they have only one meaning. The rules for operating with them 
are distinct : and the only objection against them, is, their typo- 
graphical uncouthness. 

Expressions for the Sine and Cosine of a Multiple Arc (see p. 46). 

These expressions admit of no simple proofs ; yet, we will 
proceed to give their proofs, principally from the necessity of the 
case, and, partly, oii account of the importance of the formula 
on which they depend, and which is little known to English 
Students. 

The object of the formula is to afford the means of computing 
0» (a- function of u) when u is expressed by this equation, 

U =1 X + 1^ .fu, 

in which fu {= U) denotes another function of u, not necessarily 
the same as ^ i^ ''^. ' 

Since w = x + y *fu, it is plain that u and cpnsequently <p m, 
depend on x and y, or, to use the language of Mathematicians, 
(which has been used on the Continent ever since the time of 
John Bernoulli) zre functions of x and^; let ^« = F; then, by 
taking the partial differential coefficients (see Princ. Anal, Qalc. 
pp. 79j &c.) of Vy we have 

dV _^ d(<l>u) ^ du dV ^ d{^u) ^ du . 
dx du dx* dy du dy ^ 

dx dy ^ dy dx 



* For iastance, /u or 17 may ia a particular case represent w, 
whilst fpu represents sin. u, or tan. u (see Anal. Calc, pp. 42^ &c.) 
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AgaiHj take the partial differential coefficients of du, from 
the equation u =: x +3^ -Ui ...... 

then, 

du , . dU du 

dx ^ du dx 



du TT , ^U du 
-r- = t/ +v.-r— X -7-. 
dy du dy 



dU 



Eliminate, by means of these two equations, -^ — , and there results 

^-V.^=o w. 

dy dx • 

Substitute in this last equation, the value of — , as given 

dy 

in the equation [^], and 

dy , dx 

and from these two equations, the formulae for u and for V 
(= tt) are to be derived. Thus, » 

u - X -V y .fu 

=z X -f y . ^ + y* . ^ + y . B + &c. 
X =/jr, and -^, JB, &c. being supposed to be functions of x. 
Hence, 

Tx^'^'^-d^'^^'d^''^^^''^'' 

~ = X+^y.A +3v^. J5 + 8CC. 
dy 

Substitute these values in the equation [^], and there results 
= X+2y.^ + Sy^.B + &c. 
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Hence, comparing the coefficients of the terms involving like 
powers of yj we have 

ax ax ax 

Now AX -X^.i^ =x4(^j 
dK . dx 

consequently, -B = - — - — 7-*-^ > ?^^ s® ^'** 
Hence, . 

^» is to be obtained precisely in the same way. For> . 

.'., since the first term of the developement iirill be <px{^P\ and 
U has been expressed by a series of terms involraig functions 
oi x^ assume 

r, or</)« = p +y . (2 +^*.^ +y .s*, &c. 

P* <2i Ry &c. being functions of r. 

From this, find, as before, (p. 235, 1. 28, 29.) the partial differ* 

dV dV 
ential coefficients — r-, -r- and substitute their values, with 
dx dy 

that of U, in the equation {c\y and there results 

f= 
(^4- 2^^ + 35/ + &c. 
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Hence, a« before (p. 236.) ntultiplymg the two series of the 
latter part, and comparing the terms afiected with like powisrs 

dx 
dx 2.dx dx 

dx %X dx 

dx ^ dx 

- iMI)- 

~ dx ' 

. R - > 1<2£)- 1 ^ dx/ 
and so 'on.:. Hence, 



d(x'^-^) 

r, or ^ u^F^yX . ^+^' ^> + &c. 



which is the important formula that we proposed to itives-' 
tigat9^ 

* See on this subject, Laplace, Mem. Acad. 1777, and his Mec. 
Celeste^ pp; 170, &c. JLagrange, neorie des Fonctiom Anal. Edit. I. 
pp. 101, &c. and his Equa, Num. Edit. 1. pp. 234, &c. and Cousin, 
Astron. Physigue, pp. 15, &c. 

. t ^he Stiident, vrho^i^amines the preqediog dem<»8traJii^, ^ill per- 
ceive how necessary it is, in complicated. processes, to be possessed of a 
precise and commedious notation. In the teitt, the difiPerential, in pre- 
ference to the fluxionary, has been used ; but even that may, with 
advantage, be, in this as in like cases, superseded by Arbogast's, in which 
the small Roman character d is used to dehote-the differential coefficient. 

With that, character, instead of — .^^^ — ; cL we should write 

dx :' ^ 

^B (X ^ . D P), and so on. See Principles qf AmU Calc. pp. 22, 43, &c. 
and Preface, pp. 28, &c. 
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We will now apply this theorem to express the cos. m A. 
By p. 48j5 2 . COS. mA :=z oT + — ; 

if, 2 . COS. il =: a + • . 
a 

Hence, we must, from the preceding formula, find a« and 
—^ from this equation 

. a = 2 . cos. A ; 

a 

for this end, compare it with wzia: 4- y. t/"; 

then « =r a, x = 2 cos. A^ y zz — 1, and 

17 (= /«) = - : and the function (^ u) of w, or of a, that is re- 
quiredy is a*". 

Hence, P = ^i = x~ = 2*". cos.** A 

X 2 COS. A ^ ' 

dP 

dx ' 



••• -^T-T- = »» X 2*"— •.cos.*—*.-^. 



Again, 



jr.^zzm X(2cos.^~-'; 
ox 



.-. , = «».(OT-3)(2co8.^"-*; 

mISke manner; ---=«—*• is to be obtained; in this easels a *-«*, 

and P ssx-"*, 

iti#i ______ 



and -J— 3= — tttx'^^'^'^j whence, 
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#£ P ' 1 

^ 1^ ^ o ' — 7^ — »»(2cos. ^)-"'-i=--«i.(2cos.^)"""*""* 

UX 2s . COS* A 

JT^ -p- =: — l«.(2C08. -4)~"*'^3, 

and .• T-^^— =«».(w + 3)(2cos.if)-"— *,8u:. 

* Hence, 2 . cos. m A zz a^ + — = 
(2 .COS. ^r-w* -(2 cos.-^r-^ _^ m.(m-3) ^g, ^^^ .-^^--^^.g^c. 

+(2cos.^)--+»i(2co8.il)— »-«+2i^il22.(2co8.'^)-«-* + &c. 

This expression is apparently composed of two series, one 
arranged according to the positive, the other according to the 
negative, powers of 2 cos. A* But, it is to be observed, the first 
series is to be continued, till the terms involve, in fact, negative 
povirers of 2 cos. Aj which, in the case of m being an integer, 
will be all destroyed by the terms of the second series. 

For instance, if f/» = 1^ 
5 cos. -4=2 COS. ^ - (2 COS. ^) — 1 — (2 .cos. A)"^ + &c, 
+ (2 COS. A)"-^ + (2 . COS. A)-^ 4- &c. 

Again, if m =: 2, 

9, COS. 2 A—^9, COS. J)^ — 2 .(2 cos. Af ~ (2 cos. A)-^ &c. 

+ (2 COS. ^)- 2 + &c. 

= (2 COS. Af - 2, 

and, similarly, it will so happen, when other whole numbers are 
substituted for m, 

. Henee, in those : cases in which m is represented by whole 
numbers, the value of 2 cos. m A may be represented by the first 



* This IS ooly one out of the many importaot applications that may 
be made of the formula which we have demonstrated* 



Digitized by VjOOQ IC 



r 



^1 

series alone, that series being restricted from mvolvlng any 
negatiTe powers of 2 cos. A : that is, if 2 cos. Assp, 

2. COS. m J _=: jT -mp"-* + Sil&lJL^y-* _ 8cc. 

2 

The series is frequently written in a reverse order 5 8ir\pe the 
general term is 

»» X (^"^H^^-w-O (m-g/i + 1) ^ -_«„. • 

iw — o 1.2 « 

when 971 = 2 XT, the series terminates^ and the above term becomes 
=2. If we make the series begin from this term, then 

( 1.2.2* 1 .2.3.4. S* J 

the upper or lower sign taking place, as m is of the form 4 /, or 

4/ + 2. 

If m ss 2 XT + 1, the preceding general term becomes mp, 
and then 

2 cos. mA=i±{ mp i — - — ^««+— i ^ 2/^— &c. 1 

the upper or lower sign taking place as m is of the form 4 / + 1, 
or, 4 / + 3. 

From these expressions for the cosine of a multiple arc, 
several others may be deduced* Let / and c be the sine and 

cosine of an arc, then c:=l^\ and 

2 

COS. mA=l ^(icT-mQZcr-* + *»-<'»T^> (2r)"-* -&c.) [a] 
Of} {m odd] 

V 1.2.3 1.2.3.4.5 /•■ -^ 

[-cren] = ± (^1 - -c'+ ^.^^3^^ /^- &c.;....[4 



H H 
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Since the expression [6] is true whatever be the arc, let tht 
instead of -^, be 5— -^> then cos. ( 5 — ^ J =sin. AszSy and 

cos.m(^-.^^ = COS. ( — — w^y = ± sin. f«^, [+ if m 

be of the form 4 j + 1, — if of the form 4 x + 3 :] hence> in all 
casest [m odd] 

1.2.3 1 .2.3.4.5 '■ 

Take the di^rential or fluxion of [0], then siiice {p. 106.J 

d(cos.mA) zz'— sin. mA.m.d A, and Qr.d(/^) = 

2« X mtr-^^.dc = — 2*^.»ir*"— ^j .rf^, &c. 

•*. dividing by mdJ^ we have, since .f enters each term, sin* mjd^si 

j((2rr-^-(m~Q)(2^r)*»-3^(^-3)(wi-4)^g^^^_5_g^ \^|-^-|^ 

* The remark made in p. 244, 1. 17, on formula [a], produced to 
the Author of the present Treatise an anonymous letter dated Trin. GolL 
Dec. 12^1817, communicating an ingenious demonstration of [e] (the 
formula for the sin. m A). 

The following process for finding [a] contains, substantially, the 
principle of that demonstration. 

By virtue of the formula of 1. 8. p. 32, 

COS. (» + 1) a = 2 cos. na . cos. A — cos.(w — l.)a; 

.\ COS. (» + 1) a . i»* = 2 cos. n a . cos. o . j?** — cos. (» — 1) a . «". 

Let n = 0, 1, 2, 3, &c. ; then collecting the severally resifltiog 
values 

cos. « + cos. 2 a . ^ + COS. 3 a . a?* + &c. = 

COS. a— a? + 2 . cos. « . a? { cos. a+cos. 2a . j? -f- cos. 2 a . i!r*+&c. J 

^ a?* { cos. a + cos, 2a . ,r + cos. 3 « . ^* + ^c« I 

consequently, 

cos. a+cos. 2 a . a?+cos. 3a.x* + &c.+cos. na . Jf*^^ + &c. s= 
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If we perform the s|be operations on [b"] and [c], we shall 
have [w odd] sin, mA ^ 

^ .(. - g!^^ + <"--'>(-;-^> ^-«u.).......r/]. 

and [m even] sin. mA:=. 



COS. a— a? 



1 — 2 cos^ a . «+*' 

T 
(i4) = { cos.a-a? J < 



COS. a—x 



1 — 2 COS. «. 



l+«* 
+2*^ cos 



2 COS. a . 






■+2*cos.*ia . 



1+T* 



(1+^^)3 



-&c. 



-2*"^cos.a**^-: 



+2»-«. cos •-<«.— pj5p+2«-*co8.*-i «-(7q-^+&c. 



Equate the terms that on each side are affected with x?*"^ : now of the 
terms within the brackets, the last written term, the last but two, the 
last but four, &c. each contain (when their denqminators are evolved) one 
term and only one affected with j:*""^ they will also be so affected when 
multiplied by cos. a, the first term of cos. a— jp. The intermediate terms 
contain no such term : but they will contain such a term when multiplied 
by —J? the second term of cos. a—x : hence the coefficient of the term 
aiSected with o?*"^ arising from the complete developraient of (A) is 

2*~^ COS." a 
- 2*~^ COS.*"* a . (»— 2) — 2"^ . cos.*-* a 

+ 2^ . cos.*^ ^ (>»-4.)(ii-3) ^ ^^^ ^^^ ,^ ^ ^ ^^_^^ 

1 « ^ 

_ g>-T.cos.''-^a. <»-^>^(';;y-^) -2^cos.''-^a.^(»-4) 

+ Ac. + &c. 

and hence cos. na^= 

i{2 COS. a)» - » . (2 COS. «)»-« + l^il!! (2 cos. a)-* ^ 

^l-^J^iZtllizi) (2 COS. «)-*:+ &c. 3 
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V 2.3 2.S.4.5 / *■* \ 

If we perform a like operation on [d], then, since ^f (sin. mA}^z 
m cos. mA.dA [p. 106,], we shall have 

»..„^-.(,-=^^ + (£:^2^V.*.)....C»j. 

If in the equation \c] we put, instead of ^^ ^ — u/, then 

C a COS. ( 5 -^ -^ I = Sin.^aftj, 

and COS. « ( S — -^ / = ^^\ { -^ mAj^ ±. cos. iw il 

t+, if m^is of form 4x, — , if m is of form 4 x -f 2.] 

Hence, in both cases, 

cos. iw -4 =: 1 X + ^ ' J* — &c [ij. 

2 2.S.4 ^•' 

Take the differential or fluxion of this equation [i]» and divide 
hj mdA, then we have [m being even] sin. tnA 

(f«(m»-4) 3, «i(m*— 4)(m*-l6) . ^ N p,. 

These fotmulsB for the sine and cosine of the multiple arc, (ten 
in number,) require not, as it has appeared, separate demon*- 
strations, since the nine latter are easily derived from the first 
[a] ; the attention then of the analyst ought principally to be 
directed to that If in the formulae [^j], [d], [e\, [k], we sub- 
stitute for f«, 2, 3, 4, 5, there will result, as particular instances^ 
the forms designated by [c'% lc"% [c^^Hc^}, [/"], [/^], &c. in 
pages 45, 46, 47 ; and if in [/], [A], [i], we expound m by dif- 
ferent numbers, we shall have 



j 
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/ 

w» = 5 sin. 5^= /(I — 12tf»+l6«*)J ^■' ^ 

Sec. 



wi = 3 COS. 8u4= f (1 — 4/') 
m = 5 cos 
&c 



m = 4 COS. 4ils 1-8/* + 8/* ^^ p., 
m = 6 C08.6^ = l-18x*+48/*-32/j *■'-'' 



&c. 

which particular forms were not deduced in the above-mentioned 
pages. 

Series for the Sine and Cosine, 
By the form [d], p. 242, 

z.n.n,A=ms ^:^^+ 2.3.4.5 "^ - ^' 

Let A be very small, and m yerj large, and such, that mAzzx, 
then / ss sin. A = sin. - = - , nearly j and i»*— 1, m^^Qf &€• 

= !»*, w% 8cc. nearly ; ••. sin. m A, or, 

m 2.3 Vw/ 2.S.4.5 Vwy 

2.3 2.3.4.5 ^ -^ 

We shall have the same result if we take the series [k] in 

^ ' X 
which m is even ; for ^=: cos. A = cos =1 nearly, and m*-'4, 

m*— 16, Sec. = m% m*, &c. 

If in the series [K], or [ij, we make the same siibstitutions as we 
have already made, we shall have 

X* x^ 

COS. mA^ or cos. x^l -— + y ^^^ ^ - &e [ti]. 
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Instead of computing sin. 1* by the methods given in pp. 67 
and 6&, Calculators, in the construction of Trigonometrical Tables, 
have employed the preceding series [v] for the sin. x, and under 
this form, 

sm. — . - = — . ; . -^ -. + &c. 

putting >- . - instead of x : they have also, availing themselves of 

previous computations,* taken w = 3.14139 26535 89793, and 
accordingly have been able to represent the above series, and the 
series [«] for the cosine, with numerical coefficients, after the 
following manner : 



* Dr. Horsley, in his J^emeniary TrecUisc on Mechanics, p. 153, 
says, that this is ^' taking things in a preposterous order ;'' and, un- 
doubtedly, it would be so in a Treatise intended specially to explain 
the principles of the construction of the Trigonometrical Canon, but 
not in a Treatise giving rules for practically constructing it with as 
much ease and conciseness as possible. 
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* sin. 2 . 90° = 



1.57079 63267 94-8966 —...[1] 



na 



- 0.64596 40975 062463 -^...[2] 

+ 7969 26262 461670 -r...[3] 

nr 

' - 468 17541 353187 —,...[4] 

+ 16 04411 847874 — 



.35988 432352 - 



.569 217292 ^ 



.6 688035 — , 



m'7 
+ 60669-7, 



.43« -r- 



COS. — 90° sa 



1#0000 00000 000000 



- 1.23370 05501 361698 



+ 0.25366 9^019 010480 ~ 



- 2086 34807 633530 -jjj 



+ 91 92602 748394 —, 



.2 52020 423731 -— 
vr 



..4710 874779 -T. 
63 866031 ^ 



.656596 ^ 



•5294 ^ 
n 



.342L- 



From this series not ocdy the sin. i'^ but the sine of any arc 



tn 



may be computed ; for instance, let — = -~ , then computing 
exactly as far a$ seven places. 



* Euler, Introd. ad Anal Jnf. p. 99. Callet's Log. 27, 28. 
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since 2= .1, [ll=.15707Q632 



n 



siQCQ ^= -00001, [3]=.Oqgp00796 



.157080428 
«inc<i — = .001, [2]=. 000645964. 



The 4th term [4] and the re- 
maining terms produce no 
significant figures in the 9th 
8th, &c. places. 



.-.sin. ff" =.156434464 

or, in nearest numbers^ as far as 7 places^ sin. 9® = .1564345. 
See p. 76, !• 6. 

From the series for sin. — 90°, we may, by assigning different 

values to — , deduce as many formula of verification as we please ; 

for instance, suppose we wish to know whether sin. 20*^, computed 
according to the methods of pages 70, 7l, be rightly computed ; 

put — 90° =20; .*. — = -, which value is accordingly to be 

substituted for — in the several terms of the preceding series 
n 

for sin. ^ x 90°. 

n » 

The sines of arcs deduced by the preceding series and the 
formula? of pages 70, 71, will be expressed in parts of the radius, 
and be, what are called, natural sines / but, computation is usually 
conducted by means of logarithmic sines, which latter may, by 
the aid of the common logarithmic Tables, if the log. sines are 
required to seven places only, be computed by taking the loga- 
rithms of the numbers that express the natural sines ; and, in 
order to avoid the inconvenience of negative logarithms, (for if 
the radius = 1, the sines are all fractions and the logarithms 
consequently negative) the Trigonometrical Tables are con- 
Itructed to a radius = 10*°, the logarithm of which = 10: 
so that, instead of T.6006997, the logarithm 6f .39874-91, 
which is the natural sin^ of 23° 30^ to a radius 1,10 + (T.6006997) 
or 9.6OO6997 is made to denote the logarithm. 
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But it is not absolutely necessary to compute the logarithmic 
from the natural sines ; and, indeed, if the latter consist of more 
than 7 places, their logarithms cannot, from the Tables in common 
use, be obtained : on this account it becomes - necessary to shew, 
by what means independent of Logarithmic Tables, or re- 
quiring the aid only of the Tables that are in ordinary use, 
logarithmic sines may be computed to any degree of exactness. 

By the form [v], sin. x =s x + &c* 

^ ^ -^ 2.82.3,4.5 

T<]bw, for the purpose of finding the composition of 

a* 
1 1^ + &c. put sin. JT = 0, then (Table, p. 16. makmg 

ji as 0)x may be 0, or «■, or Sir, or Sir, 8lc. and x may 
also be- either — «■, or - Sir, or, — S ir, &c. hence, viewing 
the above series as an equation, 0, ir, 2ir, Sir, &c. are its 

roots, or • if we put - for Xy and then reduce the equation, so 

that the term of the highest dimensions (j/^ for instance) stands 

first, «,_,--, 8cc. «• ^ , ---,-—, &c. are roots of 

«* z IT o IT w 55ir 2>7r 

y — v-_ + Scc.and consequently, for reasons like those stated in 

p. 57,^ , ^ , &c.^+ - , ^ + — 9 &c. are divisors of 

the equation : hence, 

•'*<' -^ +««•) =?0 - ,^)» (■ + ^) "'c. 
or (dividing by y), 

1 I 
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and .-. 1- -^^ + &c.=(l -f ) (l +f ) &«. 

Hence, sin. x=x(l - £-) (i - JL.) &c, 
or, (putting a? «=- •-) 

and consequently, log. Bin. - . - 

=log.>+Iog.g+Iog.(l -;;g)+log.(l -3— )+&c. 

By a like decomposition we shall have 
COS. S. : = (i - 2!)(i _4)(, « ^) 8CC* 

and log. cos. j. |=log.(l -- ^) '+ log. (l ^ ~) +&Cr 



* If in the expression for sin. - . - , we put » — m instead of in, 

/n—m 7r\ /tt wittX w w , 

then. since sin. \ . ::y= sin. I -l=:cos. — . -, we have 

m ir n—m ir/n+m\/3n — m\/Sn-\-m\/5n^m\ „ 

n 2 n 2^ 2w^^ 2» -^ ^ ^n '^ ^ 4« ^ 

f 

fit TT 

equate this expression for cos. *- • - with the former one, and divide eaqh 

n jl 

by thecon^mon factors, there results^^^^l^^-^ 

. V 2.2.4.4.6.6, &C. .. ..^rir\ j 

whence - = — which is Wallis's expression; anq many 

^ 1 .»^.«7.0.0 • / • / J ObC. 

other curious resuhs, which are not, however^ the proper objects /of this 
Treatise, might be obtained. 
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The preceding series may be difierently expressed : since * 

.^.o.-)..,„,;(i=L^) 

= log. (2 « + f») (2 «-!») — 2 log. 2 h 
== log. (£ tt+iw) + log. d^n-^m) - 2 log. 2 — 2 log.n 

.-. log. sin. — . 9(y> = log. w -h log. iw — 3 log. n - 3 log. 2 
+ log. (2 n + m) + log. (2 » — m) 

and by steps exactly similar we may obtain 

log. COS. ^ . 900s=log. {n—m) + log. (n-tm) — 2 log* n 

+ .o,.(,-5^)+bg.(,-^.)+*- 

and since, (p. 214), 

* Log. yi — -^z * or log. (^1 — ^r-T/ is not expanded^ as the 
similar expressions log. yl — ^-^/^ &c. are, and for this reason ; if 
expanded, it would increase the coefficient of —^j by — : now — = 
— ■ = .00000(X)9, &c. or the significant figures would come in the 

eighth place, whereas L + io995il62m6 = •OOOOOOOOOOOOO9, &c, 

and the significant figures do not come in till the fourteenth place : if^ 

therefore, log. \1 — ^-1/ bad been expanded, or the powers of — 

retained in the computation, we must have computed a greater number 
of terms, (see succeeding series, p« 247,) in order to have had the series 
exact to fifteen places of decimals. 
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tog- (1 -8^.) = - j {g^. + «:w.+ ■T^+^"-} 

If we sum the coefficients of --, -7 , &c. taking the columns 
vertically, that is. If we find the arithmetical value of 

.4S42944,&c. {j» + ^* + g5+ *^c-} (coefficient of !^) 

i .4342944, &c. f i^ + gj + i + &c. | (coefficient of ^) 

J .4342944, &«• { ^ + g? + ^5 + *^^- } (coefficient of ^) 

and add 10 the log. tabular radius, we shall have two Tables 
resembling those given in page 247. 
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log. sin. — . 90® = 
n 

log. OT+Iog. (2 »— w) 
H-log. (271 + ot)— 3 log. n 
W + 9.59405 9885T 02190 

[1] - 0.07002 28266 05901 — 

n 

[2] 111 72664 41661^ 

[3] - 3 92291 46453^ 

-... 17292 70798-1 

'- 843 62986— 

• 43 48715^ 

- 2 31931^ 

— ; 12659-73 

n" 

- 702'!S 

- ^^ 



log. COS. -90**=:; 

log. («— i»)+log. (»+i»)— 2 log. If 

4- 10 

nt* 
-....0.10149 48593 41892-3: 

n 

- 318 72940 654^}^ 

tr 

tn* 
- 20 94856 OOOI7-S 

TT 
«»• 

- 1 68483 48597-5 

rr 

- 14801 93986^ 

- 1365 02272^!! 

- 129 81715^ 

- 12 61471^ 

- I 24567^ 

- 12456^. 

- 12582^ 

- "'^^ 

- '4 



From these series^ may logarithmic sines and cosines, inde- 
pendently of the values of the natural sines, be computed to 15 
places; and, this inconvenience is avoided ; if the natural sines haui 
been taken, consisting of more than 7 places, no Tables in conmion 
use would give their logarithms* The logarithms indeed of the 
numbers m, ^in-^m, 2n^m, &c. are supposed to be taken to 15 
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places^ and these can be had> since the numbers ^11 not consist 
of more than 6 figures : for - cannot exceed | * ; therefore, since 

n = 90.60.60 = S24000, n + m, 2n+m, &c, cannot exceed 

1000000. 

* 

As an instance to the preceding formula, suppose the loga- 
rithmic sine of 9® to be required : here i» = l, nrrlO. 

.*. log. m or log. I sa O . 

log. (2»- »i)orlog. 19 = 1.2787536009 

log. (2» -*- m) or log. 21 .•...= !. 322219294-7 

[fl] =9.5940598857 

12.1950S27813 M 

[1]... .0007002282 

[2] , , 1117 

3 log. 10 = 3. 

3-0007003399 W 
.-.log. sin. 9% that is, [d] - [e] = 9.1943324414 

This is the log. sin. 9° to 10 places : and the decimal part is the 
logarithm of 15643446 the natural sine of 9% found, p. 73, &c. 

RuUf with its proof J for finding the logarithmic sine and tangeht 
of very small arcs y (see pp. 96, 8lc. and Introduction to Taylor's 
Logarithms J p. 17, ifcc.) 

For the sine ; to the logarithm of the arc reduced into seconds 
with the decimal annexed, add the constant quantity 4.6855749, 



* If —> ^ , the series for the cosine would be used for computing 

the sincj since sin. (45° + ^) = cos. (45*^ — -4) : it is obvious, that the 
logarithms of m, »-fm, &c. may be dispensed with ^ntirely^ by ex- 

pandiogi Jog* (^1 — -*^^} ; but then, to attain the same exactness, we 

must make the series consist of more terms. It is also plain, that instead 
of fifteen places in the numerical coefficients of the series, any number 
may be used. See Callet's Logarithms, pr48. 
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and from the sum subtract one-third of the Arithmettcal comple- 
ment of the log. cosine ; the remainder will be the logarithmic 
sine of the given arc. 

Fw the tangtnt ; to the log. arc and above constant quantity, 
add two-thirds of the Arithmetical complement of the log. 
cosine, the sum is the log. tangent of the given arc. 

Proof of the Rulefo^ the Sine. • 

By the series, p. 245, sin. a:=:x— — ^- H — = &c, 

' 'r 7 2 2 2.3.4.5 

== (x being small) 

hence, log. sin. x = log. a? + i log. f 1 — -r I 

=: log. X + i log. cos. X, 

and introducing the tabular radius 10^^, the logarithm of which 
« 10, log. sin. X s: log. X ^ i (10— log. cos. x). 

Now X is in parts of the radius ; let n be its value reduced to 
seconds, then 2rxS.14159, 8cc. : x :: 360.60.60 : n; 

consequently, 

log.xatlog.ff +log. 2r+log. S.14139> 8(c«-*2 log* 36 -- log. 1000 

= log. n + 4.6855740, 

and log. sin. x = log. « +4.6855749 — J (10— log. cos. x) which, 
since 10— log. cos. x is the Arithmetical complement of the loga- 
rithmic cosines, proves &e rule. 

Proof of the Rule for the Tangent. 

\^ O^ X 



T — 

sin. PC 2.S . " ^' 2 

tan. 9c ss = ^ , nearly ss 



C0S.X i_ ''' ' 1 _ ** Cl - -)^ 
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.*. log. Un. X' zi log. X — 4 log. cos. x ; 

or= log. X 4- 4(10— log. COS. x) [introducing the 

tabular radius \Q^\ 

hencej as before, n being the number of seconds in the arc Xy 

log. tan. X r: log. n + 4.6855749 + i arith^ comp^ log. cos* x \ 

r* 

nnce cot. x ^ , log. cot. x, or log. tan. (90^ — x) = 

tan. X 

20— (log. 11 + 4.6355749+4 arith^ comp'. log. cos. x). 

These are the proofs of the two rules for finding the sine and 
tangent from the arc ; but, there are also two rules for the reverse 
operation of finding 4he arc from the log. sine and log. tangent. 
These are subjoined. See the Introduction to Taylor's Logarithms^ 
p. 22. 

Ru/e to find the Arc from the Sine, 

To the given log. sine of a small arc add 5.3144251 and i of 
the arithmetical complement of log. cosine ; subtract 10 from the 
index of the sum, and you will have the logarithm of the number 
of seconds with the decimal fraction of the given arc. 

Rule to find the Arc from the Tangent. 

To the log. tangent ^dd 5.3144251, and from the supi subtract 
4 of the arithmetical complement of log. cosine, and subtract 10 
from the index, and you will have the logarithm of the number of 
seconds with the decimal fraction of the given arc. 

Proof of the First Rule. 

« 

If vsasine, zn&xss arc, then rfx = . ^ — rv*"^^*(P- 1^)> 

\/k^ — y ) 

... ^ ^fdy (l-/r^ =y*J^^l +^) nearly, since j^ is smaU, 
.^ X •y+ X- (nearly) = y(l + g^) = 3^ (i --f)"* 
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••• log- ^ = log.y-i log. (l -^) = log. y- i log- COS. X ; 

or to tabular radius, log. a: = log. y + J ( ^ ^ — ^og. cos. x)^ but, p, 255, 
log. X = log. n + 4.6855749 = log. n + (10-5.3144251); 

consequently, 

log. n = log.y -f 5.3144251 + i .aritW. comp\ log. cos. « — 10 
which is the rule symbolically expressed. 

Proof of tie Second Rule. 

= ^ - x^» nearly, andy' = :, - f' . =/».(! +0-* 

=: <*— ^fi nearly; 

hence, expanding, by the Binomial Theorem, the value of dx as 
far as two terms, and integrating, there results 

^ 2.3 

= ' - 2 + 273 ^"^"'y^ 

3 
= /(I + /^)-i (nearly). 

Hence, log. ar=log. /—J log. sec* x =: log. / — 4 log -, and 

COS. X 

supplying the Tabular radius, and' putting for x its preceding 
value, 

log. w = log. t + 5.3144251 — -5^ (10 — log. cos. a?) — 10 

' = log. t + 5.3144251 — 4 arith>. comp^ log. COS. X — 10, 
which is the rule symbolically expressed. 

KX 
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Examples to the Rules : with their Solutions by ShemvifCs and Tcykr^s 

Tables. 

Required the Arc whose Logarithmic Sine is 6.4976549. 



By the Ruk. 

5.3144251 
6.4976549 
Arith*. comp*, = 

11.8120800 

.% log. arc = 1.8120800 

.'. arc = 64".8754. 



By Sherwin. 

log. sin. 2' = 6.7647561 

log. sin. 1' = 6.4637261 

.3010300 
given log. sin... = 6.4976549 
log. sin. 1' = 6.4637261 

339288 
, 339288 



arc = 1 

= 1' 6".76. 



3010300 



X60 



By Taylor. 

log. sin. 1' 5" = 6.4984882 

log. sin. 1 4 =: 6.4917548 

67334 

given log. sin = 6.4976549 

log. sin. 1' 4" = 6.4917548 

^^ \ 59001 

,/\.«. , 59001 
,\ arc = 1 4 H 

= i' 4".876. 

Required the Arc ivhose Logarithoric Tangent is 7.1644398. 



% the Rule. 



5.3144251 

7.1644398 



12.4788649 
2 
lO+j ar CO, log. cos. = 10.0000003 

log. arc = 2.4788646 

-•. arc =301".2O67 

=5' r.2067 



By Sherwin, • 
log. tan. 6'. .... . = 7.2418778 

log. tan. 5 = 7.1626964 

791814 

given log tan = 7.1644398 

log. tan = 7.1626964 

17434 
^, 17434 . ^ ., 
•••^"•^='7?l8U^^^ 
= 5' l":32. 
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By Taylor. 



log. tan. 5'. 2''.. 
log. tan. 5'. 1".. 



= 7.1655821 
= 7.1641417 



14404 

given log. tan = 7.1644398 

log. tan. 5' . 1" = 7.1641417 



arc. 



=:5M 



2981 
, 2981 



14404 
= 5: 1".2069. 

Here, if we take, in the first Example, that to be the true 
result which is determined by the rule, it appears that the arc is , 
not determined from its logarithmic sine by Sherwin's Tables 
eiactly in seconds, nor by Taylor*s Tables exactly in parts of 
seconds (see p. 96). In the second Example, the number of 
seconds in the result obtained by Sherwin's Tables is right : for, 
although the number of seconds is not necessarily right, it may, 
in certain cases, happen to be right: if, instead of 7.1644398, 
. the proposed logarithmic tangent had been 7.2022871, the arc, by 
Sherwin, would have been 5' 30", and.wrong in seconds, since the 
true arc is .5' 28".633. 

Amongst the independent methods of ascertaining the true 
result, there is none more simple than that which is called, tech* 
nically, the differential^. If Oy «', a"y &c. be successive values of a 
quantity, a, differing by a constant interval 1^ and if the 1st, 2d, 
dd, &c. differences be d'y d'\ d"y &c. then any intermediate value 
(A) distant from a by the interval m is equal to 



tf + «r.d' + AT. 



j:-1 



d" + x. 



J7— 1 j:— 2 



i" + &c. 



2 '2 3 

This series, by a direct application, gives the logarithmic sine 
and tangent of a proposed arc : thus, suppose the logarithmic 
tangent of 5' 1" 12'" 24*^ to be required : 

a = log. tan. 5' 0' = 7.1626964 

a = log. tan. 5' 1"= 7.1641417 

' a"=: log. tan. 5' 2" = 7.1655821 

0"'= log. tan. 5' 3'" = 7.1670178 

♦ See Wood, p. 242. Waring, 54. 



d 


d'' 


14453 


- 49 


14404 


- 47 


14357. 
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Here^ stopping at the ^d difference d" and taking 48 for its 
mean value^ and^ for greater simplicity, making the series to begin 
from cli in which case 

12 X 60 + 24 62 , 

X r: — = = , we have 

60.60 300' 

^ J 

log. tan. arc required = a + a:/ + j? . — -; — i* 

= 7.1641417 + .0014404 X -2f- + .0000004 = 7.1644398 

300 

as it ought to be. See the former Example, p. 258. 

The arc cannot by a direct process be found, by means of 
the preceding series, from the logarithmic sine or tangent : but, 
thus it may be found : 

Since x is small, 

J + xd! + jclzi d" (=zA) == a' -^xd' - - rf" nearly. 
2 2 

Hence, x = ^ '"^, ; thus, if ^ =7.1644398; 

2 

then (by the Tables) the logarithmic tangents next less and 
greater are 7.1641417, the log. tan. 5' 1", and, 7.1655821 the 
log. tan. 5' 2" : hence, taking the differences as before, 

^ ^ 7.1644898-7.1641417 ^ 
.0014404 + .0000024 

and consequently .the arc =5' 1 ".2067 as before, see Example, 
p. 258. This method, although it does not determine the loga-* 
rithmic sines and tangents of small arcs so concisely and con- 
veniently as Dr. Maskelyne's Rule, is of very extensive use, and 
especially in Astronomy. It may be considered as the foundation 
of the common Rule given in books oi Logarithms, for finding 
the logarithmic sines, tangents, 8cc. of arcs that contain a frac- 
tional part of a minute or second : for, in mean arcs, the difEer- 
Wces rf", d"'y &c. are nothing or very small, and consequently 
A -=. a -{• xd\ 
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Thus, to find by Sherwin's Tables the log. tan, 44** 29' 30". 

log. tan. 44» 28' = 9.9919143 d' d" 

log. tan. 44» 29' = 9.9921670 2527 

log. tan. 44» 30' = 9.9924197 2527 

.•. since a? = J, log. tan. 44* 29' 30" = 9.9921670 + \ (.0002527) = 
9.9922933. See p. 9^. Also Sherwin, pp. 23, 24, &c. Hutton, 
p. 149, &c. 

DemdHstration of the Formula for Computing the Approximate U/- 
duction to the Horizon, See p. 186. 

Let A be the observed angle, x the correction, that is, let 
^ + j: be the angle required, H and h the heights, 

• / >i . \ COS. A — sin. H . sin. h . , „^v 

then COS. (A + x)zz =7 = (p. 139). 

cos. H.cos, h *^ 

But, p. 245, Appendix, 
fft 
sm. H^H — ' — + 8cc., when H is small, = H nearly j 

similarly, sin. h :=: h 

H* H^ A* 

COS. Hsi 1 — — - + &c. = 1 — — nearly ; similarly, cos. A= 1 . 

2 2 2 

Hence, cos. (^+^)^ *=°»- ^ " ^* - <=°'»- ^"^^ 



(-f)O-f) -(f^f) 

(cos. :4-if A) [1 -i (jy* + A^)]-i 

or, cos. A.cos.x— sin. J . sin. a7z=(cos. A—Hh) [I + ^ (//*+A*)] 
nearly,. 

but, since x is very small, cos. j?=: 1, and sin. x^x ; 
.•. co8. A — sin. A.x = cos. -4 — Hh -h i cos. -4 (if * -f A*) 

sin. ^ 
or X may be differently expressed ; thus, 

make^ = | (H+h) .-.j,^ — g* = Hh 

q-\ {H-h) P* + g*'= ^(/f* + A»), 

and x=^^:J^ - (/''+9')cos.^ 
sm. ^ sin. ^ 
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^ sm. ^ sin.^ 

A A 

(p. S3.) = p* . tan. — g* . cot. —• . 

^ It 

This is the expression given by M. Legendre, Mem. Acad* 
1787, p. 354 J also in his Trig, edit. 6, p. 413. It is nearly equal 
to the first term of the series given by Delambre, Connoissance des 
Tems^ 1793, and in the first vol. of Measure of an Arc of the Meridian^ 
p. 140 ; by Suanberg, p. 38 ; and by Dr. Masjcelyne, Phil. Tram. 
1797, p. 451. 

If « = tan. ^ . sin.^ \ (fl'+ A)-cot. — . sin.* liH - h) 

then, the series deduced by the three latter Mathematicians, is 

«* • / 

;r = « sec. H. sec. h sec* H. sec* A. cot. A. sin. V 

+ i«' . sec' H. sec' A (J + cot.* A) . sin.* 1" + &g* 
Here the first term, since sin. \ (H-^-h) is nearly = ^ (if + A), 
agrees with Legendre's expression^ 

Demonstration of Legendre s Theorem^ See p. 191» 

Let r be radius of sphere ; a^ by r, the sides of the spherical 
triangle •, then the sides of a similar triangle on a sphere whose 

radius is 1, are - , -. , £•, let also A be the spherical angle oppo- 
r r r 

site to ay and A' the angle of a rectilinear triangle, the sides of 

which are a.b, c\ then, since ; = ( sin. - sin. - ) 

' ' ' , b . c y< r r^ 

sm, - sm. -« 
r r 

we have, by Prop. 18, p. 159, 

1+cos.^ /. S . S-a\/ . h . c\-^ 

= ( sm. — . sm. 1 1 sm. - .sm. - I 

2 V r r ^\ r r/ 

be 
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>c V a.s.r* J 



be b, 



neglecting the terms that involve, in the denominator, higher 
powers than r* } but, 

S« + (5 -fl)' _ 6» _ f» = (fe + c+fl)' _^ (^+g-'»y - 6' - c« 

4' 4 

=:£±£iiz£zf! _ g'-c^— c)* 

2 ~ 2 



H«nce ^ +cos.^ _ S .{S - a) _ 2^(S-fl)(5-&)(^-c) 
' 2 Be iexdr* 

(Prop. 2, p. 25.) = 11^ - ^^ sb.* ^- 

.'. COS. A = COS. ^'— :^ 8in.2 J'l 
Or* 

but, COS. ^=:cos. J'sin. A\x, if ^=^'+:r, and x be very small j 
.-. ^^^. sin. ^' = -J-, X ijLi2E:^ = Area 

and ^' = -rf - :|^; and, in like manner, if £, C, B', C be the 
other angles, 

3r* 

o ^ c -^ ^^^^ 

3 r* ' 
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and J' + 5' + C'(r= i8(y>)=^-f-JB + C - — ; , 

or, -^=^ + JS + C— 180: and thus is proved to be tnie j 

the theorem mentioned, p. 191. 



THE END, 
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PREFACE. 



Xhbr£ needs, perhaps, no otljer apology 
for the present Work, than the mere statement 
of the fact, that there is, on the same subject, 
no English, and only one Foreign Treatise *, of 
which the celebrated Euler is the Author. 

The copies of this last, a work of uncommon 
merit, are in this country very rare. But, not- 
withstanding its various excellencies, a mere 
translation of it would not have rendered unne- 
cessary the present treatise, since, independently 
of any other consideration, several of Euler's 
most important processes are, by more concise 
ones, now superseded. 

But although there is only one separate Trea- 
tise^ the subject itself has been discussed in 
several analytical works, English as well as 



* M^thodus inveniendi Lineas curyas proprietate maximi 
iftiniimve gaudentes^ LaQsaai)e« 1744. 

h 
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Foreign. Our countrymen are accustomed to 
assign^ in their treatises on fluxions^ a chapter to 
the maxima and minima of curves; and, the 
foreign mathematicians consider the same subject 
under the head of ^^ Calcul des Faridtions.'* 

Maclaurin, Simpson, Emerson, especially 
the two latter, have not explained the principles 
of the subject with sufficient perspicuity and 
precision ; and, in point of depth of research, 
there are various problems, to the solution of 
which, their formulae are totally inadequate. 
Indeed, which is remarkable, there is, I believe, 
oo English treatise .that mentions Euler*$ 
formula of solution; which, for the simplicity 
of its construction, and facility of application, is 
exceeded by none in the whole compass of 
analytical science. 

The foreign mathematicians, Euler, Le Seur^ 
Bossut, and Lacroix, have furnished their treatises 
on the differential and integral calculi, with 
f ormulce of solution adequate to any case that can 
be proposed* There is no deficiency on that 
head. But, these Authors too suddenly carry 
the reader into the middle of the business and 
immerse him in calculations ; and, if they soon 
provide him with the instruments of solutioni 
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PREFACE, iii 

they instruct him neither in the object nor the 
principle of their construction. ^ 

This is not said in the spirit of an Author 
preparing, by the censure of preceding Works, a 
reception for his own. For the truth of the 
statement, I would appeal to the experience of 
all who have consulted the above cited Authors ; 
besides, it is not difficult to assign the reason 
of the alledged defects* 

When Lagrange in 1 760, published hk new 
method of solying problems of maxima and 
minima, he composed his memoir for mathema* 
ticians, familiar with its subject, and well versed 
in the researches of the BemouUis and of Euler. 
Accordingly, he very briefly states the principles 
of his calculus, and enters into no explanation 
of the nature of the subject. His compendious 
method of computation, however, has been 
adopted; and subsequent Authors have com- 
posed their treatises very much on the plan of 
Lagrange's memoir, with some, but slight and 
imperfect, preliminary explanation. These 
Treatises, however, the student is expected to 
understand ; that is, if the matter be fau-ly stated, 
he is expected to understand an intricate sub- 
ject^ with advantages much less than consum* 
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mate mathematicians before him enjoyed ; since^ 
there is neither proper explanations presented to 
him, nor is he directed, by way of preparation, 
previously to consult the Works of Euler and 
the Bernoullis. 

Such are, in my opinion, the defects of ex- 
isting methods ; still, however, I have not com- 
posed a treatise on the subject, by merely 
remedying them ; that is, by inserting formulae 
of sufficient extent, and by more fully explain- 
ing and illustrating th^ir principles. But, on 
a novel plan, I have combined the historical 
progress with the scientific developement of the 
subject; and endeavoured to lay down and 
inculcate the principles of the Calculus, whilst 
I traced its gradual and successive improvements. 

If this has been effected, which I think it 
has, in a compass not very wide of that which 
a strictly scientific treatise would have required, 
the only serious objection against the present plan 
is, in part, obviated. For, there is little doubt, 
the student's curiosity and attention will be more 
excited and sustained, when he finds history 
blended with science, and the demonstration of 
formulae accompanied with the object and the 
causes of their invention, than by a mere ana^ 
ly tical exposition of the principles of the subject. 
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The plan, perhaps, would not suit any other 
department of science, so well as it does this ; 
which is limited in its extent, and has had but 
few, although eminent cultivators. 

Other advantages, besides that of an excited 
attention, may accrue to the student from the 
present plan. He will have an opportunity of 
observing how a calculus, from simple beginnings, 
by easy steps, and seemingly the slightest im- 
provements, is advanced to perfection; his 
curiosity too, may be stimulated to an exami- 
nation of the works of the contemporaries of 
Newton; works once read and celebrated: 
yet the writings of the BernouUis are not anti- 
quated from loss of beauty, nor deserve neglect, 
either for obscurity, or clumsiness of calculation, 
or shallowness of research. Their processes 
indeed are occasionally somewhat long, and 
want the trim form of modern solution. Tliey 
are not, however, therefore the less adapted to 
the student, who is solicitous for just and full 
views of science, rather than for neat novelties 
and mere store of results. Indeed, the Authors 
who write near the beginnings of science, are, 
in general the most instructive: they take the 
reader more along with them, shew "him the 
real difficulties, and, which is amain point, teach 
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him the subject, the way by which they thcm-^ 
telves learned it. 

In a former Work *, I adopted the foreign 
notation, and the present occasion furnishes 
some proof of the propriety of that adoption. 
In theCIalculus of Variations, it is necessary td 
have symbols denoting operations, similar to 
those that take place in the Differential Calculus : 
now, d being the symbol for the latter, 8 is a 
most convenient one for the former : analogous 
to 8 there is no symbol in the English system of 
notation. If then I had used the fluxionary 
notation with points or dots, I must have in- 
vented symbols corresponding to S and the 
characters formed by means of it. But, the 
invention of merely new symbols is in itself an 
evil. M. Lagrange indeed, whose power over 
symbols is so unbounded that the possession of 
it seems to have made him capricious, has treated 
the subject of Variations without the foreign 
notation; this he rejects altogether ; and, which 
is strange, has employed the English notation, 
but not adopted its signification. Thus, with 
him, X is not the fluxion, but the variation of xx 
the fluxions or differentials of quantities are not 

* Pnnciples of Analytical Calculation, ISOS^ 
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expressed by him, but solely the fluxionary or 
differential coefficients ; thus, if a be a function 

of ar, t^ (=-r^ or = ^J is the differential co- 
efficient. What advantages are to arise from 
these alterations it is not easy to perceive : yet 
they ought to be great, to balance the plain and 
palpable evils of a confusion in the signification 
of symbols, and of the invention of a system of 
notation to represent what already was repre- 
sented with sufficient precision. No authority 
can even sanction so capricious an innovation. 

There is another point towards which I am 
not unwilling to draw the attention of the 
leader; and that is, the method of demon- 
stration by geometrical figures. In the first 
solution of Isoperimetrical problems, the Ber- 
noullis use diagrams and their properties. Euler, 
in his early essays, does the same; then, as he 
improves the calculus he gets rid of construc- 
tions. In his Treatise *, he introduces geome- ^ 
trical figures, but almost entirely, for the 
purpose of illustration : and finally, in the tenth 
volume of the Navi Comfn. Petrop. as Lagrange 
had done in the Miscellanea Taurinensea, he 



* Methodusiaveniendi^ 5^. 
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expounds the calculus^ in its most refined state> 
entirely without the aid of diagrams and their 
properties. A similar history will belong to 
every other method of calculation^ that has been 
advanced to any degree of perfection. 

The plan of the Work has been slightly de- 
scribed ; and indeed it scarcely requires any ex- 
planation. On that, however, I chiefly rely, as 
the means of rendering easy a subject, which is 
acknowledged to be one of the most difficult. 
But, although I am not aware of having omitted 
any thing that is requisite to the full explanation 
of the subject, yet I cannot flatter myself that it 
will be thoroughly understood from this Work 
alone. For, in general it may be laid down as 
true, that no doctrine, of novelty and intricacy^ 
can be completely taught by a single Treatise. 
It seems to be indispensably necessary for the 
student, that the subject should be put under 
several points of view : that if not apprehended 
imder one, it may be under another. For this 
reason, though not wanting an Author's par- 
tiality for his own performance, I recommend 
the perusal of those works, to which frequent 
referenee is made in the following pag^s. 
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I return my sincere thanks to the Syndics 
of the University Press, who, very liberally, 
have defrayed two-thirds of the expense of the 
present publication* 



Cuius College, 
Nov.l7,l8lO. 



Digitized by VjOOQ IC 



Table of the Foreign^ and the corresponding 
English Notation. 
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List of Foreign Authors that treat of the Subject of the 
present Work. 

Bernoulli^ James and John. — Works. 

"Comm. Acad. Petrop. torn. VI. VIII. 173S, 

1736. 
Methodus Inveniendi Lineas curvas proprie- 
tate maximi minimive gaudentes, Lausanne, 
Geneva, 1744. 
Novi Comm. Petrop. torn. X. 1766. 
.Calcul Integral, 1768. 

f Miscellanea Taurinensia, torn. II. IV. 
Lagrange. < Th6orie des Fonctions Analytiques, 1797. 
t Lemons sur le Calcul des Fonctions, 1806. 

BoRDA, et Fontaine. — Acad, des Sciences, Paris, 1767. 
Lb Seur et Jacquier. — Elemens de Calcul Integral, 1768. 
Sauri. — Cours de Mathematiques, torn. V. 1774. 
Legendre. — ^Acad. des Sciences, Paris, 1786. 
Lacroix. — Calc. Diff. et Integral, 1797. 
BossuT.— Calc, DifF. et Integral, 1798. 
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ON 



ISOPERIMETRIGAL PROBLEMS, 



AND THE 



CALCULUS of VARIATIONSi 



CHAP. L 



The Problem of the Curve of Quickest Descent proposed. -« James 
Bernoulli's Solution of it.— Principle of that Solution. 

The ordinary questions of maxima and minima were 
amongst the first that engaged the attention of mathe- 
maticians at the time of the invention of the Differential 
or Fluxionary Calculus. This invention took place about 
the yeai' l684, three years before the memorable flera 
of the publication of the Principia. But, the principles 
of the difierential calculus^ were not, like those of phy- 
sical astronomy, given to the world, at once, and as it 
were, on a sudden, in a formal treatise. They were 
communicated gradually and by piecemeal ^ in letters 
between men of science, in small essays and tractates, in 
solutions of particular problems published chiefly in 

B 
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Q NewtOfCs Problem of the Solid qf least RemtAnce, 

a work intitled the Acta Einiditorum edited at Leipsick * ; 
which, at that time, was the common vehicle of commu- 
nication between men of science and literatmie. There 
is scarcely a formula or process, which we now find 
compactly stated in our modern treatises, that was not 
in those Acts the subject of some correspondence and 
discussion. The methods of drawing tangents, radii of 
curvature, of determining the points of inflexion, the 
iMsdma and minima of quantities, &c. were treated as 
subjects of great importance by Leibnitz, and by the 
two Bemoullis. 

The first problem relative to a species of maxima and 
minima distinct from the ordinary, was proposed by 
Newton in the Principia: it was, that of the solid of least 
^ resistance. But, the * subject and doctrine became not 
matter of discussion and controversy, till John Bernoulli, 
Professor of mathematics at Groningen, required of ma- 
thematicians the determination of the curve of quickest 
descent. This he did in the Leipsick Acts for June, 
l6g6fy p. 269, under the following form: 



* Problems proposed and solved, became an amazing means of pro- 
moting thi methods of calculation, or the calculus, to which they 
belonged^ Of this John Bernoulli was aware, when, in his famous 
Programma relative to the line.of quickest descent, he says, '' Cum 
compertum habeamus, vix quicquam esse quod magis excitet generosa 
ingenia, ad moliendum quod conducit augendis scientiis, quam 
difficiiium pariter, et utilium quaestionum propositionem.'^ (^wa, 
torn. I. p. 166. 

t Ppera, torn. I. p. 155. 
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John BemmdWi qfthc Curve qf Sitickcii Descentf 3 

^^ Phoblema Novum, 
ad cujus Solutiopem Mathemalici invitantur. 

" Datis in piano verticali duobus punctis A et -B, 
" assignare mobili M viam AMBy per quam gravitate 




" sua descendens^ et moveri incipiens a puncto A^ bre- 
" vissimo tempore perveniat ad alteram punctum B." 

Six months, the time allotted for its solution, being 
elapsed, and no solution appearing, John Bernoulli at 
the request of Leibnitz (who intimated that he had 
^solved the problem) prorogued the term, and again 
anounced the problem in a programma^ edited at Gro- 
ningen in January 1697* In the May following, his 
brother, James Bernoulli, professor of mathematics at 
Basle, published its solution in the Acta Erud. Lips. 
p. 12 Hi"; and after the following manner: 



♦ Opera, torn. I. p. 166. 

f See also his Works, torn. II. p. 76S* 



Digitized by VjOOQ IC 



4 Jbrnet BemoulWi Solution, 

Let OOD be the curve ; conceive a portion of it CGD, 
to be divided into two parts CG, GD; and take another 




element to the curve CLD, divided also into two parts 
CL, LD^ and indefinitely near to CGD : then since by 
.hypotibesis^ the time through CG+GD, is to be a 
minimum^ and since quantities at or near their state > 
of minimum may be considered constant (for their 
increments or decrements are very small), we have 

t.CG+f.GD^t.CL+t.LD 
[t • CGr, abridgedly representing die time through CG.'l 

and A t.CG'-t.CL^t.LD^i.GD 
again CE : CG :: t.CE.t.CG , 

[CG considered as an inclined plane.] 
arid CE : CL :: t . CE : t . CL 
consequently, CE : CG- CL [MGf] .it.CEit.CG - 1. Ch 

but MG.LG ;iEG:CG 

[by similar A^ LMG, GCE.'] 

:. CE:LG:.EGx{t.CE):CGx\t,CG^t.CL) 
similarly -BF:LG:; Grxit.EF);QDx(t.LD--t.GD.) 
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Curve qf Quickest Descent a Cycloid* S 

Hence^ equating the two values of LO^ we have 
EGxt.CExEFx GD^GIx t .EFx CE x CO 

or EG X T^^x EF^ GD^ ^^^^We ^ ^^ ^ ^^ 

[substituting for f, CE, t.EF.] 

or -^§p: -^^ :: CE : EFi: CG : GD [l.] 

which is a property of the cycloid * : hence the curve of 
quickest descent, or the hrachystochroney is a cycloid. 

The proportion [l] rnay be thus expressed : 

^:^ :: x^HC . s/ HE, or 

sin. Z. ECG : sin. L. GDI :; s/HC : \/HE :: veF. at C : 
vel^. at Gy or the sine of the angle made by a vertical and 
an element of the curve is proportional to the velocity, t 



• This will easily appear by constructing the figure with its 
generating circle ; or, the known equation of the cycloid may be thus 

deduced : since ^^,, ^.^, =— TTFrJTTK we have -t — tt = >/. ■ ; 

and since d:^, y, dz'^ are the consecutive values of dx, y, dz, it 

dx 
ibUows from the above equation, that -- — -7- is every where the same, 

or IS constant, and therefore may be puts -r^. Hence, ad^:s 

'' i/ a 

V . dj^+y. dy^ and dx zs ; / j, \ ^y» ^^^ equation to a cycloid. 

\^ yi 

f La^^ge, Col. des Ponct, 8vo. p. 425, says that this was the form 
of the result obtained by Bernoulli. It is not however the form given 
in the first solution that occurs in Bernoulli's Works. 



Digitized by VjOOQ IC 



6 Principle qf Benumlli's Solution, 

In the preceding demonstration two principles are in- 
volved ! one* borrowed fix)m the doctrine of die ordinary 
maxima and minima of quantities : the other^ at the time 
of the first discussion of these questions entirely new, and 
in fkct assuming ; That the property appertaining to the 
whole curve, belongs also to any element of the curve : for 
of the preceding problem, the condition was, that the time 
down the whole curve OCD should be a minimum, 
that is, less than down any other curve, passing through 
the points O, D : but in the demonstration, an element 
CGD is taken, and it is assumed that the time down 
this element is also a minimum : so that, the whole 
curve is determined, by determining a portion or element 
of it The principle undoubtedly is, true, both in the 
preceding and in other problems, but it is not univer- 
sally true. Of the exceptions, and of their reasons, 
we shall hereafter speak, and here only briefly notice, 
that the BemouUis and Brook Taylor, preface their small 
tracts on this subject, with this principle, establishing the 
same nearly after the following manner : 

If the curve j4PB (see fig. p. 3.) has a certain pro- 
perty of minimum, a portion of it PQp^ has the same 
property : for suppose AP^ Bp, to be determined, then 
if PQp possesses not the property of maximum or mi- 
nimum, suppose another small portion Pqp to possess 
it; therefore Pqp added to JPy and Bp, will f9rm a 
curve, that in the case of maximum will contain more, 

* See page 4. line 5, &c. 
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Ejcplanaiion qf the Principle* 7 

or <^ minimum^ less thaii APQpB; which is contrary 
to the hypothesis*". 

The first principle is, as it has been remarked, that 
which is employed in the ordinary questions of maxima 
and ininima. If, for instance, we wish to determine 
when an ordinate y is a minimum, dy its difierential is 
put equal to nothing. Hence, the contiguous or con- 
secutive ordinate which generally is, 

is in this case reduced to 

which, if we make A j? infinitely small, will differ from 
the ordinate y only by infinitely small quantities of the 
second order ; and if we neglect them, may be said to be 
equal to the ordinate y. Of this nature, and requiring 
this explanation, is the equality in James Bernoulli's 
demonstration, when the time through CO + the time 
through GD = the time through CL + the time 
through LD. 



♦ P. 226. torn. 11. JohaBern. Leip. Act. 1701, p. 21S* James 
Bernoalli, the author of the essay, as if suspicious of the truth 6f hk 
principle, says, " Sensus theorematis yel demonstrationis ejus ridetur 
pauIo obscurior, nee satis determinatus : sed planior et infra ex appli- 
catione, &c." John Bernoulli also, Acad, des Sciences, 1706, p. 236. 
lays down the same principle : '* Parceque toute courbe qui doit 
donner un maximurn^ conserve aussi dans toutes aea parties les loix de 
ce in^me maximum, &c." 

t Woodhouse, Prin. Analy.Calc. pp. 44, \6%. 
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8 



Object of the cotmion Doctrine qf Maxima and Minima, 



The use of the principle, however, in Bernoulli's pro- 
blem, and its illustration, will enable us to point out 
the real and essential distinction between the ordinary 
calculus of maxima and minima, and that which is the 
subject of the present treatise. In the former the relation 
of y to ar is supposed to be given, or, in other words, the 
fiinctionyin the equat". y^fx is supposed to be known ; 

and the process of equating y and y =fc ~. A j: + &c., or 

of making dy = O, enables us to find a particular value 
of X which substituted in y^fx gives the greatest or 
least value of y. ' Thus in the equation y = \/{2ax — a?^ 
+ b), fx =i \/ (aax-^x^+b) and if die greatest ordinate 




t M N 



be required, (putting MQ^y, and MN^Ax), NR:=y+ 
dy d^u . V A , dy a " x 

quently a?=ra, and the maximum value ofy = v^(a'-f i). 
In the latter calculus, on the contrary, the relation of y 
to 0? is not given but sought, or in other words the form 
of the function /a? [that is, whether it is v/(2aa?— ^) 
or e** or (awc^- bj^y^ &c.] is the object of investigation. 
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Ohjeet qf the Doctrine of the Maxima and Minima of Curves. 9 

For this reason, the augmented value oi y^MQ is not, 
as before, its consecutive value NR=j/ + Ai/y hut Mq = 
y + Qy = y + ¥, which must be substituted for y in 
expanding- any function of y. Thus, if the equation 
between t/ and x, or in other words, if the function fx 

is required, such that y*(«^ - j/*) y- dx shall be a 
maximum, we have, changing y intoy + », the consecutive 
value of the expression for the maximum, {axy — y^) 
+ (aj? — 3y*)»+ &c. and since this expression must be 

a maximum, the second term, analogous to -p A:f in the 
former instance, must = 0, or a j? — 3 y' = 0, andy = \/ — • * 

Here it is plain, the result gives the form of the 
equation, that must subsist between y and x^ so that 
generalizing, it may be said, that it is the form of the 
function fx in y^fxy which is the object of search. 
The two preceding instances plainly shew the points of 
agreement and disagreement of the two calculi. 

Before we quit this part of our subject we will 
shew how Bernoulli's method of solution, without any 
alteration of principle, may be abridged. Since the 
time varies as the space divided by the velocity, and 
the velocity as the square root of the height, we have, 

CL ^ LD CG -GD ^ ,, , 

VHC^ sTTTE^ ;nTC^ s^IE^ ^''"' the principle 

c 
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10 Cycloid qf Quickest Descent from a Point to a Vertical Line, 

MG LN . • , . , 

or . jj.i, = , „ „ , or from similar tnangles, 

EL j^ LI .^ EL 

CLVHC ^^ - LD ^ HE' ^^'""^ CLV HC = 

LI , - 

-^^^^T^g^^asbefore, p.5. 




In Bernoulli's solution the curve between A and B is 
shewn to be a cycloid; but nothing farther is deter- 
mined ; the result is independent of the relative position 




of the points A and B. Hence, the same result, as far 
as it regards the nature of the curve, will obtain for A and 
B', A and B' &c. that is, the curves ABy AB\ AB"y &c. 
are all cycloids. A question then naturally arose out of 
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intersects the Vertical Line at Right Angles, 1 1 

the original one ; Which is the cycloid, down whose 
^ length a body will descend in the least time ? Or, in other 
words, required the curve, a cycloid it-must be, such that 
a body shall descend from A to the vertical line BB'B'^ 
in the least time. This, after the solution of the first 
problem by James Bernoulli, was proposed by him 
to his brother, and solved by the latter, not only 
for the particular case in which BBfR' is vertical, 
but for any inclination of that line, and for any 
form of that line ; that is, John Bernoulli determined 
the condition to which the cycloid must be subject, when 
the time down it from -^^ to a curve hV K' shall be 
a minimum. The condition, which hereafter will be 
deduced, is, that the cycloid shall cut the curve at right 
angles*. 

We may aow, without either haste or abruptneiss, 
proceed in the historical and scientific development of 
the new calculus. And, the next step will be. to the 
famous Programma of James Bernoulli, which contained 
the problem, whence the title of Isoperimetrical, since 
applied to all problems of a like kind, is derived. 



♦ This Bernoulli determined by an ingenious, but peculiar method. 
Indeed, there appeared no general method of solving isoperimetrical 
problems, with all their circumstances, till Lagrange in 1760 gave 
his formula of solution, consisting of two parts ; the one containing 
integrals, the other a definite expression. See the subsequent parts of 
this Work. 
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CHAP. II. 

Isoperimetrical Problems proposed by James Bernoulli — Solved by 
John Bernoulli — His fundamental and specific Equations — Appli- 
cation of them to the Curve of Quickest Descent, and of a given 
Length — Solution of Isoperimetrical Problems, by Brook Taylor — 
Imperfections of his and the BernouUis's Methods. 

In 1697, James Bernoulli edited a Programma^ which 
proposed this problem * : 

Of all Isoperimetrical curves described on the common 
base BN, to find BFN such, that another curve BZN 




shall contain the greatest space, the ordinate of which 
PZy is in any multiplicate or submultiplicate ratio of 
the ordinate PF, or of the arc BF, 



* " Quaeritur ex omnibus isoperimetris, super communi basi B N 
constitutis, ilia BFN, quae non ipsa quidem maximum comprehendat 
spatium, sed facial, ut aliud curva B^iVcomprehensum sit maximum,, 
cujus app.licata PZ ponitur esse in ratione quavis multiplicata, vel 
submultiplicata, rectse PF, vel arcus BF, hoc est, quae sit quotacunque 
proportionalis ad datam Ag rectam PF, curvamve -BF/ Acta Erud, 
1697. Mai. p. 214. 
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First Solutions qf Isoperim. Proh. by John Bernoulli, erroneous, 13 

In the terms of modern analysis, the ordinate PZ 
is said to be a function of PF, or a function of the arc 
BR 

It is the last case of the problem, when PZ is a func- 
tion of the arc BF, that baffled the sagacity and skill of 
John Bernoulli, and caused between him and his brother, 
a long and acrimonious controversy. All the solutions 
of the former were erroneous *, till the publication of his 
brother's. And, even when John BernouUi had amended 
his solution, he would not frankly and plainly acknow- 
ledge his error, but slurred it over, with a faint and 
half-confession of having previously been guilty of some 
slight inadvertencies. The last solution, however, of 
John Bernoulli, published in the Academy of Sciences for 
the year 17 18, is, considering what was then the state of 
analytical science, very admirable, and merits the eu- 
logium which he himself has conferred on it, that of being 
equally exempt from the tediousness of his brother's, 
and the obscurity of Taylor's calculations t* It is, how- 



* Acad, des Sciences, 1706, p. 235. or Opera, torn. I. p. 424. In 
this memoir he solved the first case of his brother's problem, making 
two elements only of the curve to vary, but making besides the 
elements of the abscissa to vary. On these grounds the solution of 
the first ca§e is right, but that of the second erroneous. 

f '' Une voye courte, claire et facile, suivant laquelle un geometre 
d'habilete et d'esprit mediocres puisse arriver jusqu' avoir, non sur la 
foi d'autrui, mais de ses propres yeux, ces veritez abstruses, sans 
^engager dans la longueur du calcul de mon frere, ni'dans Pobscurite 
de celui de M. Taylor.'* Opera, torn. 11. p. 238, also Mem. de VAcad. 
de Paris, 1718. p. 100. 
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14 John Bernoulli's last Solution, 

ever, obviously borrowed from his brother's, which was 
entitled "Analysis magni Problematis Isoperimetrici," 
and published in the Acta Eruditorum Lips, for May, 
1701, p. 213. Previously to the Analysis , a solution, 
as it was called, but in which results alone were stated, 
liad been published in the above mentioned Acts, for 
June, 1700, p. 261. 

As this treatise is not intended to be strictly his- 
torical, the problem of the isoperimetricals will not be 
traced through all its variety of change and emendation. 
To history we shall adhere no farther, than is sufficient 
to preserve an unbroken series of methods gradually 
becoming more exact and extensive; the series begin- 
ning with the first rude, though perfectly just, method 
of James Bernoulli, and ending with Lagrange's ex- 
quisite and refined Calculus of Variations. For this 
reason we proceed to notice, and shall give the substance 
of ihe last solution of John Bernoulli, published in the 
Memoirs of the Academy of Sciences for 1718. The 
separation between that, and the first solution of the 
hrachystochrone, which has been already given, being 
neither too wide, nor too abrupt, for our present 
purpose. 

Bae is a curve, and an element of it ahce is com- 
posed of three portions abybc,ce; another element 
aghe, indefinitely near the former, is composed of three 
portions, ag, gi, ie, and since the solution is to extend 
to isoperimetrical curves, we have. 
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Fundamental Equation, — Elements of the Abscissa constant. 15 

ab + be + ce=zag+ gi + ie, 
and consequently, (ag-^ab) + {gi - be) + (i e— ce) = 

N P B^ 




or, gm-'bU'-oc + ih^O [l] 

bmg, abf, g^ = '^ •% 



By similar triangles, < 



he 
bngj behy bn= —.bg 

ioCf bch, co= T^ . cL 

le 
iehy ele. ih = — . ei. 
ce 



Hence, substituting in the equation [l] 

/fb kc\, /kc le\ . ^ 

and this Bernoulli calls his fundamental equation, on 
account of the uniformity * subsisting in the coefficients 



♦ P. 104. Mem, Acad. Paris, 1718. Bernoulli, after noting this 
uniformity and shewing what it consists in, adds/ "On verra dans la 
suite que cette uniformity contribue merveilleusement a reconnoitre 
comme d'un^seul coup d'ceil et non en consequence d^aucune analyse, 
les equations qui convienneut a chacun des probl^mes que nous alions 
resoudre.'* 
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1 6 Uniformity of Coefficients in the Fundamental Equations. 

of bg and ci ; which uniformity, if we run a little before 
our matter, and borrow the symbols of the differential 
calculus, may be easily made manifest. Thus, fb^ kc, 
ICy being the differentials of the ordinates iVa, P6, Re 
[?/, y, y] are to be noted, dy, dj/^ di/'; and if d%, dz\ 
d^' denote the differentials of the three arcs Ba, Bb, Be, 
we have, 

^dz dz'^ ^^ " ^dzf dz''^ '''• 
In the foregoing demonstration, the elements of the 
abscissa are supposed to be constant, or the points 6, c, 
by whose motion the curve is supposed to be changed, 
move along the linesyg-, pc; but, instead of the elements 
of the abscissa, those of the curve may be supposed 
invariable, and this case Bernoulli includes in a second 
fundamental equation, like the former, and demonstrated 
by the subjoined process. 

Since the elements a 6, be, ec, are supposed to be 



? ?f ■ 1 


p ] 


R. S 


\ 








\\ -^ 




k ■ 




\ 


^ 





constant^ from «, e, as centers describe circular arcs 

Digitized by VjOOQ IC 



Second Fundamental Equation. — Ekmentt qfthe Curve constantM }J 

bg, cij in which) the points J, c, when we pass from 
curve to curve^ are supposed to move : now, 
he ^gi^ 

or, (ift-f^n+oiy — i^ = Ac*-(/rc — CO- 6w)* 
or, by virtue of the formula^ 

{2hk+gn + oi) (g'n + oi) = [2/rc- (co + 6n)] {cO'\'hn) 

or, 2hk (gn + oi) = 2kc {co + bn) neglecting {gn+oiy, 

kc 
(co + bny-f hence, |^w+ot = (co + bn) rr • • • W 

(afbybng, gn^^^.bn 
c/e, coif oi =z -j.co. 
Hence, substituting in equation [2], and transposing 

which Bemoulh calls also a fundamental equation, and 
in which is to be noted an uniformity similar to that 
pointed out in the former fundamental equation. 

If we express the equation synibolically, we shall 
have, 

These equations appeared in Bernoulli's last solution 
of the Isoperimetrical Problems. And to be satisfied of 
the skill and previous labour expended in their con- 
struction, we need only remark, that they have no 

D 
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18 Application of Bernoulli* s Method 

dependance on any property of maximum, or minimum,^ 
and seem therefore to have no relation to the problems, 
for which they were specially designed. The relation, 
however, ^yhieh they are made. to have, cannot be better 
understood than froip the following instances. The 
first of which, is the Brachjfstochrone, not the common 
case*, but that, in which, to the minimum property, 
the Isoperimetrical is added. In other words, when, out 
of all curves of a given length, the curve of quickest 
descent is required. 

In the subjoined figure let Bah ce be the curve of 




quickest descent, of which a portion ahce is formed of 
three elements, ab,bcy ce; take a portion of another 
curve formed of ag, gi, ie, indefinitely near the former, 
then, by the principle of the maxima and minima of 
quantities, the time down a 6, be, ce,s=time dov;n ag^ 
gi, ie. But the time, varies as the space divided by 
the velocity varies^; therefore as the element of the 



^ Sbe pigies 4*. anct P. 



Digitized by VjODQ IC 



to the BrachystockroM amongst Isoperimelrical Curves. ' 1 9 

curve divided by the square root of the vertical height 
from which the body has fallen : hence, 

ab , be ce _ ag gi ' ie 

but ab, ag, be, &c. are all equal ; 

I 1 1_ 1 

_J 1 1 1 

II 11 



x/Pb x^(Pb + bn)'~\/{Rc-co) x/Rc' 



1 /I hn \_ 1 . . CO 1 

'*^' s/Pb ^y/Pb 2Pb-^ ~ \^ Re 2Rc^ \/Rc 
[expanding and neglecting the terms 
involving in% co*, &c.] 

Hence, — = — ^; and this is an equation expressing 
CO Jtc^ 

the proportion of 6 w to co^ obtained from the property 
of the proposed minimum ; but the second fundamental 
equation, involves few, co^ the proportion of iw to cOt 
there arising from the Isoperimetrical condition. Hence, 
eliminating fen, co, there results the specific equation * 

^af bk^ ^ok Ic^ 



. (f^l|)-'*=(fl4')'" 



or, X ^ 



* " Specifique ; parceque d'elle resulte Tequation diflTerentielle, qui 
determine finalement Tespece de la courbe cherch^e," Acad, des 
Sciences, 1718, p. 108. 
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so Equation to the Brachjfsiochrone. 

Now if we observe this equation^ it will appear per- 
fectly uniform in its two members^ since the right hand 
member differs from the left, only inasmuch as the 
points e, c, are used instead of the c, b. Hence, either 
member is always the same, throughout the curve 
required: hence, symbolically, 

(rfl "" rf7>^ y* = a constant quantity ; 



or, — d yrf-) y^ = y/a . dz 

[dz is constant and multiplied into \/a, in order to 
make the equation uniform.] 
^, . . d^x . dy — rfV .dx . dz ^ -i 

that IS, — "hr^ — ' ** ^^ . — ...[«] 

but dz^^dx^ + dy^i and since dz is invariable, o = 
dx . d'x + dy d^y ; hence, substituting in [a] 

d'x (dx'+dy') dz.dy 

ax yr 

or,g.cf.= v/a^,orrf(±).rf.=2v/a.rf(i,) 

and integrating, ~ = 2\/ - =^ *" [" being the correc**.] 

„ dz^ dx* + dy* a h /a h" 

Hence, -r-^, or ■ — 7^ ^ = 4l:±4-\/-- +- 

dx^^ dx' y c^ y c* 

and dx -^ * 

' ^{4ac*+ b^y-c^yd=:4bc\/ayy 



* See Emerson's Fluxions, p. 189. Third Edition. 
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In Isoperim^. Problems, the Variation of three Elements requisite, 21 
If in the correction - , i = • dz :=: 2dx Sj - ^ 

2^/(1. v// r> aJ^d the curve is the common 

cycloid ; which now is the curve of the quickest 
descent, not amongst all curves of the same length 
between B and C, but amongst all curves whatever that 
can be drawn between these two points^ This is, 
however, only a particular case, for if 6 be real, the 
curve is not a cycloid, nor is it any known curve, but 
merely that which the differential equation determines 
it to be. 

If we now examine the preceding solution, we shall 
perceive the office of the fundamental equations in 
solving problems of maxima and minima. Analytically 
speaking, they half resolve such problems ; and furnish 
one equation involving two arbitrary quantities, [iw, co\ 
whilst the maximum or minimum property furnishes 
another. That which results from elimination is the 
equation of solution. 

We may perceive also, in the preceding solution, 
the necessity of making three elements of the curve to 
vary. Two elements are sufficient when merely the 
hrachystochrone without any restriction is required. The 
minimum property furnishes one equation, containing 
an^ arbitrary quantity [LG], which is also the equation 
of solution. If a second property, isoperimetrical, or 
other, be introduced, it may be incompatible with the 
curve determined by the equation resulting from the 
minimum property. 
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22 Second Instance of the Application of Bernoulli's Method 

For instance, CGD may be determined such, that it 
Q H 




is the curve of quickest descent, and then taking CLD 
indefinitely near, the time down CG+the time down 
G2>=:the time down CL + the time down LD; but 
CG+ GZ) cannot equal CL+LD, for the former sum 
is less than . that of any two lines^ drawn from the 
extremities C, D, externally to CG, GD. 

This does not shew, beyond controversy, the neces- 
sity of the variation of three elements. For, the points 
Lj G, need not lie in the same line ELG^ since the 
elements of the abscissa as well as those of the curve 
may be made to vary: in which case, two equations, 
derived from two properties may be obtained ; and this 
method, which was used by John Bernoulli ♦, in 
certain cases, but not generally, leads to right results. 

If problems involving merely one property, the 



• The.raethod is right in the first case of the problem proposed by^ 
James Bernoulli^ but not^ in the second. See p. IS. 
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to the first Case of Problem proposed in p. 12. 23 

maximum, require the variation of two, and those in- 
volving two properties, the variation of three elements ; 
problems involving three properties, would, it should 
seem, require the variation of four elements : and this 
is the ease. Each property furnishes an equation con- 
taining three -arbitrary quantities (such as in, co), and 
the solution depends on the equation resulting from 
their elimination. To such problems, however, the 
Bernoulli^ did not extend their researches. 

We shall give a second instance of Bernoulli's 
method in solving the first Isoperimetrical problem that 
was proposed by his brother ; and proceed as in the 
former case; that is, use two fundamental equations 
involving bg, ic, one derived from the Isoperimetrical 
condition, the other from the common property belong- 
ing to quantities, at their state of maximum. Now the 
problem requires the curve to be determined, such, 
that if y be the ordinate, and Jr=: /"(y)*, J'V dx shall 
be a maximum. 

Hence, since the elements of the abscissa are sup.- 
posed constant, [see fig. p. 15.] 

f{Ph) +f{Rc) =f{Pg) +J\Ri), 
by the property of maximum, 
or, f{Pb)-f{Pg)=f{Ri)-f{Rc) 
or, /(Pi) -rf{Pb + hg)=f{Rc-ci) -f{Rc) 



• / [y) is the method of «otiug the fiinction of a Ijuantity y. The 
name and symbol were used by John Bernoulli in the Memoirs of 
thjp Academy for 1706, and 17 18. See the latter Vol. p. 106. 
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S4 Equation qf ike Curve. 

from which, expanding ^(Pi + hg)^ f^Rc — ci)*, and 
neglecting the terms involving the squares, cubeSj &c. 
of hg^ ci, we have, 

D .f{Ph) .bg^D .fRc eC /, 
[d .^(P 6) being the coefficient of the second term, 
in the expansion off [Pb + i^)t] 

If we now substitute for hgy ciy in the fundamental 
equation [l] p. 15, there results, 

//6 _ hc\ 1 _ ^hc _ le\ 



^ab bc^ ^'/{Pb) "He ce^ D./.(/fc)* 
In which equation, (specific Bernoulli calls it) the 
law of uniformity being observable in the composition 
of its members, it follows, that, 

V^ - T-y ,.^y^,, , is every where the same, 

^ab bC^ D .J (Pb) . ^ 

dx 

~ being from the invariability of the elements oT the 

abscissa, constant ; 

. d'^zdy-d'y .dz D.F.dx 

hence ^ — — ^— _. 



d 



a 



• Pbzzy, and bg-^zdy, then, by Taylor's theorem. [See Princ, 

Anal. Calc. p. 44.] 

or^ if we make Y zzfy, 

t Print* AnaL Calc. Pref. p. xxix ; and p. 43. 
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The Circle, amongst ItopK Curves, contains the greatest Area. Qi5 

but dz^=:^dx* + dy^ ; /. dz . d^z = dy . d'y ; since dx is 
constant^ consequently, by substitution, 

d^z (djf -dz^) _ T>.Y. dy .dx 



dz^ 



a 



or. 



\ r- . dx = ^ , and integrating 

dz" a 



dz' 



since 



a 



dy 



fdY, and - is the correction ; hence, 

dx- (^±^) dy 
Ifr=/0^)=y,thenD.r=:^ = g=l, and 

^ ^^ 7W=^y±^y 

or a? = C — \/ (a* - [y ± c]*) 
an equation to a circle. Hence, of all curves, of a given 
length, that can be drawn between two points, the circle 
is the curve that contains the greatest area. 

If we apply Bemoulli*s fundamental equations to the 




second case of the Isoperimetrical problem, [see p. 13. J 



£ 



Digitized by VjOOQ IC 



26 Solution of the second Case of Jdtnei BemoulWs Problem. 

that is, when the ordinates are not functions of the 
ordinates Pb, Re, &c., but of the arcs Bab, Babe, &c;, 
the process will be somewhat different from the pre- 
ceding. For then we have, instead of 

f{Pb) +f(Rc) ^f{Pg) +f{Ri) 
f{Bab) +f(Babe) =f{Bag) +f{Bagi) 
or, f{Bab)'-f{Bab+gm)^f{Babc^eo)-'f{Babc} 
and, as before, d .f{Bab) . gmz=iD .f{Babe) . eo 

But the fundamental equation involves bg, ci; therefore, 
gm, eo, must be expressed in terms of them^* Now, 
by similar triangles, 

gm ="^.fcfi*, c6 = — .ci; hence 
^ ab ^' ee 

T>.f{Bab)f^.bg^j>.f{Babe).~.eii 
and substituting in the fundamental equation^J^p. 15. 1. 9.] 

<^'^bc)'fb.D.f{Bab) ^\bc ee/' le.D.JXBabc)' 

Now, Bernoulli remarks, that in this equation, as it stands, 
there is not that uniformity, which enables us to pass from 
one element ab to another b e affected in the same manner, 
and so on. There would have been the requisite unifor- 
mity, if the factor in the right hand side of the equation, 

instead of 7-, had been r— . We shall cause therefore 
le ke 

be 
^the requisite uniformity, if we multiply each side by -p, 

and there results the specific * equation, 
♦ See Note, p. 19. 
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Equation to the Curve. 27 

/fb kc\ ah be 1 _ /he _ ij) be 

\b ■" bc^*fb' ke' vf{Bab) "" ^bc ce^ ' ke' 

T-' — w.p I . = a constant quantitv; hence, since 7rr = 
le D.J {Babe) ^ ^ ^ fb 

be 

T^y and calling D.f\Bab) = S, wehave^ 

,RC 



-"•df) 



dz* _dx 



d*z.dv-d^y:d» S dy* V . ^ m. , j. , 
//^» =-';f^'dxibxit,d'i/.dt/^d'z.dzi 



**'■ SF " « *.^ 



.rfx» S df J d'y , S.d% 

or, a.dx=idy {Z + c), the equation to the curve. 

This, as we have before remarked, is, in the history 
of Isoperimetrical Prohlen^is and their connected 
Calculus, the most importsoit problem ; since, as long as 
John Bernoulli made two elements of the curve only to 
vary, he constantly, by his erroneous solutions, afforded 
matter of triumph to his brother James. The above 
solution is John Bernoulli's last solution, and an exact 
one; but, it was not published till 17 18, in the 
Memoirs of the Academy of Paris for that year, six- 
teen years after the appearance of James Bernoulli's *. 



• This solution appeared in the Acjla Erud* Lips. Mai, 1701, 
p. 213. John BeraouUi's solution (which was faulty) was cominu« 
nicated to Leibnitz in 1698, to the Academy of Sciences in 1701, an4 
published in their Memoirs fo;r ^06. 
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SS John Bernoulli's Method distinguished by its Specific Equations. 

On this solution, that of John Bernoulli's is essen- 
tially founded ; and indeed on the very principle, the 
neglect of which had vitiated all his former solutions ; con- 
taining also, under the form of fundamental equations*, 
James Bernoulli's proportions f. The latter are, with 
the slightest trouble, transmutable into the former. Yet 
John Bernoulli, with a total disregard of justice, wishes 
to confer superiority on his method, by the reverse 
operation ; that is, by transforming the former into the 
latter. This, however, is not the sole nor the least trait 
of his unfairness.;}: 

John Bernoulli's solution possesses greater elegance 
and compactness than his brother's. Yet these are 
qualities which we may attribute, almost with equal 
justice, as well to time as to genius. It possesses, 
however, a characteristic excellence in the uniformity of 
its specific equations. A considerable advancement was 
thereby made in the calculus of Isoperimetrical problems ; 
and it is on a like principle of uniformity, that cer- 



♦ Metn. Acad. 1718, p. 103, &c. 

t Acta Erud. Lips. 1701, p. 213, or James Bernoulli's Works, 
torn. II. p. 899, or John Bernoulli's Works, torn. XL p. 220, &c. 

X The palpable error of his former solution he wishes to reduce to a 
mere fault of inadvertence. '* Pour reparer cette faute d'inadvertence,*' 
he says, "Je vas donner ici une nouvelle maniere de resoudre, &c/* 
Besides, he is ever seeking occasion of aspersing his brother's method, 
[see Mem. Acad. 1718, pp. 102, 103, 131.] and this he does sixteen 
years after James Bernoulli's death : when, that event, the lapse of 
time, this recollection of his brother's kindness, a zeal for a brother's 
&me, ought to have assuaged and laid to sleep all angry passions. 
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Brook Taylor^s Solution of Isapmmetrical Problems. 29 

tain methods of golution^ of more recent date, are 
founded*. 

Some of the latter assertions the Student must be 
content to take on trust : for their proof would lead into 
too wide a digression. Yet, his curiosity will be amply 
rewarded, if he will search for, what may lie found, the 
identity of the methods employed by James Bernoulli 
in his "Solutio magni Problematis Isoperimetrici, *' 
and by his brother in his last essay, inserted in the 
Memoirs of the Academy of Sciences, 

With the above-mentioned methods, the researches of 
the Bemoullis on these subjects terminated. Towards 
the period of their close, in 1715> Brook Taylor, in his 
" Methodus Incrementorum," solved the problem of the 
Isoperimetricals, on principles not different from those of 
the Bemoullis, but with some alteration of symbolical 
notation. The most material alteration, or rather im- 
provement, consisted in representing the fluxion of f^ 



♦ In LyoQ9's Fluxions (1758), at page 99, the author, in solving the 
Brachystochrone, arrives at this equation, 
y _^ w 

in which y, w, are the fluxions of two contiguous ordinates, and V, v, 
the velocities in the arcs. Hence> since there is in this equation a law 
of uniformity, precisely of the same nature as that which Bernoulli 

pointed out ; the author infers^ that -p^ (/ the fluxion of the arc) is a 

given quantity. 

The same principle of uniformity serves also, in part, as the basis of , 
Mr. Vince's solutions. Fluxions, p. 195, and of some of Emerson's^ 
pp. 182, 183, &c. Third edition. 
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30 ImperfecH&ns of preceding Methods^ 

when fFx is the analytical expression of the maximum 
property; thus, 

F=:Mx + N^ + Ls 

which mode of expression, Euler, as we shall hereafter 
see, skilfully availed himself of. 

TTie methods of the BemouUis and of Taylor, were 
held, at the time of their invention, to be most complete 
and exact. Several imperfections, however, belong to 
them. They do not apply to problems involving three 
or more properties ; nor do they extend to cases in- 
volving differentials of a higher order than the first: 
for instance, they will not solve the problem, in which 
a curve is required, that, with its radius of curr 
vature and evolute shall contain the least area. 
Secondly, they do not extend to cases, in which 
the analytical expression contains, besides x, y, and 
their differentials, integral expressions; for instance, 
they will not solve the second case proposed in James 
Bernoulli's Programma [see p. 12.] if the Isoperi- 
metrical condition be excluded; for then the arc s, an 

integral, since ittsj'dx \^(^+^)} i^ ^^^ given. 

Thirdly, they do not extend to cases, in which the dif- 
ferential function expressing the maximum should 
depend on a quantity, not given except under the form 
of a differential equation, and that not integrable ; for 
instance, they will not solve the case of the curve of the 
quickest descent, in a resisting medium, the descending 
body being solicited by any forces whatever. 
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Obscurity of Tay!or*8 Method. 31 

There are no other peculiarities in Taylor's' method, 
than those we have mentioned, that demand our atten- 
tion. It has no recommendation from its neatness and 
perspicuity, but is justly censured by John Bernoulli 
for its obscure conciseness *. 

We must now direct our attention to a period of 
greater interest, during which, the great Euler, who* 
left no part of science untouched or unadorned, directed 
his attention to the calculus of Isoperimetrical problems. 



• '* M. Taylor, homme d'esprit, et Geometre tres habile, qui a 
heureusement p^netr^ j usque dans ce que nous avons de plus profond, 
comme il par6it par son livre de Methodo Incrementorum : sentant 
bien la longueur embaras&ante de Tanalyse de mon frere, et youlant 
la rend re plus courte et un peu claire, a repandu lui-m^me tant 
d'obscurite sur cette matiere (aussi bien sur d'autres ou il a voulu etre 
court) qu'il semble y prendre plaisir, et que je doute qu*il y ait 
quelqu'uB, quelque penetrant qu'il soit, qui Tentende partout, quand 
m^me la matiere lui seroit deja connue d'ailleurs/' &c. Mem. Acad* 
1718, p. 103. 
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CHAP. III. 

Euler's first ""Memoir on Isoperimetrical Problems — Table of 
Formidse — Solution of Problems by it — Methods of Thomas 
SimpsoDy Emerson^ and Mac Laurm. 

An interval of fifteen years had elapsed^ before the 
aubject of Isoperimetrical problems was resumed by 
Euler. He took it up where the Bemoullis had left it, 
and conducted his first investigations on their plan. 
These are not easily intelligible without a previous 
knowledge of the researches of his great predecessors. 
The Student, who, for initiation into the peculiar calculus 
of Isoperimetrical problems, should resort to £uler*s 
first memoir, would, from the novelty of its terms^ 
principles, and methods, find it perplexed and abrupt. 
But, he will &ncy himself gliding along the same route^ 
if aft^r Bernoulli, he takes Euler as the guide of his 
enquiries*. 

Euler's first memoir was inserted in vol. VI. of 
the Ancient Commentaries of Petersburg for 1733. 
He there distributes his problems into classes. In 



• It is thus with other subjects. Investigation is easy when it is 
made with the proper series of steps ; but difficulty when by our own 
sagacity and labour, we must supply either steps that are wanting, 
or approximate those which are too widely separate. 
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Eulcr^s Principle <^ Solution, the same as Bemoullfs. 



S3 



the first, are ]problems like that of the hrachyHochrone 
and the curve of least resistance, with the property of 
the minimum, but without the Isoperimetrical condition 
or any other. These are to be solved from the principle 
of the property of a maximum, belonging to the elements 
of the curve, as well as to the curve itself; and from 
the principle of the equality between two proximate 
states of a quantity, when near its minimum or 
maximum ^\ and they require for their solution the 
variation of two elements qnly of the curve. Thus, in 
the subjoined Figure which is constructed similarly to 
Euler s f, let CLND be die element that possesses the 
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property of a proposed maximum or minimum: take 
CMGD indefinitely near ; then Euler says, if we express 
the property in CMGD and in CLND, the diiTerence 
of the two expressions ought to equal 0. 

[a] Now CL is changed into CG=^CM+MGss 

CL+^.LG, 



See p. 7. t Comm, Acad, Pttrop, torn. VI. p. l!28. 
F 
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34 btttancet <^ Etiler*s Metkod. 

lb] and LD is changed into DO ^J)L- LN= 

or the variations of CL, LD are -ttt • ^O, — j^j-, LG. 

Hence, in an instance, in which yjc^.rf*, is to be 
a minimum {x = abscissa, <25= differential of the curve,) 
we have, 

OJ^.CL + 0B'.LD=0A'.CO+0R',GD, 

hence, by [a], [i], 

or 0^.^= OB^.^. 

and consequently from the unifat^mity of this equation, 
[p. 15, 20, &c.] 

OA^.-Yrf 7 or J?".-7^ = a the equation to the curve. 

If n= — |, / ^ =sg^, the equation to a cycloid, 

z' vis 
and the expressioii for the minimum is^ --y- , or fdf 

{t th^ time,) or the time is a minimum down the curve> 
whose equation is , = a. This problem is that 

which was solved in pp. 4, 9. and on the same principles ; 
for if we compare the solutions, the two latter will be 
found to differ from the former, merely in the greater 
compactness' and regularity of their processes, and in 
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His Classification of Isoperim'etrical Problems. 35 

their furnishing something like a clue to the general 
solution of similar problems*. - 

The preceding problem is easily generalised ; for if 
P be a function of x, 2LndfPds is to be a minimum^ 
we should have, supposing P to become R when x 
oecomes x+dxy 

P.CL + F.LD = P.CG + R.GD 
and by [a], [i], 

an equation, which, according to Bernoulli, may be 
called a specific equation. 

dti 
Hence, P .—^ =«, the equation to the curve. 

By these methods, hardly to be reckoned different 
from those of the Bernouliis, Euler solves problems of 
the first class : he then passes on to those of the second, 
which besides the property [JS] of the maximum, are 
to have another property [/f] f ; of this class are those 



* The first solution of James Bernoulli, as it stands [see p. 4.] 
afibrds scarcely the least glimpse of a general method or formula of 
solution. Of its peculiarity, the Editor of John Bernoulli's Works is 
aware, since he remarks, " Quoniam autem synthesin meram parti- 
cularem, nee ad similes jcasus facile applicandam, &,c," 

t The following is Euler's classification: 
'^ I. Ex omnibus prorsus curvis earn determinate, quae proprietatem 
A maximo vel minimo gradu contineat. 11. Ex omnibus curvis pro- 
prietate A equalitcfr praeditis, earn determinare^ quae proprietatem B 

maximo 
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Problems involving two Properties, 



problems solved by James and John Bernoulli, in 
which the property [A], is the Isoperimetrical one. 
These require the variation of three elements ai, hc^ ce ; 




and from sufch John Bernoulli procures, in fact, two 
equations, involving bgj ci : one equation * called a 
fundamental equation, from the Isoperimetrical property 
[J] ; the other t from the property of the maximum 
[J5] : and these equations may be thus represented : 
[c] . . • P.bg - Q.ci= O from Isop^ condit. [J], 
[d], . . R.bg." S.ci^O from max", condit. [B] ; 
whence results PS=QR, which, if the law of um- 



maximo vel ininimo gradu contineat. III. Ex omnibus curvis et 
proprietate A et proprietate B aequaliter pneditis earn determiaare, 
quae proprietatem C maximo minimove gradu contineat. IV. Ex 
omnibus curvis proprietatibus ij et B et C singulis aequaliter prasditis, 
earn determinare, qu« proprietatem D maximo minimoy^ gradu 
contioeat-— ^imili modo quiota classis curvas quatuar proprietatibus 
pr^ditas contemplabitur et ita porro sequentes.'' Cornm. Acad* Petrop* 
torn. VL p. 1^5. 

p. 15. t P- l^- 
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solved by two similar Equations, 37 

formity prevailed in it, as in the two first instances *j 
would be a specific equation : but, if the necessaiy 
umfbrmity should be wanting, ^ then it must be intro- 
duced, by multiplying each side of the equation by 
proper quantities, as was done in the solution of the 
third problem f. Now Euler's plan and reasoning is 
very similar to this: he deduces the equations [c] 
[d] ; and then observes, that the quantities Q and S are 
frequently so compounded, that Q^sP+dP^ and S^R 
-^dRi or, if not so compounded, may, by multiplication^ 
be reduced to that form :}:. 

Euler, in this part, gives no general proof of the 

preceding assertion ; but, if it be admitted, then the 

equation 

QR = PS, becomes 

R{P+dP) = P (if + dR), and consequently, 
R.dP = P.dRy or -^ = --g-, and integrating 

P + a/? =0, the equation to the curve. 

In point of practical convenience of solution, a great 

step was made by Euler in the preceding process. For 

the computist is directed to attend solely to the deriving^ 

fix>m one of the proposed properties, an equation of the 

form, 

P.hg^{P+dP)ci^ 

* pp. 20, 24.. f p. 26. 

% " In quibus quantitates d et <S pleramqtie ita sunt comparata^, ui 
sit St^P^dP, et SzzR+dR. Si vero hujusmodi formam non 
habuerint, potenint semper multiplicando vel dividendo aequationes 
ad talem reduci.'' Comm^ Acad.Petrop. torn. VI. p« 154. 
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38 Resulting Equation of Solution : 

whence P will be known. He must then derive from 
the other of the properties a similar equation^ 

R.bg - (/?+ dR).ci 

whence R will be known : and the resulting equation 
of solution will be 

P + aR. 

For instance, suppose one of the properties [JS], to 
be such^ ati^Xftf, dx shall be a maximum ; then, since 
dx is constant, 

NaT + Pb"" + Re"" = NaT + Pg" + lit" 
and .-. PIT -- (Pb -^ bgf = {Re - cif - /?c*, 
and, PIT-' bg = RcT-'.ci, 
or Plr-Kbg - R(f^\ci = 0, 
which, since jRc is the contiguous or consecutive ordi- 
nate to jPJ, and therefore (if Pi "= y)='y'^dy^ is of 
the proposed form, 

P.hg - (P+dP) ci, 

d t/" 
ia which Pzsy'^'s-^^, or to^ render the equation 

homogeneous, y^\dx\ similarly, if T had been afunc* 
tion oiy and the property yT. rfj? ; P would have been 

= -jr- or -J— . dx. Suppose the other property [A] to 

have been J^aT.ds ss a, a being constant and ds the 

element of the curve, then 

BN'^.ab +BP\bc+BR'^.ce=^BN'^.ag + BP'^.gi+ 

BR'^.ie, 

and substituting according to the forms [^], [i], p. 33. 
there will result 
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Application qf it to Imtancci. 39 

(BN^M^^ BP^.^.bg - f JSP- ~-.Si{-^.c£ 

V ab be/ ^ \ be ce/ 

s= *, which is evidently^ under the proposed form, 
if we make R = BN'^. ->^ — -BP*" r-, or symbolically =s 

d (~r^j • Similarly, if instead ofj'sr ds, the form had 

beeny*A\rf^, JIT a function of x, then there would have 
resulted^ 

The equation therefore to the curve with these two 
properties, A and JS, 

is y^'^Kdx + a.d ( j J 
or generally, -t- dx + a.d C^*^) • 

Since the equation P.bg - (P + dP) ei, derived 
from the property JS, is precisely similar to the equation, 
R.bg ^ {R + dR) ci, derived from the property -4; it 
is plain, that the resulting equation, that which deter- 
mines the curve, or the relation between y and Xy will 
be the same, if B and A were changed ; that is, if 

P.6^-.(P+ dP) ei 
be derived from A, and 

R.bg - {R + dR) ci 



* This is exactly under the form of John Bernoulli's specific equa- 
tions^ for the law of uniformity is manifest In it. 
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40 Commuiabik'ty qf PrifperHet* 

from B. For instance^ suppose the curve to be required 
which, with a given length, should contain the greatest 
area; here the maximum ptapertyBisfydx, and the 
Isoperimetrical property ^, is fy/\d3^ + rfy*) = a. 

The resulting equation is rfy= ^ jr an equation 

to a circle : which equation would equally result, if we 
required the curve which, with a given area, should 
contain the greatest arc. * 

This important remark of the commutability of the 
properties was originally made by James Bernoulli *. 

Euler, we have seen, reduced problems of the second 

class to ti dependance on two similar equations of the 

form 

P.bg''{P + dP) ci = 0, 

the determination of P depending on the proposed pro- 
perties : for instance, if the property A ox B weveJ*T.dx, 

T=sf(tf), P would equal rr-> or■-T-.rfa^. If the pro- 



^' In qui&us omnibus singularis qundam observatur reciprocatio. 
Qoemadmodum enim, exempli gratis, inter omnes figaras ejnsdem 
Perimetri circulus maximam posaidet aream, catenaria maximam 
€oaveFsione sai gigoit 8uperficiem> solidumqae maximum elastica; 
sic ioter omnes yicissim figuras qu« ant aequalibus gaudent areis, ant 
nqnales rotatione gignunt spperficies, aolidave sequaiia; circulus, 
catenaria et elastica minimo clauduntur ambitu^ quod pariter procedit io 
oinnibus aliis." Acta Erud. Lips. Mai, 1701, p. 213. or Opera, torn. II. 
p. 919. or, John Bernoulli, tom. 11. p. 234. — Euler makes the same 
remark. Cotmn. Acad. Petrop. tom. VL pp. 135, 150. and tom. VIII. 
p. 175. and in his Methodu$ Invenicndi Curvas, t^c. See also 
Emerson's FluxUms, p. 170. 
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Eulcr^s Table qf Formula. 41 

perty were JT.dy, T=f{x), P would =^, or -^^dx. 

If the property were fT.ds, T=f{x), P would equal 

dCr.-r^ ; and by observation on the resulting forms for 

P, Euler generalised his conclusions, and arranged them 
m a table, after the manner of the subjoined specimen*: 

Proprietates Valores Litterse P 

propositae. respond eates. 

I. fT.dx . . • dT=^Mdy\ . . P = M.dx 

II. fT.dy . . rfr= Ndx . . . P^N.dx 

111. fTM . . . dT^ Ndx, . . P = d.(T.^^ 

iv./T.ds. . . dTzzMdy . . . P=zd.(j^)^Mds, 

&c. 

and of these forms he gave fifteen, ly reference to which, 
any problem belonging to the second class might be 
solved. 

For instance, suppose the curve to be required, which, 
amongst all others of the same length, should contain 
the greatest area. Here, 



* Comm. Acad. Petrop. torn. VI. p. 141. 

d T 

t dTzzMdy, and Mzz— , or ikf is the differential coefficient of T, 

making in T, y to vary. Similarly^ iV=- — is the differential 

coefficient making in T, x\xi vary. If T should contain both x and^, 
that is, if dT'zzMdy + Ndx, then M and N would become partial 
differential coefficients. See Princ. Anal. dale. p. 79. 
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42 Application qf the TjibU of Formula, 

the maximum property 5, t^fydx, 
the Isoperimetrical A^ ^f^s = a. 
By Form i. T^y ; /. 3f = 1, P = dx. 

Hence, since the equation is P ± aiJ ssO [see p. 38*3 
dx±a.d (-j^j =0, orx+a^-c=:0(c = cor- 
rection) J and by reduction, 

dyzs y — V 1 an equation to a circle *. 

Agaiui suppose the curve to be required, which, 
amongst all others of the same length, shall, by a rotation 
round its axis, generate the greatest solid. Here, 
B ^fy\dxi :. by Form i. 7= y*, M^2yy P=^2y.dx, 

A :=fds; /. by Form iii. P 6t R =^(^)> 

Hence, 2y.dx + ^-^T^) = ^9 

, . ds.d^y^dy.d^s 
or, 2y.dx + a. ^, ^ '^ ■■ = O. 

But since dx is constant, and ds*z=da^ + dy^, ds.d's = 
-dy.d^y\ therefore, substituting, 

^2y.dx + a.-^^—^0, 



•See Emerson's Fluxions, third edition, p. 187; also Simpson's 
Fluxions, p. 485, 
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to the Solution of Problems* 43 

and, 2y H 1-^ -= O; multiply by dy, and 

integrate, and we have 

V ' = c rc= correction, I 

whence, dx = -rM — r « ^»; > s"* equation to the 

elastic curve; and which in a particular case, when 
.c=0, becomes 

and the curve in this case is called the rectangular elastic 
curve *. 

As a third example, let the curve be required, which, 

amongst all others of the same length, shall have its 

<;enter of gravity most remote from the axis. Here, 

i^x ds 
(calling X the distance from the axis) B=J --^-^ ; /• by 

»v 

Form HI. [since * is a given quantity] Pszdtx-^j 

.again As^J^ds; .\ by Form iii. P, or /J=rf (i^) 

Hence, a.rf(^)+rf(xg)=0; 

/. (a + x)^ — Cy or cds=:(a+x).dii/ 
an equation to the catenary. 



* See Simpson's Fluxions, p. 486, where the solution is not 
general. 
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44 Problem qf the third Class, 

This example could not have been solved by Euler's 
table, if the property had been any other than the 

Isoperimetrical : for ^, an integral, =y*rf a: v/T 1 +^ J; 

and Euler gives, in this memoir, no general method of 
finding the resulting equation, such as jP is in his table, 
when the analytical expression of a property involves 
integrals. See torn. VI, p. 144. 

By means of this table, the practical solution of Iso- 
perimetrical problems, was, as it has been already said, 
very materially expedited. In a subsequent part of his 
memoir*, Euler increases his table by nine new forms : 
making the whole number twenty-four. And although 
this table is now superseded, yet its examination is not 
without interest, since we may discover in it the parcels 
of that general formula, which the author afterwards ex- 
hibited. 

Having given rules of solution for all problems 
belonging to the second class, Euler passes on to those 
of the third. In this a curve is required, which, 
amongst all others equally possessing the property A and 
the property 5, contains a property C of maximum or 
minimum. For instance, if the curve be required, 
which, amongst all curves of tlie same length and the 
same area, is such, that the time down it is a minimum. 
This class requires the variation of four elements of the 



* Comm, Petrop, torn. VI, p. 146, 
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solved by JJiree similar Equations. 45 

curve ; and consequently the inethods of the BemouUis, 
without extension, are insufficient. The course pursued 
by Euler is Uke his former one in the second class. He 
constructs a diagram similar to the one, p. 36, the sole 
difference arising from the introduction of a fourth 
element of the curve; and he reduces the analytical 
solution to a dependence on three similar equations 
instead of two. 

The general form of these equations is, 
P.bg'-Q.ci+R.di 
d** being a variation of the ordinate similar to the varia- 
tions bg and ci ; and he makes an observation similar to 
the one in p. 37 ; nkmely, that it frequently happens in 
simple cases, that QzzP^dP, R=^P + adP+d'P; 
but, if such should not be the form of Q and JR, then 
the skill of the analyst must be directed to reduce them 
under that form. 

When three equations, such as 
P.bg - (P + dP) ci + {P + 2dP + d^P)M^ 
P^^S " {P + ^P) ^* + {P +-^dp + d'p) .rf<f = 
^ '^'bg - (t + dir)ci+ (v + 2dv + rfV).rfJ = O 
are obtained, the resulting equation to the curve will bef 

P + ap + bft = [1] 
for, taking the difFerential, dP +a.dp+b.dv= [2] 
and again, d'^P +a.a^p+b.d*ir^O [3] 
And since, [l]xJg = 0; ([l] + [2])x ci=0, and 
([l] + 2[2] + [3])xrfJ=0; 



as has no connexion whatever with the separate symbols d, i 
t Euler, Comm. Acad. Petrop. torn. VI, p. J 49. 
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46 Instances of Problems of the third Class* 

.*. P.bg + ap.bg -f bv.bg =0 
-(P + dP).ci - a{p + dp).ci — b{7r+dn).ci = O 
{P + 2dP + d^P).df+ a{p + 2dp + d'p)di '\' 6(ir + 
adv + d^'T)df== O; 

which equations^ adding the quantities that are placed 
vertically, verify themselves; and accordingly shew, 
that the equation 

P + ap + ftw = O 
satisfies the three equations. 

The solution of problems then would be similar to that 
of those in the second class, and would be immediately 
obtained, if the quantities P, p, tr, were contained in his 
table of forms *; and in many cases they are. For 
instance, suppose the curve to be required, which 
amongst all othar curves, of the saine length and same 
area, generates, by a rotation round an axis parallel to 
the ordinate y, the greatest solid. Here, 
the max", property Cis/Vrfy ; •*. by ii. p. 41. P = 2xdx, 
the . . . property A i&fydx ; /. by i. j> = dxy 

the . . . property B isfds ; .*. -by iii. w = d (jp-j ; 

and consequently, the equation to the curve is 

2xdx + a.dx + b.d(--~\ =5 0; 

and integrating, x* + ax + bj^ •=€ [c = correction] 

, , (j(^ + ax - c) dx 

whence ay = —^ j— 7-- ^ -rr: . 

^ V{h — \x' + aa? - cy) 



* Comm» Petrop. torn. VI, p. 151. 
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Objects attained by Eider in his first Memoir* 47 

Again^ as a second instance^ let us take a third case of 
the hrachystochroney of which we have already had 
two, pp. 4, 18 ; that is, besides the condition C of quick- 
est descent, let the conditions A and B be those of a 
given length, and a given area ; 

here, C =/^ ; .-. by in. P = d (^) 
A=^fydx\ .'.by i. p = dx 
B =^fds ; .•. by ill. *• = dt-^^ 

arid consequently, the equation to the curve is 

and integrating, i\ ^ — V ax + b-^ ^ c. 

Euler, as we have observed, commenced his researches 
where the BemouUis had terminated theirs ; but, al the 
end of this his first investigation, he was considerably 
removed from the original point of departure. Several 
important objects had been attained by him ; the 
solution of problems involving three or more properties ; 
the reduction of such problems to a dependence on two 
or more similar equations ; the solution of problems of 
the first class, and of some of higher classes, by a more 
general method *, and by reference to a table of 
- formulae. 

TTiese methods were held, by their author, to be so 



• Tamen eas methodo paulisper diversa et multo latius patente 
sum persecuturus, &c. Comm. Petrop. torn. VI. p. 127. 
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48 ' Imperfections qf Eider's Method. 

complete, that, on the ground of fkcility, nothing farther 
was to be desired*. They are, however, not exempt 
from several imperfections. Problems, involving the dif- 
ferentials oi X or y of an higher order than the second 
cannot be solved by them: for instance, that which 

requires, amongst all other curves, "Bne, in whichy- ^ *jl 

is a maximum or minimum. Secondly, problems cannot 
be generally solved by them which involve integrals, 
such not being constant : for instance, that in which it 
should be required to find a curve that amongst all other 
curves, has its center of gravity lowest. Euler solves 
this problem when another condition, that of the 
Isoperimetrical property, is added : for then the arc *, the 

integral oi dx\/(\ +'jr^J 9 is in all curves supposed to 

be the same -f-. 

The researches of Maclaurin .•}:, Emerson §, and 
Simpson ||, on this subject, may here be noticed. With 
regard to practical methods of solution they do not extend 
so far as those of Euler, which we have been speaking of; 
and in point of perspicuity, if we except Maclaurin, the 
other two mathematicians are inferior to the learned 
foreigner. 



• Atque methodo tarn facili solutum ut oihil aniplius desiderari 
posse videatur. Cotnm, Petrop. torn. VIII, p. 159. ' 

f See p. 43. 

J Fluxions, p. 478. § Fluxions, Third edition, p, 170. 

II Fluxions^ vol. II. p. 480. Third edition, 1750. 
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MaclaurirCs Formula^ 49 

The methods of Maclaurin and Simpson (for Emer- 
son's is plainly taken from that of the former) extend to 
cases in which more than one property is involved : but 
they are inapplicable to the three cases^ and .the connected 
problems enumerated in p. 30. 

Maclaurin's formula of solution is this : If X and Z 
are functions of a?, then if Xds - Zdt/ be a minimum or 
maximum^ Xdy = Zds. This result is included 
amongst Euler's. [See Comm. Acad. Petrop. tom. VI, 
pp. 141, 142, 143.] For since Xds expresses one pro- 

perty, and dX:= -r* dx, or since Xisa, function of x", we 

have, by Form iii. the quantity corresponding to P 

[see p. 41.] =rfrJir.~-V and for Zdt/ expressing the 

other property, by Form ii. the quantity, corresponding 

to P^^'^.dx\ consequently, the resulting equation is 

d(X^\=-a.dZ and Xdy^aZds^ 

the same result in fact as Maclaurin's. 

Simpson's method is equally restricted with Mac- 
laurin's : it rests too on the assumption of the principle, 
that the property of minimum or maximum, true for the 
whole curve, is true also for any portion of it. The want 
of generality, therefore, iit this principle, would vitiate 
the method in its application to the excepted cases* 

The methods just described solve not problems of 
greater depth and intricacy than those of the BernoulUs ; 
although, it must be remarked, they are invested with 

H 
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50 Sin^tonfs Method. 

greater analyticsd n^tness and compactness* They are 
not, bowever, more perspicuous ; and, even if they did 
pos8ei»s greater extent and eleamess, it would not suit 
the plitpose of the present Tract, longer to insist on them, 
since they conduct us not towards that formula and 
algorithm, with which the researches on this subject 
have been closed. 

Theplanof this Work now leads us to theconsideration 
of £uler*s second memoir ; in whidi, he very materially 
improved the calculus of Is<^rimetrical problems; 
although be introduces his resumed researches with a 
prefatory remark, that his former methods of solution, 
on the footing of facility, left nothing farther to be 
desired *. 



• A^ue methodo tarn facili solutum, ut nihil amplius deaderari 
posse yideatur* Comm. Peirap. torn. VIII, p. 15(^. 
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CHAP. IV. 

Euler's second Memoir— General Florjnulee of Solution— Characten 
of distinction^ which Problems admit of— Exceptions to tbe 
general Formulae 

The formation of the table* in Euler'g fonner 
memoir depended on this principle : lifVdx 13 the ana- 
lytical expression of the maximimn property f, certain 
functions of j?, y, &c. are substituted for f^ and thence 



•P. 41. 

f Since in the succeeding part of ihis Tract/Fif x will be frequently 
«sed as the analytical expression of the maximum property, it may 
not be improper to illustrate its meaning by one or two jexamples* 



In the brachystochrone, the time =:y — - 3= a minimum ; therefore 



ds 



fVd.. gives F=: ^^ _£i [p=2^]. 

Inthesolid of least resistance, the resistances;/ r ^'/^ ^ ^/ i^ • '^'^ 
therefore, comparing, F=-~-5. 

If/ with a given area, the curve generating the solid of least surface 
is required, then [see p. 37.] fVdx=fi2fry.ds + aydx):=z 

And frmn these espresrioQS, the value of 1^ Fmay be found by the. 
common rules of the differential or fluxionasy calculus* 
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52 Expression/or the DijfftrenHal of the Maximum. 

a resulting equation (according to Euler the equation 
P = O), IS obtained. In the present memoir^ he represents 
the difierential of ^, or rf^ as Taylor had done jjp. 30.] ; 
that is^ he puts 

dr=: Mdx + Ndy + Pdp + &c. + Lds^ 

[P = ;jf ^ a^d ^ = arcj 

and from this more general formula of representation, he 
deduces an equation comprehending almost all his former 
particular equations which he had registered in a 
table [p. 41 .] . His mode of proceeding is not materially 
difierent from his former mode. If V contains no 
integrals, but is merely a function of x, y, rfy, &c., then 



c 
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the property expressed by ff^dxi^ common to the 
curve, and to its elementary portions: hence, if we 
suppose two portions only of the curve to vary, and if 
f^ix corresponds to CLy s.nd F\dx to LD, {F+F[) 



• P ia this and th^ following pages is merely a coefficient^ and 
difierent from the P «tf the preceding Chapter. 
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Eukr^s Method cf estimating it. 5$ 

dxisa, minimum. Hence, that peculiar differential of 
(^+ f^) dx, which arises from changing CLy LD, into 
CG, GDy is equal to nothing : which differential is easily 
obtained from the common differential, since each has this 
in common, that of being the first term of the difference 
of two successive values : now the common differential, 

ory{dr+dr)dx^ 
{Mdx+Ndt/+Pdp).dx+ {M'dx+N'dyr + P'dp')dx, 
supposing the differential of V to consist of three 
terms only, and M\ N\ P', to be the values of iff, N^ 
P, when V becomes V\ Now, in order to compute the 
changes in the several terms, we may observe, that since 
AC^jfy and since dx is supposed to be constant, the 
terms MdXy Ndy, are not affected by the translation of 

the point L to G ; but Pdp is ; for p = ^^ "^7^ • ^^^ whto 

L is transferred to G, p = y^ = j^ — ; conse- 
quently the variation produced in p, or what dp 
becomes, when it expresses the peculiar differential . 

LG* 

which we are seeking, is ^^ . Hence the term Pdp 



* Those who are possessed of the calculus of variations will hero 
perceive the very great advantage aceruing from the mere in- 
ventioD of a symbol ^ to denote an operation^ bordering on, yet distin- 
guished from, the operation which d denotes. Circumlocution and 
ambiguity were both rescinded by that invention. It is wonderful ithat 
Euler did not hit on it : for the rules belonging to such a symbol, he 
plainly lays down in Comm. Petrop. torn, VIII, p. 163, and afterward^ 

raoro 
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54 Formula qf Solution, 

must be written P--^ 9 putting v^LG, and rfa?r= CE. 

Again^ y = jBL, and by the translation of L to G,==BG 
= BL + ». Hence, dj/ must be written », and N\ djf^ 

iV%. again/?' = ^ — , and by the translation of L to G=; 

and P.dp' ^ \ ■ . Collecting the several terms, we have 
the whole variation of {V ^ V) dx equal to 

(N— ^— y V . if j:, retaining quantities of the same order : 

lastly, since the variation must equal nothing, we have for 
cases comprehended within the expression dV :* Mdx 
+ Ndy + Pdp^ this formula of solution, 

iV--T-= o. 
dx 

By a process similar, but longer on account of the 
introduction of the quantity dsy Euler deduces from 

dV = Mdx + Ndy VPdp + Lds 
this formula of AcJution, 

j^^dP Ldy^Q 
dx ds 



more fully and distiDctly in his U:acC on Isoperimetricals ; and in his 
last memoir, Novi Comm. Petropp torn. X. p^ 54, he says, " lUud 
problema Isoperimetricum latissimo sensu aoceptum, prout id quidem 
in libro bingulari pertractavi ; quem qui attente legerit, non dubitabit, 
quin hujus generis investigationes calculi speciem prorsus singularem 
postulent, a consuetis analyseos regulis non parum diversam." 
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Problems qf the second Class, 5S 

The two preceding formute have been deduced for 
the first class of problems that involve one property only. 
But Euler's method^ although more tedious, is not essen- 
tially different for problems of the second class. These 
require the variation of three elements of the curve ; 
and accordingly, we must compute the variation in 



V 


r ] 


» 




R 


« 


1 


N 




6 


p 


k 


r 






K 


\^ 










\ 


\k^ 




/ 



(/^+ V'A^V") dx, when the three elements, instead of 
aft, 6c, ce, become ag, gi, ie; that is, as before we 
must note the variations in 

M.dx + N.dt/ + P. dp + &c. 

, M\dx+N\di/+ P'.dp'^ kc. 

M'dx + N'\df+F\ df + &a 

arising from the translation of the points h and c, to^ 
and i, and from the introduction of two arbitrary quan- 
tities or variations such as 6g, ci, and thence will result an 
equation of the form A.hg- J5.ci=0, which compared 
with the equation, R.bg-{R+dR) .ci = O, which Euler 
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66 Formulas for Problems of the second Class. 

had previously obtained*, would give "^•="-t — 9 
whence R is known. 

In the formula dV^^Mdx + Ndy + Pdp (jforming 
the equation A.hg — B.ci, according to the precepts just 
given,) 

A^ N\.dx " dP 

B^N\dx --dF 

^, dR d{N'dx--dP) .J. ,.,, ,„ 
consequently, -^ = V^, , — //l> ^ and/c = Ndx - dP, 



instance, such as g = dx T » - -j-j , and the equation to 



This is an equation derived from one property J' Fdxi 
deduce a similar equation from the other ffVdx ; for 

d% 
dx> 
the curve will be 

R + ae=0, or (i\r>^)+a(.-^)=0; 

and since this form is like that of N- ^— , instead of two 

operations for finding the values of R, Ry from fVdx:= 
a maximum, Bxidf^dx = a constant quantity, we may 
substitute one, and deduce the resulting equation from 



• P. S7. 
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Similar to those for ProbUm$ofihe First Class* St 

frdx + affVdx, 
or f{r+ atF) dx, 
and for this great simplicity introdttced into the calculus^ 
we are indebted solely to Euler» 

For the sake of stating and illustrating Euler*s 
method, we have taken a simple form to represent dVj 
that is, Mdx + Ndy + Pdp: but Euler mtroduces a term 
Ldsy which, for problems of the second class, renders the 
calculation longer, and the result more complicated : in 
this case, however, 

dR _ ^d^P+LdxM+dxd{Lt+N) r rfyn 
R ■" ^dP^dx{Li+Tf) \ M"^ dsl 

Ldx.ds , dl^dP-hdx(Vi+N)'] 

= ^dP+dx{Vi + N) "•" ^dP+dx{Lfi+N) ' 

SLdx,d% 

and, R = 6-^+*''^"+^ x ( ^ dP+ dx [Li+M]). 

This memoir of Euler contains almost all the matter 

which is to be found in his subsequent tract on Isoperi- 

metricals : but, the matter is ill arranged: considerable 

perplexity, and some error, is introduced by the term 

Lds : the cases in which it enters, are mixed with those 

in which L=iO. These latter, in the above mentioned 

tract, the author separately considers ; and even here he 

notices, that as from dF^r^Mdx-^Ndy, dV:s^Mdx + 

Ndfz + Pdp: the resulting formulae of solution are, 

dP 
iV=0, and iV— ^— =0, so if we put 

if r= Mdx + iVWy + Pdp + Qdq + Rdr+kc, 
then the resulting formula will be 
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^B General fcmada. 

which, by the principle stated in page 62, will belong' 
to problems of all classes involving definite expressions. 
This last formula, remarkable for the simplicity of its 
law, supersedes Euler's table of the values of P*, given in 
his former memoir. In fact, all problems, in which 
integral expressions do not enter, are solved by it; 
and although Euler himself, and afterwards Lagrange, 
very materially simplified, and expedited its proof, yet, 
as a formula of solution, it still remains as a final 
result of all researches on this subject. 

Problems are classed according to the number oi 
properties which they involve t; and the number deter- 
mines that of the ordinates that must be made to vary. 
But, problems might be distinguished also from each other, 
by the order of differentials which they involve; and 
then the order would determine the number of terms to 
be used in the formula d V^ Mdx + Ndy + Fdp + &c. 
thus, if the curve were required, in which /* (ax— y*)yrfjr 
is a maximum, ^ we have ^== (ai?— y*)^, dV ^ 
aj/Mx + (ax — 3^2/') ^y • consequently, two terms are suf- 
ficient, namely,^ Mdx^ Ndy^ and the formula of solution is 
A^ = O, or ax - Sy" = 0. 

This problem is, according to Euler's classification, of 
the first class, and might be said also to be of the first 
order. 



See p. 41 , t See p, 35. 
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Distribution of Problems into Classes and Orders. ^9 

If the hrachystochronej with no limitation^ were 
required^ since the time 

by comparing it vnihff^dxy we have ^= — ^ /— *i 

and thence dF ^ i — r^'dy+ — yrrTT^dp; so 

that, the formula Mdx + Ndy + Pdp^ or three terms 
are sufficient, one of which Mdx=zO^ 

Tliis problem of the first class, might be said to be 
of the second order. 

Again, the solid of least resistance is of the same 
class and.siune order with the preceding problem ; for 

sincey ,y' ^ a = * minimum =y*^a?, by comparison, 
we have, r=^ , «,d ir^^.dy^'^..^d,. 

But, if a curve were required, in which^^^ should 
be a minimum, then since ^^^=^=^> ^(f^^.^ 
r= .J ,, ,andrfr= ^^.*dp+ yJ^\. .dq^ 

so that this problem would ^^uire four terms, or this 

formula 

dF=^Md9+Ndy+Pdp+Qdq; • 

(in which ilf and NssO), and therefore might be said to 

V . ■ \ . 

♦ Seep, 51. 
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50 The Class determines the Numher qf Ordinates that must vary* 



be of the third order, and, according to Euler's classifi^ 
cation, would be of the first class, if it depended on the 
minimum property alone. 

The class of problems then determines the number 
of ordinates that must be made to vary ; but, on what 
might be called their order, would depend the 
number of ordinates to be taken account of, in the 
computation of the variations. For, as more terms of 
the series Mdx+Ndy+Sx^. enter, more ordinates are 
required to estimate the variations of the terms : for 
instance, let df^^Mdx+Ndy+Pdp : ihea if the pro- 
blem is of the first class, the variation of one ordinate is 
sufficient. Let * BL ^y[ be the ordinate that varies, and let 
the two adjacent ordinates be y, y, then it is plain, from 
the subjoined table, that three ordinates y, y, y" are suffi- 
cient for the computation of the variations in 
Mdx+Ndy-k'Pdpy and in Mdx^^N'djf ^V .dp', 

^ dx 



^AC 



j/^BL 



P = 



1^ 



dx dx 






Variation in /> = y-. 



dx' 
variation in p'=:— ^. 



/= KB 

The introduction of other ordinates, such as j/'\ y^, 
&c. or y^ y^ &c. on either side, is plainly unnecessary. 

If, however, dq = ^ =;j^ enters into the form, or if 
dF=z Mdx + Ndy + Pdp + Cidq, 



• See Fig. p. ^2. 
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Tie Order, the Number that musi be brought into Computation. 61 

then three ordinates are not sufficient : an additional 
one y^ must be taken account of: for the element 
V^dx of the area analogous to Vdx^ and immediately 
preceding it, is M^dx + ^^dy^ + ^sl^Ps + ^x^^^x'^ 
now, the last term Q^dq^ of this formula, is af- 
fected by the increment » of the ordinate ^\ for, 

''"''^ 5'=£=^^^y.=^5^i ••• ?v is varied, if;? is 

varied; and p is varied, ify is. Hence we must intro- 
duce into the computation an additional ordinate y^ ; but 
that is sufficient; for none of the terms representing 
V*\dxy V'.dXj &c. will be affected by the variation of 
the ordinate y • 

What has been said relates to those cases in which V 
involves no indefinite expressions ; for if a term, such as 
Lds he introduced, a fourth ordinate must be taken 
account of. If the problem is of the second class, then 
two ordinates must be made to vary, and the number of 
ordinates that must be taken account of is easily deter- 
mined from the preceding reasonings. We shall have 
occasion, however, to notice this case, when we speak of 
Euler's treatise on Isoperimetrical problems. 

In the conclusion of his memoir, Euler notices, that 
his mediods fell, or require peculiar artifices, if the 
quantity Fin fVdXy contains the arc *, or other inte- 
gral quantities. For, in that case, the principle of the 
whole curve possessing a certain property of maximum 
or minimum, if a portion of it does, is not true. For 
if F contains an integral expression, then the xsurve 
QCD mxy coiiiaxn/Fdx a maximum ^r mininmm; 
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82 Etccptiom to JEuler^s Method, caused by Integral Exprem<m$. 

although no separate portion of it has that property. I^ 
indeed^ 

dF = Mdx + Ndy + P df + &c. 

then, since the quantities Xy y, ^, or j» depend on the 




point C, the part CLU may be changed at pleasure, 
without any change being produced in 0C\ but if V 
contains an integral, then if CLD is changed, OC will 
take another value ^om fVdx. In these cases then, 
the preceding methods of Euler, deduced from assuming 
a portion of the curve possessing the requisite property, 
iail : so likewise do the methods of Bernoulli and 
Taylor, which are founded on the same principle *. 



There are cases, however, Euler observes, in which 



* Bernoulli's has been already mentioned ; and Taylor^ in his 
Methodus Incrementorum^ p. 67. prefixes to his solution, a similar one. 
Its truth depends, as it has been said, on the two poitions adjacent tq 
CLD not Tarying whilst CLU varies, which is to be granted, when 
/Vdx contains no integral. 
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Objects attained fy Eider. 63 

the ordinary solutions may be applied; although the 
quantity y^rf a* contains an integral : and these happen 
when the integral is by the conditions common, or the 
same to all curves, amongst which a required curve is to 
be found. Included in these cases, are the Isoperimetrical 
problems of the Bemoullis ; for there s, the integral of 

dx\/ fl + ;T^y is given: had it not been given, or if, 

instead of the Isoperimetrical property, another had been 
substituted, the solution of the second case proposed in 
James Bernoulli's j^rogramma, would have been faulty. 

Very important objects were obtained by Euler in 
this memoir. The solution of problems involving difier* 
entials of any order ; the invention of a formula includ- 
ing his former formulae, which, to the number of twenty- 
four, he had inserted in a table ; the partial solution of 
problems involving integral expressions ; the establish- 
ment of his theorems and formulae by easier pro- 
cesses*. 

An author is usually, more than justly, fond of his last 
inventions : and Euler, by this memoir, thought he had 
nearly perfected the method of solving Isoperimetncal 



• *' Nen solum faciliorem quam ante detexi viam ad solationes 
hujusmodi problematum peryeniendi> sed etiam omnes 24 formulas^ 
qiias ante tractaveram, in unicam sum complexu^,, &c.'' Comm» 
Petrop. torn. VIII. p. 159. 
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64 imperfections of his Methods* 

problems * : yet his methods were not without their 
imperfections* Th^ afibrded no general solutions of 
problems involving integral expressions; and, erroneous 
solutions, when the diflferential Amotion depended on 
a quantity given solely by a difierential equation not 
generally int^rable : and the cause of these imperfec- 
tions was the assumption of the principle, that the 
whole curve will be endowed with the property of max- 
imum or minimum, if any portion whatever of it possess^ 
the same [see p. 52, 62.]. 

We are now led, both according to the order of his- 
torical and scientific succession, to the consideration of 
Euler*s tract on Isoperimetrical problems. 



* *' Triplici ratione illam priorem methodum ad majorem perfec- 
tionis gradum sum evecturus,'* Cofnm. Petrop, torfi. VIII. p. 175. 
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CHAP. V. 

Euler^s Tract, entitled '*Methodus inveniendi LineasCurvasProprietat« 
Maxirai Minimive gaudentes*' — Distribution of Cases into absolute 
and relative Maxima and Minima — Ilules for finding the Increment 
of Quantities depfendent on their varied State —Formula of 
Solution. 

' This Work appeared in the year 1744, about three 
years after, the publication of his last memoir *, on the 
same subject. It was intended, and, with a few excep- 
tions, it must be conceded, to be a complete treatise; 
containing essentially all the r'^uisite methods of solu^ 
tion, with great abundance and variety of examples and 
illustrations. There is wanting, however, to make it a 
perfect work, and on the subject, the best extant, a new 
algorithm ; a mbre compendious process of establishing 
the theorems; and certain supplemental formulae, that 
determine, not the nature of the curve, if a curve be the 
object of enquiry, but the conditions according to which 
it must be drawn. These desiderata were aftenvjirds 
supplied by the fertile genius of Lagrange, 

The former memoir contained, as it has been already 
stated, abundance of valuable matter, but ill arranged. The 



* The volume of the Commentaries of Petersburg, in which this 
memoir is inserted, is said to be for the year 1736 ; which determines 
nothing concerning the dates in which the memoirs contained in it 
were written. Several of them, however, were undoubtedly written 
after 1736 ; since they contain accounts of observations made in 1740, 

K 
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66 Plan qf Euler^s Work. 

distribution and arrangement, however, of the present 
work is extremely luminous and regular. Absolute 
maxima s^nd minima are first treated of, which concern 
curves that are to be determined solely by the property 
of maximum or minimum ; such a curve is the hrachysfch 
chrone *, which has the property of the least time, out of 
all curves whatever that can be drawn between two given 
points. The curve generating by its rotation round its 
axis the solid of least resistance, is another. 

\ifVdx be the analytical expression of the maximum 
or .minimum, V may contain either determinate or inde* 
terminate quantities, such as integrals. Euler first con- 
siders the former cases, that is, when V contains only 

quantities, such as a?, y, 2^, 2^, &c. which are pfeinfy 

determinate quantities, that is, of assignable value, when 
0? or y is given. 

After absolute, relative maxima and minima are 
treated of: these i^elate to curves that are to be deter- 
mined not solely by the maximum property, but con- 
jointly by that and other properties. Such a curve is 
the brachj/stbchrone f, when the property of equal 
length becomes an additional condition ; that is, when 
the curve of quickestdescent is required^ not amongst all 
curves whatever, that can be drawn between two given 
points, but only amongst those that are of a given length : 
such also is the brachystochrone, when a third condition, 
that of equal area, is added ^. , 

* See pp. 4e, 9, 54. t See p. 18. J See p. 47. 
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Method qf solving Cases qf absolute Maxima. 67 

In these cases of relative maxima and minima, the 
quantity Fy when yi^rfj? represents a property, may, or 
may not, include integral expressions : and since, by an 
artifice like that which we have stated*, Euler re- 
duces all questions in which are involved two or more 
properties, analytically expressed by' JVdXy fYdx^ 
fXdxy to this form, 

fVdx + afYdx + hfXdx + &c. ^ 

the determination of all cases is reduced, ultimately, to 
that of an absolute maximum or minimum. 

The method employed by Euler in treating the first 
and simplest cases of absolute maxima and minima, is 
similar to that used by him in the eighth volume of the 
Commentaries of Petersburg: thus, suppose the expression 
of the maximum property to hefVdXy and ^ to be a 

determinate function f of a?, y?";/ > ^^^J *hen, as it has 




IMS 



appieared, the property belongs equally to the curve and 
to its element Let PQR be a curve, and let its 



P.56, 



t P. 62. 
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QS ^Mode of Computing the Variations, 

oidinates LP, MQ, NR, &c. be t/, /,/', &c. and 
Q9=v; mm ff^dx is to be a minimum or maximum; 
supposey V^.dx to be its value up to the ordinate y, the 
one immediately preceding LP ; then, beyond that or- 
dinate, to the right of y, the value will be increased by 
Vdx+V .dx+V'\dx+hc.\ so that, the whole valup 
oi fVdx will be 

fV^.dx + (^+ V + V'' + &c.) d^ 
1^ liiaximum or minimum, and in which, for the reasons 
just assigned, 

(/^ + ^' + /^' + &c.) dx must be a maximum 
or minimum, that is, {dV^dV -^dV^ + &c.) dx must 
be put equal to nothing*, when the changes arising in 
dVydV^ &c. from the translation (rf the point Q to y, 
or from the increment or variation t are properly ex- 
pressed ; or, if d F^ Mdx + Ndy +Bdp + Qdq, when 
the chaiiges or variations of 

dx{Md^+ Ndy + Pdp + Qdq) [l] 
dx {M'dx+DiT.d^+P'.dn' + Q. d^) [2] 
dx {M'dk+N\di^'+R'dj^ +a\dq'') [3] 
are expressed. • 

Now in the Figure p. 67. the ordinate ^ is changed 
by the quantity », and since 

• See p. 53. 
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from tht Differencial Expressions for V, QQ 

it is easy to see the change^ cm: increment, or variation pro- 
duced inp,j/y &c. 5, g^, &c. from thechange » iny, which is 
the sole ordinate that admits of any : thus, the variation"^ 

inpis=0; in/ is-^'; inp'' is ^; in j.is j—; in ^ 



IS 



' ^^ /^«ir- 



dx ' "^ ^ *°rf^ 



Hience« suh&tituting in the three expressions [l], [3], 

[3], 

the variation in [l] is -r^ dx ; 



dx' 

Q'.2. 



»P] ''(^"•-^•S + ^'-t:)'^- 

Hence, the whole variation is 

but, — T " "T^ (*^^ increment of JP being diminished 

in infinitum,) 

also Q^^-|g+Q= ^ 



• Variation, now used technically, is not in this Tract used so by 
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70 lUsulting Formula of Solution* 

Hence^ retaining, for the sake of homogeneity, quan- 
tities of the same order, 

^^ dx ^dx" "" ^' 
which formula will solve all questions of absolute maxima 
that do not involve integral expressions, or difierential 

expressions^ of a higher order than dq^ or j^; and by- 
means of the principle and formula stated in p. 56, will 
solve all questions of relative maxima that neither involve 
integral, nor differential expressions of a higher order 

There are two points, in the preceding process, that 
require explanation. The increment or variation t is 
attributed not to the ordinate y ory, but to j/' ; and three 
values of dV^ such as Mdx+Ndt/ + Pdp + Qdq, only 
were taken. With regard to the first point, the value of 
fVdxy that isfj'f^^dx, from the left hand up to the 
ordinate ^, is supposed to be determined, and not to be 
afiected by any change in that portion of the curve that 
lies to the right of y ; now if y be changed, this happens^ 
OTj*P\dx is not a&cted: for, an element of it to the 
left of y and immediately preceding y, would be, analo- 
gously to the mode of expression used^ 

M,dx + N^.dy^ + P^.dp^ + Q^.dq^ 
and according to the table [a] p. 68^ we should have 

peither of which quantities depend onj/\ the ordinate that 
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Edg>/awa^» of EuIgt^s Method. 71 

is changed; and consequently, these quantities would 
8u£fer no change or variation, and thereforey ^rfa? will 
not be affected. But, if to y instead of y" the incre- 
ment t had been attributed, then q^ would have been 

changed, and its variation would have been ^ . 

This explanation includes, in fact, that of thq second 
point : if a fourth horizontal series 

had been taken, then in each term, there would have 
been no variation from the variation » of the ordinate 
y. For, according to the table [a] 

y == -i^ 5 9 = i >> ■ ■ y which quantities are 

independent of y. 

If the quantity J^^ involve differentials of a higher 
order than rf'y, the variation » must be attributed to an 
ordinate more remote from y than y ; and more hori- 
zontal rows like [l], [2], [3], p. 68, must be taken 
into the computation. We may easily learn from the 
preceding explanation, the exact process that must be 
instituted ; for instance, suppose 

[ft] dV^Mdx^-Ndy^Pdf^Qdq^-Rdr 

dx dx^ da^l 
then, forming r^, /', &c. as p\ p'\ 9', ^', &c. were 
formed in table [a] p. 68, we have 
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7^2 Fommla of Solution when ^ enters into the lExpresnonfor dV. 

dx da? ' 

dx dx" * 

dx dx" ' 

rfj? dx^ * 

now, if » be attributed to y, then the preceding value of 

r, or r^ = "" Jts ^^"^'^^ would be affected by the 

change in r ; therefore, we must, instead of y, make the 
next ordinate, or y, to vary by the quantity », and then 
r, and consequently, y*J^rfa? will not be affected by any 
change in the curve that lies to the right of y : again, 
four rows like to [ft] p. 7I5 are sufficient; for, if we 
introduce a fifth, since y'^'y p^", 5% r""" do not involve j/"y 
no change would be introduced in it, or its variation, 
arising from v, would be nothing. 

If the several variations in the four values of rff^be 
collected and reduced, after the manner given in p. 6g, 
the result will be 

/«, dP d^Q d^R\ , 

which, by the nature of the question, that is, by the pro- 
perty of maximum, must equal nothing. 

The above mode of computing that peculiar incre- 
ment oifVdxj which arises from a change in the curve 
itself, and which Lagrange technically, and for distinc* 
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RuU f<yr finding the Variation. 73 

tion^ called the variation^ is sufficiently plain and direct. 
The rule too that Euler gives *, is only in different terms, 
the very rule now in use; for instance, to find the varia- 
tion of y V^(l +?*) 
take, says he, the differential of this quantity as in the 
ordinary calculus ; and then, instead of the differentials 
of j/y p, substitute those peculiar differentials, that is, 
variations, that arise from a change in one of the or- 
dinates (y') ; accordingly, the common differential being 

the peculiar differential, or variation, if (rfy)=» and 
(^P)=-Ji» wiUbe 

In the preceding formula, f^ contains definite quan- 
tities, such as X, y, rfy , &c. but it may contain an inte- 
gral expression, or be of this form TfZdx : in such case, 
Euler employs a method similar to his preceding one ; 
but, the method becomes very complicated: for then 
corresponding to V would be TfZdx^ and since the 
consecutive value of T would be 7^, and of fZdx^ 
fZdx+Z.dx, the quantity corresponding 
to F' would be TfZdx+T.Zdx, 

to ^ T'fZdx + T'^Zdx + T'.Z'dx, 

and then from these expressions, df^, dF\ &c. must be 
expressed, and their values put down, such as arise from 
the variation t of any ordinate as y^'^ 



• Methodus Inveniendi, p. 33, &c. 
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74 Formulas, when InUgral Expressions are involved. 

It will be easily perceived from what is already said, 
that this process must be very tedious; and it is not 
necessary more fully to explain it, since the method^ 
with regard to its principle, contains nothing either novel 
or abstruse^ and as a method of computation has been 
superseded by another more regular and concise. 

Since s=fs^{dx'-i-df)=:fdx^[l+ (^)'] 

or since s is an integral, if 

dr= Mdx + Ndy + Lds^ 
the formula for the peculiar differential or variation of 
JVdx would be given by the preceding method ; which 
formula is to be adopted to the exclusion of those other 
given {dV having the same expression) by Euler in 
the eighth volume of the Petersburg Commentaries. 

V has been supposed to contain an integral fZdx, 
and we may go on ferther, and suppose Z also to contain 
an integral such 2L%fXdXy or ^to contain a double inte- 
gral, and so on : the methods to be pursued for such cases 
will be similar to the preceding : they will, however, 
from their complication shew how inconvenient Euler*8 
process is ; although, if we attend to its management by 
the author himself, we cannot help admiring the sin- 
gular art and dexterity with which, from a perplexed 
mass of symbols, he at length extricates compact and 
simple formulse of solution. 

Euler in the sixth volume of the Commentaries of 
Petersburg reduced problems of relative maxima and 
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^ Relative Maxima reduced to AbsoItUem ^5 

minima to a depen^ance on as many similar equations^ 
as the properties proposed. For instance, if the curve 
requii^ was to possess two properties, the equations 
would be of the form R.bg^-S.ci^, in which S=R+ 
dR. But, Euler gives there no satisfactory nor general 
proof, that S=R+dR; but contents himself with 
saying, that from the analytical process, such will 
appear to be the value of S; and if S should not be 
under the proper form, he then directs the computist so 
to reduce the ^nation R.bg- S. ci^ that tlie coefficient 
analogous to S, shall equal R + dR. 

In the present Work, however, he gives a much more 
satisfactory proof of this important principle : the nature 
of which will be easily understood frona one or two 
simple examples. Let 

dF^3fdx-^Ndi/ + Pdp, 

and let v be the variation of the ordinate y^ and ca that of 
y ; 9 and q representing quantities such as bg and ci are 
in Bernoulli's and Euler's former methodf : then since 
[see p.68.] 

«-.yjiy w^£-2^ ^^^tjzy[^ 

the variation of /> = ^> of y = -^— , o^p" = - — 

Pfa 

consequently, the variation oi dV.dx = -^*dx 



P. 37. + Pp. J 5,3a. 
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76 ^oc(t tif that Reduction, 

the variation of dr. dx= (iV- + P/-^)rf« 

........ o(dr'.dx=(^X'\f-P'\~^^dx. 

Hence, the whole variation is [see pp. 65, 68.] 

Now, iV is the consecutive value of A^', or = N' -k-dN' 
P^^P IS the consecutive value of P'-i-P, or= (P' - P) 

+ rf(P-P); consequently, if we make ^'— — j — =* 

R, the coefficient of the second term^ or iV ^ , 

will be R+dR. Hence, the form of the resulting 
equation, will be 

Rw-\-{R+dR)v. 
Again, suppose . 

dr^Mdx + Ndy + Pdp + Qdq; 

here, if the increments ir and ^ are attributed to y" and 
y, we must introduce an ordinate y^ preceding y; since 

9x = ^^ % — ^^- Hence, referring to the values ofp, q, 
given, p. 68, and operating as before; 
variation of /?,=0, of/?=j^, of//^^, ""^^"^^^i 
of?.=3p, ofy=-^^, ofy =-^, of J"=^ 
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ty ExamplcB. 77 

Hence the variaP. bf dV^.dx^Qq-^Jx^ 

""^•-'^-C^+a-^)-''^ 

ofir.<j»=(w'.+ i>'.i^+0'.^^)*t, 

or, collecting the terms affected with «, and v, the 
variation i^ 

77 , ^ ^"^ — j».e?j;; where it is plain, the coefficient of 

the term involving ^dx, is consecutive to the coefficient 
of the term involving «.rfa?; or is R + dR, if the co- 
efficient of the first term is R; hence, as before, the 
resulting formula is 

R.m + {R + dR).K 

The truth of this result may be also easily perceived 
from the form which the variations of p, //, />", and of 
q, ^, (fy &c. necessarily assume from their expressions 
in terms of the consecutive ordinates, y, y, y, &c. 

We may here s^^in notice the important result, 
which Euler drew from the above formula. Since Rm^ 
(/J+rf/J)» is derived from a property, of maximum or 
other, represented hy fVdx ; if another property J* Vdx 
be added, a similar equation, Q» + (Q + dQ)v may be 
derived : and exterminating t, the resulting equation is 
JR + aQ=50; that is. 
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78 Practical Conveniefice qfEulers Formula qfSoluthn* 

i£ r=zMdx + Ndt/ + Pdp + &c. 
znd V =s lA.dx+v.dj/ +«'*^/' + &c. 

we shall have /l+aQ=(iV-^+&c.)+a(.-^+&c,) 

.,7. . d(P+aw) ' ^ 

that is^ the same formula that would result^ if the pro- 
perty proposed had been 

fVdx + afY.dx. 
By this, all questions of relative are reduced to those of 
absolute maxima and minima: for^ .^jacitlar reasonings 
and properties hold, when the eurve sought instead of 
two, has three, four, &c. properties: and if such pro- 
perties be expressed by 

fFdx, fVdx, ftVdx, fUdx, &c. 
then we must solve the question as one of absolute 
maximum and minimum ; and inquire^ what the 
curve is that has the property expressed by -^ , 

fVdx + afrdx^hfWdx + cfVdx. ^ 

Euler, besides the cases already mentioned, solves also 
those, in which ^ contains quantities, neither determi- 
nate such as x, y, p^ &c. .nor integrals ; but expressed 
solely under the forms of differential equations. What we 
have given however, is sufficient to explain and illustrate 
Euler s method. The results of that method are, for the 
practical solution of problems, under a most convenient 
form. On that head there is nothing to desire. Neither 
is there any want of perspicuity in the principle or in the 
conduct of his method. It is the length of the opera- 
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Tediousness qf Processes establishing them, 79 

tions attendant on his method^ the want of mechanism in 
his calculus^ that are objectionable *. These inconveni- 
ences Lagrainge removed : but, as in such cases it not 
unfrequently happens, whilst he rendered the process of 
calculation more expeditious, he deprived its principles of 
a considerable portion of their plainness and perspicuity. 



* Euler, we learD from the historical account prefixed to vol. X. 
of the Novi Camm, Petrop*, was sensible of the inconveniences of his 
method : '* Interim tamen ipsa methodas, etiamsi totam negotium satis 
expedite conficiat, tamen ipsi non satis naturalis est visa, propterea 
quod vis solutionis tota in consideratione elementorum curvae investi- 
gandse erat posita, ista vero qusestio facile ita adornari possit, ut ex 
geometria penitus ad soUtm analysin puram revocetur, &c . . . Tametsi 
autem auctor de hoc diu multumque esset meditatus, atque amicis hoc 
desiderium aperuisset tamen gloria primse inventionis acutissimo^ 
Geometrae Taurinensi Lagrange erat reservata, qui sola analysi usus 
eandem plane solutionem est adeptus, quam auctor ex considerati* 
onibus geometricis elicuerat/' Novi Camm. Petrop. torn. X. p. 12. 
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CHAP. VI. 

Lagrange's Memoir — Use of an appropriate Symbol to denote the 
Variation of a Quantity — Rules for finding the Variation — New 
Process of deduciug Eulefs Formulas — Invention of new Formulae. 

In the preceding account of Euler's memoir, it can- 
not have escaped notice, that some ambiguity and much 
circumlocution took place in describing the process of 
finding that peculiar increment which depends on the 
quantity ¥, by which the ordinate y or ^ is increased. 

These inconveniences Lagrange obviated by a simple 
invention ; that of a symbol such as ^ "^^ ; which, analo- 
gously to the symbol d of the differential calculus, was 
to be the means of representing either a quantity or an 
operation. Thus, the quantities v and «i, by which y 
and t/ are increased, are symbolically denoted by ii/y ijf : 
and as (f in rf(ay* + iy") signifies, that the operation 
of taking the differential oiay^'\-hj/'^ is to be made; so, 
^ in * («y**+iy")^ signifies that the peculiar differential 
of ayT + bj/"^ is to be taken, when instead of rfy, dj/\ » 
and «i, or iy^ ^y, are to be used. 



• *' Mais avant tout je dois avertir que comme cette methode e^iige 
que les m^mes quantites varient de deux mani^res differentes, pour ne 
pas confondre ces variations j'ai introduit dans mes calculs une nouveile 
characteristique I/' MiscclL Ta%iTin% torn. II* f • 174. 
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Similarity between the Differential Calculus and that cf Variations. 8 1 

With this change in the system of symbols, and with 
certain changes in the processes of establishing the fun- 
damental formulae, Lagrange called his method, a new 
method of determining the maxima and minima of inde- 
finite integrals. But Euler, resuming the subject in the 
10th volume of the New Commentaries of Petersburg, 
p. 54, called it by a name which still adheres to it. 
The Calculus of Variations. 

The variation of ay~ + Jy*" is najf"'\iy ^mhi/'^\ij/. 
For if we recur to the problems solved by Bernoulli and 
Euler ♦, we shall find the difierence of two contiguous 
states of a quantity at its maximum or minimum put 
equal to nothing ; not indeed the whole difierence, but 
the first term of the difference ; for the terms involving 
(&«)% {co)\ &c. f are neglected. Now, the difference in 

that example, is -^ij^- V{Pb + hny ^* ""^^ *^^"S 
increased hy hni'iSy had been increased by dy^ the first 

term of ^^- ^{p\+dy) "^^^^^ ^^^^ ^"^ ^^ 

common differential ; consequently the peculiar differ- 
ential, that which is now to be called the variation^ differs 
from the common differential, only inasmuch as 2ii2 or v 
or iy takes the place of dy. The process then for 
finding the coefitcient of the term involving h n or iy^ is . 



•Pp.7, M,&c. ^Tf.i9. 

M 
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82 HulcB for finding the Variatiom qf &umtUies. 

precisely the same as that for findings the coefficient of 
the term involving dy ; that is, for finding, what tech- 
nically* is called the differential coefficient. The rules 
must consequently be the same: in other words, the- 
rules of the differential calculus, become; with the 
alteration pointed out, those of the calculus of variations. 

Hence ^*(y")=ny'*~\J^y, which is the first term of 
l(^+^I/T-2r\ expanded. 
Again, i {ay" + hy^)^ = ^ {ay" + hy^Y^. (2ay+4by^) iy^ 

If 9x be the variation of x; then since the 
differential of xy^ or d(xy) is szxdy +ydxy 
the variation of xy^ or i {xy) is=:xiy + yix. 

If we take the example, p. 73, 

since rf[yV(l +/>*)] =rfyx/(l+/'')+^7f^)^i» 

'Ov/a +?*)]*= *yv/(i + 1^)+ ;^^^fp-y*P 

Hence, ^•=^or = ^, 

li V^aj? %/(l + y*), h)rp. log. p x c^* 

[e = number whose hyp. log. = 1 J 



• Princ. Anal* Calc* p. 74. 
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Examples to preceding Rules. 83 

themmcerf^=3axV(HyOh.L;i.€^ufo+ ^ ^^ ^\. dy 

therefore putting M^ N, P, Q, for the coefficients of the 
terms involving dx, dy, dp, dq, we have 
*F= M. ix + NJy+P .ip^Q.fq, or expressing M, N^ 
Py Qy as partial differential coefficients ♦, 

wr dV^ . dV^ dV^ ^dV^ ^ 

Hence^ generally, whatever be the function Vy 

if dr^Mdx+Ndy+Pdp-^^Qdq+Scc. 

then iFz=zMix + Niy + P*p H- Q*^ + &c* 

Since the processes for finding the differential and 
variation differ only in the symbols dy, iy, which are 
arbitrary ; it is plain, if both operations are to be per- 
formed on an analytical expression, that it is matter of 



• PrittC. AnaL Calc» p. 79. 

f This rale is not only in the first solutions of Ispperimetrica] pre- 
blems^ yirtually acted upon, but expressed. " II faut bien remarquer 
que la difference des fonctions de deux Fignes comme RO, RT 
ly^y'i'iy) qui se surpassent d'une quantity TO infinitement petite 
du second genre> se trouve en differentiaia kimplement la fonction de 
RO, et en nmltipliant par TO {iy) ce qui en vient, a^ant omis les 
difibrentielles. Par exemple^ si RL (F) fonction de RO (y) etoit 
seulement la puissance n de la m^me RO {y), en quoi consiste le cas 
de mon fr^re, c'est a dire^ que si la courbe BH etoit une parabole du 
degr6n, alors LM{iY) ou RO^-^RT" t(y+i>) -j^**] seroit=r«. 
JKO»-» X Td {nf'^K^y):' John Bernoulli. Acad, des Sciences, 
1706, p. 236; also Opera, torn. I. p. 424; and Suler^ Methodus 
Inveniendi, p. 33, &c. gives the very rule and method for finding the 
variation, which Lagrange invested with appropriate symbols^ 
[see p. 73,] 
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84 Order of the Symbols d^ K changeable at Pleasure : 

indifference^ which operation is performed first : or, if the 
symbols rf, J, meet together denoting operations, we may, 
at our pleasure, change their order: for instance dttf 
and idy are alike significant ; for dfj/ means the first 
term of two successive values of ij/, or=* (y4*<iy) — 'y 
— iy'\'idy^iy=^idy\ again, if ^ for instance be a 
function of y; then 

dy^-^.dy, ^AidV^-^^.iy.dy 

iV:=.-^.ly, andrf*^=^.rfy.*y; 

/. idVz^ diV, 
or, in a particular instance, when V^^jpj 
d {%p) = V' term of i{y^dyf^%f''\ = njf.dy 
id{y^) = V tevmofndyx [(i^ + ^yr^'-y**"'] = 
n(n-l)y'^.dyJy, 

W = !•' term of [(y + fyY-tr'] = ^^'^^y 
di{jf) = 1'' term of niyx [(y+rfy)'*^'-^^''""'] = 
n{n^\)y^-^.iy.dyi 
:.id{r)^di{y% 

And, by similar processes, d^iV^ id^V^ iddV = didV 

d^iV^i^V^dWV^^idV. 

This rule is, in Lagrange's method, of the greatest 
importance ; it is an essential part of it. Amongst other 
uses, it enables us when an integral is concerned,' to 
introduce the symbol i within the symbol (/) of the 
integral : thus, since the symbols d 2Xi^f indicate re- 
verse operations, 
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abo of the SymboU >, f. 85 

V^dfV\ :. iV^ idfV^ [by Rule, p. 84.ydifK 
Hence, taking the iritegrak on each side 

pr^fdifF^ifF . .. [a] 

This result may be easily extended to double and 
treble integrals: forifr=//r, then iV^iffF^fifV 
by [a] ; 
/. JiF^ffifVx h\AfiV^ifF=:ifffV, consequently 

Before we proceed to explain the last improvement 
made by Lagrange, we will give, under the symbols of 
his new Algorithm, another solution of the hrachysto- 
chroncy [see pp. 4 , 9.] 

Let ^C=y, BL=z/, CL^ds, LD^d^, OA^x, 
OB = Off, g=i32i feet; then the velocity = \/2gx, 




1 ds , ds^ . . 

. i^ / ds . d/ \ ^ dis . dis^ 

but ds^ ^(dx'+d^) i :. dis =^^^ and dU = 
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86 Braeh^ochrone solved in the Symbols qf tk€ Catc. of Variai. 

^^^^ ' hence ^^^^^^^ But 

KD^AC+dt/+dj/; 
/• since KD and jiC are not changed in the trans- 
lation of L to G, dy^di/ is constant; /. rfJ;y= -rf'/, 

and substituting in [a], 1. 1 . , ^ - = d^ / 3! = ^ co'^stant 
quantity, the property of the cycloid. 

This solution is on the same principle, as the first 
and second, but is less peculiar and geometrical than 
either; instead of the similar triangles in the second^ 
one of the processes of the new method above described^ 
has been used. 

The rules in pp. 84, 85, relate to the second improve- 
ment made by Lagrange in the calculus of variations which 
we shall now describe. If we refer to the method which 

dP 
Euler used for deducing the formula, iV— ^ + &c., we 

shall perceive that its length and complication arises 
from the integral fVdx being broken down into parcek 
and elements Vdx^ V'dxy &c. and from the calculation of 
the variations in the differential expressions that represent 
dV, dV\ dV\ &c. [pp. 68, 69.] 

Lagrange precluded the necessity of this resolution 
oi fVdx into its elements, by combining with the 
preceding variation processes, an integral process. This 
will be understood from the solution of the following 
problem, in which it is requiredto find an expression for 
ifVdXy ^ being a function of j?, y, p^ y, r, &c. the law of 
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Formula for the Variation off Vdx. 87 

dy dp dg 

the formation of />, g, r, &c. beingp=^, ^"^Tx'^ "^Ix' 

&c. 

ifFdx^fi{Vdx) [p. 85. 1. 3.] ^fiV.dx^fFdix. 

Now on the principle of this formuldi, fxdi/:= xy --J* i/dx 

fVdix = F.ix ^fdV.ix. 

Hence, ifFdx^V.ix+f{iV.dx-dVM) 
Now since ^^=MJj! + iVJ3^+PJ;> + Q*y+&c. 

if dV^ Mdx + iV^;^ + Pdp + Q(i j + &c, 
iV. dx - rfF. *j? = N{iy .dx-'dy Jx) + P{<fp .dx-dp.ix) 

= Ndx^ {iy - p.ix) + Pdx{ip - J*x) 
+ Qdj:(J5r-r^j?)+&c. (since |?=^, grsa^, &c.V 

.•. ip^-qix^ 'r-{diy^pdix''qix .dx)^ 

^(diy- pdix^dp.ix)^'y-.d{iy^pix) 

Now since the quantities />, y, r, &c. are formed after the 
same law, the same relation that subsists between ip-^qix 
and iy—p iXy must subsist between iq-^rSx and ip — j Jj?, 
and so on; but the relation between the two former 
quantities is thus expressed : 

ip-qfx=j^d{9y-pix) 
/. iq-rix^^^d{ip^qix)^*j^.d^{iy^pix) 



* dx b«in^ constant, otherwise =s=— d—.dQy-^p^x). 
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88 Formula for the Variation of/Vdx. 

Hence, for the purpose of abridgment, putting 
iy —pix^ i»y we hav^ 

ffrdx==F.9x+Jdx(NM + ^^^ + 9^^ 

But by Formula, p. 87. 1. 3. 
fPdU='p.ta-fdP.9co, 

fQd'iw = Qdiu -fdQdiii = Qdiu-dQJu+fd'QJm 
fRdia = Rdi» -fdRd'ia 

= Rd^fu-dRdiu+fd'RMu, 

= RJ'ta-dR.diit+d'Riti-fd^R.iti. 

Hence, coUectkg quantities involving like symbols. 

The quantity if represents the sum of the corrections 
introduced by the integrations 



* -r-> ■T-^> &<?• are not partial differential coefficients, but the first, 
ax ax* 

second, &c. entire .differeAtials*o£: P, St, &c.diWdedby dx, dA ^c. 
respectively. They ought in strictness, to be written -j-^dP^ -r^,<;PS,&c. 
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Fonnula when the Variation is taken between two Limits^ 89 

If a? be supposed to have no variation^ or if ix=Oy 
then itA=:iy-pix^5y \ and consequently we shall have 
the variation of J/'/^(i'a? by omitting in the preceding form 
ViXy and writing lyy diy^ &c. instead of *«a, divy &c. 

The preceding value of the variation may be sup- 
posed to be taken between two limits corresponding to 
values a, and 6, of x. Let y^, P^, Q^, &c, be the 
values ofy, P, Q, &c. at the first limit when j? = a ; and 
and ^,, P,, Qj, &c. when .x — h% 

then, ifVdx^ K^ioc^ - ^o-'-^o 

+ &C. 

If at the two limits a? = a, a?=fc, the values oty^^y^ 
are given, then ^«„ ^w^ are both equal to nothing, 
(since ita^^iy-pix) ; and in this case the variation of 
JVdx is reduced to the quantity under the integral 
sign (y), which, in the case oi fVdx^^ maximum, 
since J/'/^rfa? = 0, must equal nothing j or 

^ dP d^a d^R^o ^ 
This last formula, is that which Euler, by the method 

V 
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90 DejMte and Inde/nite Parts qf the Formula. 

described in the last Chapter, arrived at * ; and it is here 
deduced on his hypothesis of the evanescence of ty^y 
#y„ &c. 

The formula iV— ^ + -^-5— &c. is not, however, 

equal O, solely in the case when tx^, tx^, iy^^ iy^^ are 
equal O, but also, when these are, from certain equations, 
assignable quantities. For, the formula \Acl] p. 89, is 
composed of two parts : one, afiected by the integral sign, 
expresses the sum of all the separate variations throughout 
the whole extent of the curve or integrated quantity; 
the other part, independant of the integral sign, is 
afiected only by the variations at the' extreme points, and 
therefore cannot by any combination with the other, 
(which by changing ix and iy may be varied at will) 
form a sum equal to nothing. Hence, since ifVdx 
must = 0; each part separately, the one under the inte- 
gral sign^, the other not afiected by it, must=vO. ^ 

M. Lagrange is the inventor of that part of the 



• Metkodus Invemendh &c, Prob. V, Lagrange, MisceU. Taurin, 
torn. II., says, " Mais les formuies de cet auteur (Euler) sont moinsge* 
nerales que les notres 1® &c. — 2% parcequ'il suppose que le premier et Je 
dernier point de la courbe sont fix^s, &c*'' Euler also, in his memoir 
subsequent to Lagrange's [Nbvi, Catmiu torn X. p. 1 10.] acknowledges 
that his first formula did not contain the absolute or definite parts in- 
volving: ^Uj d^uy &c. " Neque tamen hse partem absolutae frustra sunt 
inveatae^ sed singularem praeb^fit usum, ad quern metbodus mea prior, 

qua tantum sequationem ^— ^ — |.&c.=0 suppeditavit, minus est ac- 
commodata; quam ob causam haec method us iHi longe est anteferendaj^' 
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Lagrang^s teccmd Problem* 91 

general formula which is not afiected by the integral 
sign. Its use^ as it will be shewn hereafter^ is great and 
extensive : without it, the solution of problems would be 
incomplete; for, Euler^s formula, that under the integral 
sign, merely determines in general terms the relation of 
X and tf ; undoubtedly the chief, but not the sole object 
t>f search. 

We win now proceed to that, which, in fact, is 
Lagrange's second problem*. 

It is required to find an expression for fVdx, in 

which dV:= Tdty dt not being similar to rfy, dp^ dq, &c., 

t>ut determined by this equation t^fZdx. 

By p. 87, ifVdx = Fix +f(fF.dx - dFJx) [i] 

but *F= TJt ; .-. iFdx - dFJx = Tdx . it - Tix . dt. 

again, by [l] it^ifZdx^zZ.ix+f^iZ.dx-^dZ.ix); 

.-. Tdx.it- Tix.dt= TZ.dx.ix^TZ.dx.ix + 

TdxfUZdx-'dZix), 

= Tdxf(iZdx - dZJx) 

and /. ij Vdx=i Fix+fTdxf{iZdx^dZix). 
Now by virtue of this formulay(i;rfw) =^vu--'f(udv)y 
if A be p\it=fTdx, the latter part of the value ofifVdx 

is, iif{iZdx - dZix) - fh {iZdx - dZix) 
Also by Form [A], p. ^i.iUZ^Mdx+Ndy^Pdp+kc. 

hfi^Zdx - dZU) ^hfdx.iu (j^-^ '^IF'' ^O ^ 
h.L . . . . [2] 



* Miscellanea Taurinensiaf torn. 11^ p. 183. 
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9S ^ Lagrangt^s tecond Problim. 

and/A (fZdx - dZix) = 

/...,<^-^+^W-^.)+»z,'...M 

(L, L bging put for the definite parts,) , 

Subtracting this from [2] and adding Vix, we shall 
have the value of ifVdx. 

In general, it is required to find the whole variation of 

fVdx from a: = 0, for instance, to a? = a. In such case, let 

the whole integral of Tdx^H\ then the part [2], of the 

variation = HfdxiiA\N-—j-' + -j-^ - &c.) + Hh 

For since fl^isconstant, HfN=fHN, and H.dP=d(HP) ; 
subtracting therefore, as before, [3] from [2], we have 

ifVdx=Vix 

IB]..... +((H-A)P-^(^*)«+&c.)*. 

+ &c. 

If we put/T— A, that is, H-^fTdx^h^ and suppose 
IXy i»y the variations at the limits, to equal nothing, we 
shall have 
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Application of his Formula to particular dates. 93 

which is Euler's formula, Me^/iorf. /nrcmViwfe', &c. p. 9l> 
and the subject of his third Chapter. - - 

U dr=iJ^.dx+i.di/+ir.dp + &,c. + Tdt, 
which is Lagrange's case. Misc. Tour. torn. II. p. 183. 

ifFdx=Fix+fdx.iw(v-~^^+kc.') . . . [C] 
+fdxi» (hN-^^+kc.') 

S being put for the sum of the definite terms. 

If dt=ds=:\/{dx'+dy*) and dF=i*dx+vdi/+Tds 

d([H-rTdx-\ ,/ ,A 
ifFdx = fdxi«[,- dx ■]"^^''^ 

not taking account of the definite parts ; 
For, dt=ds=dx\/ (I +p')=Zdxi .'.Z=^(l+p*) and 

dZ^ /fm. n '^P ' which^ compared with the value of 
dZ [p.9lj gives iV=0, ^=^ ^^f^p.y Q^o/&cc. 

Hence, in the case of maximum or minimum, since 
ifVdx^Oy there results this equation of solution, 

..i.-rf([/r-/7a.]-7^j)=o, 

whereas Euler, Novi Comm. torn. VI. p. 141, gives this 



'^■^Vi^r"' 
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94 Lagrang^t Mrd ProUan. 

9 answering to M, T to L, and — j, '•• -. being = m 

v(l+F) 

= #^- 
as 

This is the case before alluded to [p. 6l,] ; when it 
was remarked that Euler's formulae contained in the 
sixth and eighth volume of the Petersburg Commentaries, 
were erroneous, when #^ contained an integral ; which 
integral in the above instance is s. 

In the third problem of Lagrange [p. 185.], it is re- 
quired to find the variation of fy when f^ is given 
simply by a differential equation involving no difierentials 
of F higher than the first. 

Let dF — X.dx+ Udx =0 be the differential 
equation, X being a function of x, y, p, q, &c. and U 
^ function of Xy y, py y, &c. and of Vi then taking the 
differential, and supposing ^^ to be constant, 

/dU . . dU, , dV, . « X . 

or ^F- dp.dx + -rp.dV.dx = o, . • . . [a] 

Substituting rf(p for the collection of terms involving dx^ 
djfy dpy &c. Hence, if instead of deducing the diflfe- 
rential in the last operation, we suppose the variation to 
be deduced, ^ 

diF - i(p.dx + TJFJx = O [^='^ 
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LagTange*9 third Problem. 9^ 

multiply l^ hy and x diF-- {xf(p) dx + (x TJf^) . rfj? = O, 
or, d{xiF)--dxJF'- {\i(p) dx+(kTjr).dx=0 . . . lb"] 

Assume the sum of the second and fourth terms to = O ; 

.%dx-xT.dx=:0; and — = Tif a?, and integrating x=:c^^ 

^\ 

[e = number whose hyp. tog. = 1.] 
Hence substituting this value of x in the sum of the 
first and third terms, 

€^'"'\fF^fe^^''Jp.dx; 
/. ftr or i/F = fe'^^.fe^'^.ip.dx. 

Euler, by a different process, solves this problem in 
the third Chapter of his treatise on Isoperimetricals. 

Euler, however, stepped at this problem ; and did 
not, as Lagrange has done, proceed on to those which 
besides £f^, involve d^Vy d^V^ &c. Suppose 17 to be a 

dV 
function of j?, y, p, &c., /^and of -j— ; then in taking the 

diflferential [a] p. 94. of the equation dV- Xdx+Udx=:0, 
an additional term-7-.e?^Y» = — ) will be introduqed, 

and consequently in the variation, this term -j-.diVi 

therefore when the equation is multiplied by x (for the 
same process must be used,) there will be aa additional 

term xT'MF (T'~y^d{xT\iF)^ d{xT)^iF% 

.•• eq^uation [A] I 2, would be 
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96 Third Problem made more general. 

d{\T)iV. 

Hence, making the sum of the 2*, 4*\ and 6* terms =0, 
- rfA + x.Tdx - d{xT) = O • . . [c] 

and d [(x + \T)iF^ - \i(pdx = [i] 

in which two equations, \ must be deduced from the first 
and substituted in the second. 

The process is the same if U besides a function of 
the former quantities, is also a function oid^V\ for then in 
the equation of variation there would be introduced a 

term T\d^iV (r" = ^, ••=^) ; and consequently 

in the equation multiplied by X, a term = xT^.d^iV^ 
d {xT'diV) - d{xT') .diF^d{xT"MF)^d!'{xT''JV) 
+ d'xT'xiV. 

Hence the equation [c] 1. 4. will become 
- dx +x.Tdx - d(xT) + d'.(xT''):=o, 
and the equation [d] 1. 5. 

d [(x+xr « d{xT'')) iV^^d{xT'.diF)^xi(pdx^Oi 
and similarly, if differentials of a still higher order are 
introduced. , 

In the preceding cases, the maxima and otiinima 
depend on a function of one variable quantity alone : but 
a variable quantity z may be introduced, a function' of 
two others x and y. For instance, suppose it were requir- 
ed to find amongst equal solids, that which is bounded 
by the least sur&ce, (which is the problem given by 
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Problem qf the Solid of leasi. Surface amongst equal Solids* Q 7 

Lagrange in his first Appendix^ p. 188.): then, if the 
points of the surface be referred to three rectangular 
co-ordinates x, y^ z, we have 

(j-j 9 VT"/ ' ^^^S *^^ partial differential coefficients *, 
we have also the solidity =yy«.rfj?.rfy, and the sur&ces 

//...., v/[.+(g)%(|)"] 

the integrals being taken, first relativelyto a?, then relatively 
to y. The problem therefore analytically expressed is 

[a] ffi{z.dx.dy) 

+ aff,.(d,.iy)y/{l + (g)"+(g)'] =0. 

„oWv/[.+(g)V(J)>. 

[^0+S'(^)]['Hgy+(|)']" 

|['+(5-D'+(i)r=«' 



• FHnc. AnaL CMc^ p. 79* ^ 
O 
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gS Problem qf the Solid qf least Surface, S^e. 

Hence the equation [a] p. 97. L 10. becomes 
ffdx.dy.iz+afPdy.iz + afQdx.iz 

^ affdx.dy 57'«-«yy'^^-<^y-j^*« = ^• 

Hence^ making the sum of the second and third 

terms, which are affected with one sign of integration, 

and belong to the extreme points of the curve surface, = (> 

Pdy+Qdx=o^ and consequently the remaining 

dP dQ 

terms = 0,or, i^^a.— - a.^^ = 0, [p] 

now the condition under which 

Mdx + Ndy 

is a complete differential, is this * 

dM ^dN 
dy "^ dx 

Hence, putting A^'s^—aP, M:=aQ, we have 

da dP dP dQ ^ 

a-7-=l— ^•T"^ or, 1 — a-T a-r-=0, 

dy ax ax ay 

which is the equation [p] 1.8.; hence, (x''aP)dy-^ 
aQdx is a complete different : butthat, dz =^^a? 4- 'T^^tf 

xtiSiY be real, -^dx+'j- dy must be also a complete 
differential; that is, , i musts > x . . These two 



• Woodhouse, Princ, Anal. Cole. p. 83 : also Euler, Calc.Ini. p. S15. 
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Portion of a Sphere satisfies the Conditions qfthe Problem. p0 ; 

tonditions therefore must be fulfilled^ in order that the 
problem may be solved. 

If r be the radius of a sphere^ and a^ ^, y, the three 
co-ordinates of its center^ 

r= v/[(x - «)» + (y - py + (a - yy^ ; 

/. (putting for «— y its value) ^ — 'T'^j — 'T' ^^^ <^^^" 

dition therdbre is satisfied: 

again P=p^^—^,Q=^^^; /.(a? - aP) rfy +aQrf^ = 

(l - -) xrfy +- yrf^ + ~rfy — —.dxi, which is a com- 
plete difierentia]^ making 1 — = - ; /. the portion of 
the sphere corresponding to x^ y, z, satisfies the problem. 

The formulae of solution^ on which the nature of the 
curve, or the relation of x and y, depends^ were all, .ex- 
cepting the two last, invented by Euler. To Lagrange 
belongs the merit of having deduced them by neater 
processes. The latter author, however, is the sole 
inventor of those definite and absolute formulae [see p. 88. 
1. 13, 14.] which are requisite for the complete solution 
of Isoperimetrical problems. 

In his first memoir, Lagrange seems not exactly to 
hai% comprehended the nature of these definite formulae. 

Digitized by VjO'OQIC 



100 

He drew some conclusions^ which the Chevalier Borda * 
proved to be not general. These defects^ however, 
M. Lagrange remedied in a subsequent memoir in the 
fourth volume of the Miscellanea Taurinensia: and 
without acknowledging the detection of the defects, or 
rather, with a faint endeavour of denying it, extended 
his formulae, more accurately applied them, but con- 
firmed the truth of M. Borda*s results. 

In the same memoir Lagrange considers the subject 
under a new point of view, and gives a method of solu- 
tion including all his former ones. 

The substance of Lagrange's first researches on this 
subject have been given, with some deviation, not essen- 
tial, from their mode. Euler*s last manner t of treating 
the subject has been followed. That is commended and 
adopted by Lagrange in the latest of his publications X' 
In the same Tract he has resumed the consideration of* 
the general problem, and deduced formulae applicable 
to all cases. 

This last method of Lagrange's is distinguished 
rather by its mode of treating the question, than by any 
thing novel in its principles ; and therefore, it will be 
separately considered in the following Chapter, which 
the Student who hastens towards the end of the inquiry, 
may, without inconvenience, pass over. 



• Acad, des Sciences, 1767. -f Novi Comm, Pctrop, torn. X. p. 51. 
% Legom sur le Calcul des F<mctions, 
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CHAP. VII. 

Lagrange's general Method of treating Isoperimetrical Problems- 
Equation of Limits— Cases of relative Maxima and Minima re- 
duced to those of Absolute. 

Let /^be a function of :r, y, p, q, z, p', j', &c^ 
dy dp , d% , dp' 

and let dF ^ Mdx + Ndy + Pdp + Qdq + &c. 
+ i^.dz + ir.dp' + <r.rfj' + &c, 

r= p - ^ + &c. 

ax 
Y"= Q -&c 
&c.= &c. 

dv d\ Q 
^= ' -5^+^*-^• 
Z'=1r-~+&C. 
ax 

zr^ 9 - &c. 

&t.= &c. 
we shall have, by processes already described, [pp. 87, 88.] 
ifVdx = r^a; +fdxJu.r + fdx.iu'Z 

+ r\it> + z.u 

+ &c 
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102 Lagrange^s general Method. 

Hence, in the case of a maximum^ when iJVdx = O, 
Y.im + ZJfA' = o, 
or Yiy + Ziz = O, if ix = O^ since [p, 88.] 
im z=i ixf ^ pix^ and Sm' ^ 9z -- p\ix 

If y, Zy are quantities independent of each other, 
then, F=0, and Z = O. 

But, if the quantities t/ and z are connected J;ogethar 
by an equation, such Sisf(x,i/yz) = O, or ^= O, 
then, supposing x invariable, we have 

which combined with the former equation p. 3.] gives 



dz ay 



The same result will be obtained, if x be supposed 
to vary; for then 

which combined with the common differential equation 
dfF ^. dy.\d1Vy. dz ^ 

which combined with Jtfa + Z^«', gives 
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Lagrangt^s general Method. 105 

J^.-T- — Z.-T^ = o, as before. 
d% ay 

Hence, this conclusion follows ; that the variation of 
X in no wise afiects the general equation of maxin^um or 
minimum, but solely the equation at the limits. 

The equation at the limits depends on the parts of 
the formula for ifVdxj which are definite and freed ^ 
from the integral sign^ and is 

= V,.ix, - F,Jx, 

- r;.*«,--z^,.j«;+&c. 

^i> ^0 9 ^^i9 ^^0 9 &^* representing the values of ^ tx^ 
&c. at the end and beginning of the integral. 

Instead of eliminating 9m, 9a\ by the combination of 
the two equations [p. 102, 1. 19, 20.] we may multiply 
the latter by an indeterminate quantity x, add it to the 
first equation^ and then determine the resulting equa-^ 
tion^ by the elimination of x ; thus 

dff^ dlV 

dy dz 

Eliminate x from the two equations 

r+X^=0, and Z + x^=o, 
dy dz ^ 

and there results, as before, 

dz dy 

which combined with ^=sO, will give the values of y 
and ^ in terms of x. 
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104 Lagrang^s general Method. 

This last method extended^ will afford a general for- 
mula of solution ; for, suppose ff^to be a ftiQction, not of 
X, t/y z, only, but also of the differentials of these quan- 
tities ; that is, suppose 

dfF^ M'.dx +N'.dy + P. dp +Q;.dq +&c. 
+ /•£?« + v'.d]^ + <r'.£fj'+&c. 

&c 

then we shall have 
ifVdx + if{xJr).dx = {F+xfr)Jx 

+ f[r+(r).dxj^']+flz+{Z)dx»^^ 

+ [jr'+(ro]*«+[Z'+(Z')]*«' 

+ &C. 

In this formula since ^=0, xfF[9x=0^ and since tm, 
im' are independent quantities, we have, on principles such 
as have been already stated, 

r+(r) = o, z+(Z)=o, 

whence A is to be eliminated ; and then by the aid of the 
equation of condition ^sO, y and « are to be deter- 
mined in terms of x. 

This method comprehends all the former ones whidi 
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Lagranges general Method, 105 

were separately instituted [pp. 88, 93.] to determine the 
variation oi fVdx. 

1st. When dV contains merely Xy y, p^ q^ &c, and 
no relation is assigned between a?, y, %^ then the equation 
fV^ O is not introduced, and the formula becomes 
r=0, Z=0; 

„ dP . d^a . 

2dly, If ^ contains an integral expression ; that is, if 

dV= Mdx + Ndy + Prfp + &c. + Tdt, 
in which t=fSdx, then the equation of condition W=sO 

becomes dt- S.dx= 0, and consequently^ (-5 — - S)dx 

=«. Hence, substituting t for «, we have 
^ j^ dP ^ d'Q . 

^ = T [since » = T, «•=©, &c.J 

[if rf^^M'.rfj? + iV'.rfy+&c,] 
(Z) =. -^ [since / = 0, ir'= 1, <r'=0, &c.] 

hence we have from the equation Z + (Z) = O. 

r - ~ = 0, whence, A ^fTdx^fTdx-- H, 

VifTdx^Hy when X;=0 : substituting this value of X in 
the equation Y + (F) ==0, there results 

p 
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106 Lagrang^s general Meikod* 

+ &C. as before^ p. grQ^ 

3dly, Udf^-^tp.dx+tf.dx^O, and t/is a function of 

dF 
Vy this answers to the equation fV^O^ and ^=-3 — ^ 

dV 
+ U, and rf/iTss T. rf^+ rf. -7 rf^ ; instead of iS, consider 

/^to be the variable (Quantity, then in 

rf/r= rf^ + /.rf« + V.rf/ + &e. / :ts T, *' 3= 1,. 

the other coefficients being O ; 

Hence, r= O, (JO = X^-%^ + &<^- 



.-. Z+ (Z) s= 0, or X r- -^ = 0, whence X = e^ as beforcy 



p. 95. 

The same meehod applies io equations in whicb 
higher differentials than the first are involved ; for in- 
stance^ to equations such as 

In the variation dl fVdXy the parts under the in- 
tegral sign, that is, jr+ {Y\ and Z+{Z) equal nothing ; 
there remains therefore, supposing 9x^0, 

ifVdx = [jr + {r)'\iy + [z + {zrf\iz 
+ [r'+(jro]%+ izr^{Z')yi% 

+ &c. 
which expression must be substituted in the equation of 
limits, that is, in 
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Lagrang^s general Method. 107 

|>utting U^fVdx. 

At the limits, there may be particular relationa 

between x and y ; for instance, it may be required to 

draw the brachystochronie betwieen certain curves. I^t 

Z/=0 be the equation to the curve at the first point, and 

ilf =0 at the last point, that is, let L be a function of a?^, 

y^ and ifcfa function of j?^, y, ; then 

dL ' dL ^ ^ , dM. . dM. ^ 
5^*^o+-^-^o = o, and ^ ix, + ^iy^^oi 

and since, by taking the difierentiial equations, we have 

|_.rfx,+^.rfy,=0, and £.dx^+-^dr,, = Q, 

by eliminalion, there results 

%Jx^-»!/o=0, and ^M^^iy, = o, 

from these equations, and from the equation of limits 
?^i — ^^=P» wjiich must ccxitain *t,, *a?^, 9y^, iy^^ 
the values of ix^j iy^ must be eliminated, and the result- 
ing equation will determine the conditions of the problem 
that mast be fulfilled at the Kmits. 

Tlie s^me conclusion will result, if, instead of an 
elimination, vre multiply the equations #L = 0, iM=^i} 
by two indeterminate quantities x, /*, and then add them 
to the equation of limits, which will become 

This equation will contain terms affected with ix^^ 
iXi, iy^, Jy„ the coefficients of which are separately to 
be made equal nothing;. 
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108 Lagrange^s gaural Method* 

The origin of the abscissas and ordinates (when the 
discussion is concerning curves) is supposed to remain 
constant; but, it may be supposed to vary, which will 
be equivalent to the hypothesis of making quantities^ 
such as a, ft, contained in ^ to vary. In that case, if 
iF^Mix + Niy-\-Pip + hc.^-Aia + Bih+kc. 

we have, as M= -j- , and N = -j- &c. A =-7^ , and 

dF ^ ^ 

B = -TT-j and consequently the variation ifFdx will=s 

+fiadx.A + ffbdx. B 

■^'*(^-^ + «"=•) 

-f &c. 
now the Equation to the curve depends on the equation 

N — — + -J-; - &c. and the additional terms iafA dxy 

ihfBdx, or ^^f-^ dx^ ^^J^h ^^^ ^^ affect the equa- 
tion of limits. 

If j? = j/— a, then ix^ix! — iax therefore, if o^bethe 
same, ix^ — Ja; consequently the term Aia^ introduced 
by reason of the variation of the origin of the co-ordinates, 
will be affected with a negative sign. 

The methods described in this Chapter comprehend 
all cases belonging to absolute maxima and minima: 
they extend also, if we employ Euler's reasoning *, to 
relative maxima and minima ; or independently of the 

• See p. 78. 
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last author's method, which may be thought not perfectly 
satisfactory, they may be extended by the following 
process, which is Lagrange's. 

Let u be the function, the integral of which is, to 
have, within the assigned limits, a determinate value. 
Let s be its integral, then ds-udx^O', consider this to 
be an equation of condition, such as L=:0; then, since 
X*L was added [p. 107.] to the variation oi JVdxy we 
must now add 

\i{ds - udx^ . . • . [a] 
the first of this, xtds=\dis^d{\is) - d\.9s ; a term 
therefore — rfx.*^ will be introduced under the integral 
sign, which, since is is an arbitrary quantity, must = 0; 
.•. rf^ = 0, or X = a, a constant quantity. The term d{xis) 
will solely affect the equation of limits, and since the 
whole variation must be taken between J, and j^, ais^ 
--ais^ must be added to the equation of limits, which, by 
the hy^thesis of s having a determinate value, must=0. 

Hence there remains of [a] 1. 10, only ^ai(udx) ; 
consequently, the whole variation is reduced to this 
ifif^- CLu) dx : whence the rule before given, p. 78, 
which reduces relative maxima and minima to absolute, is 
derived ; for the formula directs us to find the conditions 
of the absolute maximum or minimum of f{V-au) dx, 
a being a constant quantity. 

We now proceed to the last Chapter of this Work,^ 
in which, the formulae previously established, will, with 
some slight alteration, be applied to the solution of 
problems. 
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CHAP. VIII. 

Particular Formulae deduced from the General one^ for the Purpose 
of facilitating the Solution of Problems — Problems solved. 

CuLER in his treatisfe has deduced from his general 
formula^ several subordinate ones^ limited indeed^ but 
materially expediting the solution of problems. These 
will be first described. 

In the general formula^ 
dF^Mdx+lVdj/+Pdp+Qdq+Rdr + kc. . . [^ 
suppose 3/, Q, and all coefficients excepting N, P, to 
equal ; then, dF=Ndy + Pdp; but generally [p. 89.] 

JV— — + j-j — &c. =a O [a]; in this case, therefore, 
JV- -^ = ; consequently, Ndy — dP . ^p = ; or, since 

p s^-^, Ndy-^p.dP, = 0; and substituting, in 1. 10, 

dF:s^p.dP+ Pdp^d (Pp) ; whence, by integration, 
f^ = Pp -f c [5], c being the correction. 

KM is not=0, then V^fMdx-^Pp^-c [c]. 

Let M-0, iV=0, and all the coeflicients after Q; 
then dV^ Pdp + Qdt], but the general formula [a] 1. 1 1. 
in this case becomes 



dx dx* 



dP . d*Q 

= u; 
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whence, P :^JZ—dx + c^-j^ + cj 

multiply this by dp, and since --^ = q, we have 

P.dp = q.dQ + c.dp 
hence, substituting, in the equation^ [^A] p. 110. 

dF=: q.dQ + Udq + c.dp = d{Qq) + c.dp 
and integrating, 

F^ Qq + cp+(f ...... [d] 

€y dy being the corrections. 

If iif does not 33 O, we must add, to the above form, 
the term fMdx^ 

If il/=:0, but iV'is not = a, that is, if the form be 
rfF= Ndy + Pdp + ddq 

then, smce iV-^ + -^ = 0, 

we have^ multiplying by dy, which =pdxf 

Ndy -^p.dP + p. -T-Z'^"^ = O. 

But, p.-^dx = d(j>~^) ^ dp.-^ 

='^(P'-di)'^'di'^''^ 
Hence, isubstituting, in 1. 1 2. 
dF^pdP + Prfp - ^(z^-^) -^9^^ + ^^^5 
consequently, J^= P^ + Qgr - p.-^ h ^ • . . H* 



dx 
If rfr=Prfp+ J?£fr, 
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112 Problem. 

then the formula [ci] p. no. is reduced to 
_dP d?R _ 

consequently, P = - j-j + c, and Pdp =iC.dp-dp. ^^ ; 
hence, since dp = q.dx^ we have, by substitution, 
dF=: cdp+Rdr — q.-^.dx 

= c,dp+Rdr-d(q^)+dg~ 
[since dq^^rdx] =c.dp+ Rdr+rdR-^-dtq.^^ 
Hence integrating, and adding the correction c/, 
r^cp + Rr-q.^ + d.... [/] 

These forms are sufficient for the solution of the fol- 
lowing problems. 

Prob. 1. 
Required the relation of x and y, such that 
y(ax-y*).yrfx shall be a maximum or minimum. 

Comparing this expression ynXhJ'Vdxy V^axy — y' ; 
consequently, dV^ ay.dx^ {ax — 3y') dy ; 
which, compared with the general formula \A] p. 110. 
that is, with dF=Mdx + Ndy + Pdp + Qdq-^&iC. 
gives M*= ay, N=aX'-3y% P=0, Q=0; 

dP 

consequently, since N — ^ — \r &c. = O, in this case 

/ax 
ax - 3y* = 0, and y = ^ — , 
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PrOB. 2. 

Required the shortest curve that can be drawn be- 
tween two points, or between two curves. 

Herefds or fdx\/ {I +p^)=Si minimum; .-. F= 
x/{l+p') and rfF= P^^ .. ; M, N, &c. =0: and 

P = y/[^ a\ 5 consequently, the formula [a] p. 1 lo, 
becomes - d(^—£—^ =o ; /. ;> = a v/(l + f) 

J dy a , 1 . . 

^ ^'' rf^= C/(l-g') ^ wkence, by mtegration, 

y \/ ( 1 - a*) = aa? + c, an equation to a right line. 

Prob. 3. 

Required the curve of quickest descent between two 
given points. 



df^ 
dx 



The time=/:^ ^rs^{dx^ + df)^ ^^/{}+dxO 

"^J^ — / *dx^ which compared withy* ^rfa: gives 
V^ ^£a±£); Whence rfF= - ^^Il±£!) rf« + 

vy 2y^ •; 

y ?^ av rfy, which compared with Form [^ p. 1 10, 
Now by the Form [6] p. HO, f^zsPp+c; /. in this case 
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vl(i±£l) ^ P' . ^ 

and finally, r/x == ^-yj—^—^dy^ an equation to a cy- 
cloid. Seep. 5, 

Prob. 4. 

Required the relation of x and y when/*(j?* +y'*)'*.rf^=: 
a maximum [see Euler^s Methodus Inveniendi, &c. p. 52.] 

Here V= {x' +yy X v^ ( 1 +p')y since rf* = efe v/ ( 1 + Jf^*) 
and, dV ^ - 

/n + v^\ and p - i^-^y^y^p 

V(l+7>), and i-^ ^(1 +;,")• 

Here it is more convenient to employ the general 

formula, 

dP 

which, since 

by reduction becomes 

2n(ydx'-xdy) _ dp p,-. 

x^+^ l+p* L*J> 

if = arc, whose tangent = - , then ^8 = - fT — :^; 
^ y 0?* + / 
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consequently, integrating the equation [A], p. 114, 
2n9=:A+c, A being an'arc, whose tangent=/?, or ^ 

X 1 

/. - =tan. 0=tan. — (-^ + c). 
y 2n^ ' 

Prob. 5. 

Required the curve which by a revolution round its 
axis generates the solid of least resistance, [see Newton, 
p.324,3*ed. Euler's Me/Aorfw»v tnveniendi, &iq. p. 51, 
Simpson's Fluxions^ p. 487, Ed. 1760. Emerson's , 
Fluxions, p. 183, 3** ed. Lacroix's, CalcuL Diff[ torn. II. 
p. 698.] 

The resistance ^J aS^a « ' which, compared with 
fVdXj gives 

^ = - ' ^ (since o =» -^ J . whence 
1 +p* \ ^ dx/ * 

consequentiy, il/=0, -^=7^, -P = '(l+j>T ' 
Hence by the Form [J] p. 110, using— c for the correct", 

\^-f (n-i»T 

whence, by reduction, 

c.(i + fy = 2yp3, and y = ~;+^ + ^ V 
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but,' pdx = dy=- ^Jp —~dp + \dpi 

J 3c , c , c dp 

:. dx = - ——, dp — ■- dp+- . -i- 
2pS i- p3 ^ • 2 p 

and a; = ^ + ^, + I' hyp- ^og.p + tf 
which equation must be cmnbined with c(l +p*y=2i/pi'. 

Prob. 6. 
Required the curve in which yyj?«?* is a maximum, 
[see Euler, Methodus Inveniendi, &c. p. 52.] 

Since, yxds =yx^{\ +p^).dx, f^ = yx^{l+p') 
and dr = y ^(l + p^)dx + x ^{l + p") dy + 



!^yv 



.dpi 



v/(i+i>')' 

In this case therefore, we must use the Form [c] p. 1 10, 
and then yV(l '^P")^fy^i'^+P%^^'^J^J^ 

which by reduction leads to a differential equation of 
the second order. 

Prob. 7. 
Required the curve, or in other terms, the relation of 

J? and 3/ when /-Yj2L=a maximum. (See Euler, Comm. 

Acad. Petrop. tom. VI II. p. 171.) 

d^7/ __ d^y ^d^y dx ^ ^_ q 
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and dV = - — 2Z — .dp + .,, , ,. ,rfo ; 
/. itf = o, iV = 0, P= - '^P . , Q = -,~ 



.*. by the Form [rfj p. 1 1 1, 

whence, j? or ^ = - - , and 03/ = (/' — c'^: an equa- 
tion to a right line. 

Pros. 8. 
Required the curve in which J — ^ = a maximum, 
[see Comm.Acad. Petrop. torn. VIII. p, 171.] 

yTTs dx\y^/{\ +p^)' ' •' yv/(i +p-) 
and dr = - -—,-2 -.rfy 2£_,.rf«+ 

.♦. il/=0, iV=- —J-—.,P^ £^ 

^" 3^7(1+/) ' **' ^^ *^^ Form [e] p. Ill, 
fsince rfQ= - , ,t .s " --^^l 

__2 = 2£l_+__2_ 4. 

3/V(i +1^') ^ y(i +/»*)^ ~ ""■ 
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consequently, - ^ /, , — - = c, and 

and since » = t^, aj? = — , , J^ rr r-r:. 

Pros. 9. 

Required the curve which, within its own arc, its 
evolute, and radius of curvature, shall contain the least 
area*, [see Euler, Comm. Acad. Petrop. torn. VIII. 
p. 169 ; also Methodus Inveniendi^ &c. p. 64.] 

The radius ot curvature = — -j — -^ t= -^ — t — -^-^ 

radius x ds 



Hence, the differential of the area 



2 



^^^±£^s/{^'^P')dx^-^^^^.dx, which com- 
q 9 

pared with Vdx^ gives ^= — ^^ *--^ ; consequently, 



• The area is AOR in Simpson's Diagram, p. 7S ; Fluxions, 
cdU 17d0. 

+ Simpson, p. 72. Vince, p, 149, First Edit. Woodhousc Anal 
Gi/c. p. 180. 

Digitized by VjOOQ IC 



Problem. 119 

/. .1/ = 0, iV= 0, P = - ^(l+p% Q =^-i±?^' 
.-. by Form [d] p. Ill, that is, r=zQq+cp + c% we have 

.-. - 2(1 + P*)^n/(1 +P*)-c?x = cprfp + c\dp; 
or, since, rf^ = \/ (1 +p*)-^^ 

" v/(i + P*) + '^- 

If c, c/' = O, -2^ = /■ ^ — ^,, which shews the 

curve to be a cycloid : for by p. 5. -J^ orp = \/ ( — -^ 

••• -rr^ — ^ = V — ^ , and the arc of a cycloid 
measured from its vertex = 2 chord of generating circle 

Prob. 10. 
Required the curve in whichy ^ ^ '^ is a minimum. 
£see Euler, Omm. Acad. Petr&p. tom, VIII. p. 185.] 
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Here -3^ = ^ x irfx- • F-'r 
dx.dy dx' p ' " p 

and dr=s - -^^.dp +- dr; 

.-. M=o, iV=o, P= -^, Q = 0, R=i 

P p 

and by the Form [/] p, 112, 

r , r , dp I 

;» ^ p ^ dx p" 

Hence, = c/? +1 _ c', and q=p^{d~cp) 
-'^=V(^-i')-d...rfx=-^^ 
and ^ = -L-.h. 1. C>Zl-^A£Jl£^)x 

Prob, 11. 
Required the relation of x and y vfhen j'^ JO - ig » 

maximum, [see Lacroix, Diff. Calc. p. 704 : also Borda 
Mem. Acad, des Sciences, 1767. p. 660.] 

and dVz=: 2q.dqy .\M=:0, N-0, P = 0, Q = 2^, 
/J = 0, &c. 

.-. by the Form [a] p. 110, -^-^ = 0> or ^-^^ = ^5 

and integrating 2. VL = c, 2q or 2—- = co? + c' 

2|> or 2^ = — + y^ + <?", and 
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^ 2.3 ^ 1.2 ^ ^ 

The final equation contains four arbitrary quantities, 
c, (ff &c, : in order to determine them, suppose the values 
of ^ to be given at two points of the abscissa (^=5 0, 
J? =5 a), and also the angles in which the tangents to the 
curve at those points * are- inclined to the axis ; for the 
sake of simplicity, suppose y=0, whena? = 0; and ^ = 6^ 
when x = a ; also the values of the two tangents of the 
angles in which the curve cuts the axis to be #, f : then 
we have, for the determination of c, <f, &c. the following . 
equations: 



a? = 0, y = ; 


/. d" = 0, 


a? = a, y = bi 




v-o- ' ^-t- 
' " dx~ ' 


.-. 2t = (f. 


Ay ^ 
X — a\ .'. -J- = r ; 


,^.2f=^+da+<r. 



whence the values of c, e/. 

The preceding problems involve one property only ; 
that of the maximum or minimum ; and therefore, in 
strictness, ought not to be classed amongst Isoperimetri- 
cal problems, since they involve neither the Isoperi- 
metrical property, properly* so called, nor any other 
equally afiecting the theory and the analytical pro^ 
cesses. The following problems involve more than one 
property, 

■ ■ ■■■ HI > ■■! W I I ■ ■ I , 11 1 ■!> I I !■ ■■ I ■■■ I ■ ■^ ■l 

• This is only one of theuiany hypotheses that may be framecl for 
the determin^tipn of the ^trbitrary quantities, 

E 
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PrOB. 13. 

Required the brachystochrone, that is, the curve of 
quickest descent, when the length of the curve is given. 
rSee John Bernoulli's Works ; torn. II. p. 255. Acad, des 
Sciences, 1718. p. 120; also of this Work, pp. 18, &c.] 

Here, by the formulse, pp. 78, 109, we must find the 
variation of J'dx {V — au), putting V -^ au instead 

of V: now V = V^^t^^ and « = ^(l +p»); 

sfy 

.'. V - au, or V = ' ^^^J-^ - - « ^(1 +?*) » 
••. by the Form [6] p. 110. 

vc+i'-)(ip-'>)=7(^(ip-'')-'' 

or (—. a\ = c^{\ + V% *"^<i ^y reduction. 

If, instead of the length, the area had been given, 
then fudx =sfydx; and consequently, we should have 

V',ovV-au=:' ^^^t^^ -ay, 
in which case, P = -j — ^r—. — rr, 
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and, >Ai+£!)_ , P' .. + c, • 

whence, -^ — ^yr ^ = c + ay, and by reduction, 

. {c+ay)Jy'dy 

If c=0, rfo? = — ^^^^ — 1^, which agrees with Simp- 

son's result. Fluxions, p, 492. But, since c is not neces- 
sarily =0, it follows* that Simpson's siolution is not so 
general as it ought to be. 

PrOB. 13^ 

Required the solid of least resistance amongst all the 
solids of equal capacity. [See Maclaurin's FlwAons, 
p. 751. Emerson's Fluxions, p. 188.] 

Here, [see Prob. 5. p. 1»5.], ^=[^-5, mdfudx 
^fwfdx ; 

.-. V'-aUy or V^ =7^"» "" ^Jf^ (including r in the 
quantity a.) 
Hei^ce, P = - f/V^^f y and by the Form [6] p. 110, 

j^, - fl^ = ■ ^J^Iy - Cy whence, by reduction, 
(c-a^/*) (1 +p*)* = 2yp', or (c - ay') rfj* = 2ydy^.dx. 

If instead of the condition of equal capacity, that of 
equal superficies be substituted, we have 
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124 Prohlema, 

V-au, or ^'=-j^. - ayjii + p% 

and p = ^^£±yjt _ «yp . 

whence, by the Form [6] p. Ho, 

and, by reduction, 

c.(l +;»»)» = 2yp3+ay.(l+p»)* 
or c.rfj* = 2y.dy^,dx + ay.d^.dx. 

If the solid of least resistance be required with both 
the specified conditions, then we must use a formula 
f{V—au — ht) dx. See p. 78, and if us^y*^ and »= 
3^\/(l+P')> we have 

V^au-hf, or r =0p - af - hy^{\ +p«), 
and consequently, by the Form [6] p. lio. 

c(l+p')» = 2yp' + hy{\ +f)i + ay»(i + p»)', 
or (c - ay)rf*< = 2ydyHx + hyds^,dx. 

PROB. 14. 

Given the length of the curve, to determine its nature 
when the solid generated by its rotation is a maximum. 
[See Simpson, p. 486: Maclaurin's Fluxions^ V7*9'* 
Euler, Methodus Tnveniendi, &c. p. 196.] 
fVdx=f*y\dx [«• = 3.14169 &c.] and /wrfa? = 
f^(}+f)dx; 

.'. V, ox V^ au = Ty" - a^{\ +f). 

Digitized by VjOOQ IC 



Problems. 125 

and (ir' = 2ry.% - -^^,) , whence P:. - ^^^f^; 
/. by the Form [6] p. 110* 

and /. ^7(1 + P*) = — I , and by reduction, 

^ ^ '^ ^ Try* — c "^ 

« or-7^ = ^<-J= V^ ^,orrfa?= ■ r ; ^, — / .^^ dy. 

'^^ dx ify -c v/L^ -(^ -^ J 

If c = O, rf a: = - y . i^*^ — 5-;v rfy, which is Simpson's 
result, and, like the preceding, restricted. 

Euler says, that the curve is the elastic ; and the 
curve determined by Simpson is the rectangular elastic 
curve^ 

Prob. 15. 

Required the curve that generates the solid of the 
least surface, the area being given. [See Euler, Methodus 
InvCniendiy &c. p. ip^O 

y = 2iryv^(l + p% u =zifi 
.\ V\ or ^- aw = 2»'yy/(l +p*) — ay, 

and dV = [2,r^(l + p') -a-\dy ^ J\\lf) '^^' 
whence P = ~7—^\\ •*• hy the Form [61 p. no, 

and, by reduction,^ 
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„, or ^ = ^ /r4<y»-(c+«.y)'1 
' dor c+ay * 

If instead of the area, the length is given, then 

fudx =fds = fdxs/{\ + f) ; and w = ^(1 + p*) ; 

/. /^' = 2 w-y ^ (1 +p*) — « ^ (1 +P*)3 and consequently 

■P = " ^7' +yT """ '''' *° ^''"" ™ ■*■ "°* 

whence, by reduction, 

- ^[(2.3^-ar-cf], 
and 0? =— . hyp. log. [(2iry - a) + V<2»y - «)* - c»] + c', 

and the curve is the catenary^ [See Euler, Methodus 
Inveniendiy p. 198.] 

Prob. 16. 

Given the length of a curve ; required its nature;^ whei^ 
its area is a maximum. [Seep. 41.] 

Here V'^^{\^f)-^ay', .•.P= ^T^f+pT)' ^""^^7 
the Form [ij p. 110, 
^(1 +p«)-a^= -^^+c; .-. -7^^ = c+«y, 

and i», or ^ = vd|li£±^ , hence, 
^^ rfo? (c + fly) 

an equation to a circle. ^ . 
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Prob. 17. 

If from a point two straight lines be drawn, inflected 
to each other, and their extremities be joined by a curve; 
it is required to find its nature when its length is a max- 
imum ; the area included within the two lines and the 
curve being given. [See Euler, Methodus Inveniendi, &c. 
p. 136.] 

Let a line drawn from the fixed point to the curve, 
(usually called a radius vector) = y, and let rf9, 
(rad. r= 1,) be the elementary angle between two contigu- 
ous lines, y and t/+di/, then the btc ^J\y(d7/^ +2/*.rfS*). 

But the differential of the area = ~ — = — , dx being 

daf^ 
invariable; .*. rf9* = — j- ; and substituting 

*^ V C^y*"' — ^v ^ ^ maximum, or putting p = ~, 
J\/ (p^ + '-^iS'dx = a maximum. Hence, P^ :=^ 

and by the Form [6] p. 110, 

Hence p, or ^= V(iz£V)^rfj^^= c^ 
the property of a circular arc described on a diameter = 
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- ; the fixed pointy from which lines such as y are drawn, 
being in one extremity of the diameter. 

Prob. 18. 

Required the curve that, by a revolution round it8 
axis, generates the greatest solid under a given surface. 
[See Euler, Methodus Inveniendi^ p. 194.] 

Here F'y or F - au = iry* - 2airt/y/{l + p*) ; 
.'•P = - J^il^y and by the Form [i] p. no. 

putting cir for the correction : hence, by reduction, 

^ dx y^—c ' 

/. dx = .r} o. a /' a — w=i thc cQuation to the curve. 

If c = 0, dx = ', , — rr , an equation to a circle : 

which Simpson [Fluxions, p. 487], determines it to be; 
but, it is plain that this is only a particular case of the 
general solution. Lyons's Solution, p. 100, is also equally 
restricted with Simpson's. 

Prob. 19. 

Of all Isochronous curves to find AB such, that the 
space included between the arc AB, and a chord drawn 
from A to B shall be a maximum. [See John Bernoulli's 
Works, tom. 11. p. 263 ; also Acad. Roy. des Sciences^ 
17I8, p. 132.] 
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Here the time, a given quantity represented hyfudx^ 




9Xi^fVdx, the maximum, to 

/[,i.-^(f)].or/(?|f-£|!f). 

Hence, F- aw, or ^'= - (y - xp) - a V ^ , ^/" f • 
:. hy the Form -[c] p. 110, 

5. &-;')-'— 77-= -^--TFTIhT) - 

/4^ + c. 



But p = ^ ; /, y]prfx = 31. Hence, by reduction, 

s 
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and consequently, 

\/[a*-y.(y-c)']' 

the equation to the eurve. 

Frob. 30. 
Of all Isoperimetrical cuires drawn betWeen B an4 
N, to find ^FiVsuch, that AZiV^ shall contain the great- 




est area, PZ being a function of PF. [See James and 
John Bernoulli's Works, p. 909, and p. 8I6 ; also pp. 13, 
25, of this Work.] 

Let PF=y, and let jP2r= a function of y= JT; theii 
fVdx corresponds tofVdx, axidfudx tof\/(l +p*) . dr. 

Hence, F+ att, or F' = JT + a^{l + p») 
Hence by the Form [i] p. 110, 



or. 



■ ^,^ ,v ^c - F, and by reduction^ 
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^, or-j2f = VlLfLliHz: — LL, and consequently, 

£?a?= V r .^ / T^\;*i the equation to the 
curve. 

In the equation^ as it stands, there are two arbitrary 
undetermined quantities a and c. The integration of 
the equation would introduce a third : and to determine 
these three, we have given, the two points B and N^ and 
the length of the curve. 

Prob. 21. 
Required the curve which generates by its rotation 
the solid of the greatest volume ; the length of the curve 
and its area being given. [See Lacroix, Calc. Diff". et 
Int. vol. II. p. 713.] 

Here we must use the form [Seep. 78.] 
[{V-^ au-- b9).dx, corresponding to which is 

a and h involving, in their values, w and other given 
quantities. 

Hence, the differential of the quantity corresponding 
to /^ is 

.\ by the Form [6] p. 110, 
•% ^-^^y - c = y/| . ^i > a»d by reductioip^ 
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'^ oa; y-ay — c ' 

' rf->. {y^-ay-c)dy 

an equation to the elastic curve. 

Pros. 22. 

Let now PZy instead of being a function of y, (see 
Fig. p. 130.) be a function of the arc BF (s). [See 
James and John Bernoulli's Works, p. 91 2, and p. 917 : 
MaclaurirCs Fluinons, p. 508, also p. 26. of this Work.] 

Heteff^dx corresponds to fZdx, Z a function ofs, 
and fudx corresponds to fdx^{\ ^-p*) ; 
:. V - au, or V'^ - aj{\ + f) + Z, 

and dV — — - /., — jr*rfp + -r-.ds. 
,7(1+^ ^ rf^ 

This form therefore is to be solved by the method 
•^ven in p. 93 : and, on comparison, we have f*=0, 

f=0, w =— i. ^ ,, , r=-7-, dszrzdt. The formula 

of solution then, p. 93, is 

/c being — H — / Tdx. Hence, integrating 

.♦. Trf«\/(1 +/), or rJ« = - c.^: .'./Tds, that is. 
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fdZ or Z=C^ -I- ^. Hence ? or ^ = ^^, and 



rfa? = di/' . 

IfdXy dy are to be expressed in terms of the arcs, 
then since dxz^dy } "* ' , ^^J = V [l + ( ) J -^y 

consequently, dy = ^y^^[z-ify] 



Prob. 23. 



Given the length of the curve; required its nature 
when its center of gravity is most remote from th^e axis 
(y). [See Euler, Comm. Acad. Petrop. torn. VI. p. I.46; 
Simpson's Fluxions^ p. 498. 

Suppose ^ to be horizontal, and x vertical, then the 

txds 
distance of the center of gravity froni y, = f'l *r 

But fds =s s = b by hypothesis ; 
.-. F - an, or r = ^•^(^+P"'^ - « ^(l +p*), 

Hence, by the general formula, N — ^ + &c, N, Q, 



* Simpson's Fluxions, p. 205. ed. 1750/ 
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&c. being = o, vre have 

Hence, rfxv/(l +i»*), or ds = - c6.-r>andintegnitii^ 

s = y+<^» or P= jzr^i .*. since x/(H-p*) = ^j, 
, _ (s-<f)ds 

equations to the catenaiy. 

If the condition of equal length be omitted, that is, 

if a r= o, P will equal ^ -77^ — ^ 5 ^"^ *1^ nature of 

the resulting curve will still remain the same, s h&ng 
represented by b: and if « be not so represented^ 
but be supposed to vary, still the resulting curve vnll be 
the catenary, as will sqppear, with the reason therec^ in 
the following problem. 

Prqb. 24. 

Suppose a chain or cord, of variable thickness, to be 
attached to two fixed points ; it is required to find the 
nature of the curve which it ou^t to form^ so that its 
center of gravity shall be the lowest. 

Let the vreight of an element of the curve be ei:« 
pressed by t.ds, • being afimctianof ^ dependent on di» 
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law of the chain's thickness ; then, the distance of the 

center of gravity, instead ofbeing ^Y^ 9 /i #? -^ which 

is to be a maximum. 

XT » /fxids \ _ fi.ds.f/x9ds-J*xi.ds.9j9^ds _^ 

^^^* KfTds) {fi.dsy ' 

now ifx^.ds^ifx^Jil +f).dx ; .•.>=xO^(l +p^) 
and dV^ 

Hence by the Form [C] p. 93, supposing ixz=.0^ 
and not regarding S, the sum of the definite terms, 

,ince.=o, .= ^T^p-j. Ar=0,P=j7jfj:pj, «.<! 

^, which equals H-fTdXy -being in this case =s /T - 

/a?v/ (1 +/)-^-^^ = ^ --fxM ^H-^x^ +f9.dx 

ttibstituting this value in the expression [m] ; the 
equation becomes 

With regard to the other variation ifi.ds, f^answers 
to«.v/(l+nandrfr=^7^f^+v/(l+i»').^rf'; 
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/. by Form [C] p. 93, supposing *^=0, and not 
regarding 5' the sum of the definite parts, ifVdx = 

Op 
V being = O, » = y. — jr , and A: in this case being 

equal to K -/\/(l +/^*)-^-^^; ^at is, K - /dft, 

or J5r-8; JJT is analogous to H^ and equals the entire 
value of 9 between the two limiting values of x. Hence, 
substituting in [wj 1.3, we have 

,/W. = /«i..*y[-i(-7^)£|. 

If we now substitute in the expression for 

i (L^.' ^) p. 135. 1. 4, and represent the two integrals 

of a: 9 dsy and 9rf^, taken between the two limiting values 
[x^ and xj ot x, by; A and 5, there results. 

^/''-'y[-''(7(i^))rJ="' 

and putting tj = ^^ 
. Hp+pf Ux^ ^ (Ki_x and integrating 

^/> + jB/»rf« = xKp + c^(l + p*), whepce 
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H-xK+pdx = c^-^^-^^y and taking the differential 

or ids = - c -^ ; whence integrating 
andsincey(l+p-) = v/(l+g)=g 

If the chain be uniformly thick, 0=1 and 
// — (^ — c^) ds 

, cds 

which equations are the same, in fact, as those in the 
preceding problem, [p. 134. 1. 67] i and belong to the- 
curve called the catenary. 

In problem the twenty-third, where « is a given quan- 
tity, the solution was effected by means of the common 

formula N-^ -^ +&c. ; and the same formula is suf- 
ficient, if instead of the [Hrocess there used, we institute 
one similar to that in Fh>b. S4, p. 134, that is, if we 

X 
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investigate the variation of ^^t "" «/rf*5 which equals 



s X ffxds - fxdsifds ^ ^ , 
^ aifds 

or ^k*-*/[^x/(l +;^')]^- {fxds+asyf^{l +p-)dx'} 

for, it is manifest, that this expression can be expanded 
by the common formula, p. 88 *. 

The condition however of a variable thickness intro- 
duces the quantity 0, a function of 5 ; for instance, instead 
of*/xv/(l +/?*). £ix-&c., we have, [seep. 135. 1.5.] 
'/•^•\/(l +?*) - &c- ; and therefore when the differential 
of the quantity corresponding to ^ is taken, a term 

^^/(^ +p*) X-^^ is introduced, which obliges us to 
have recourse to the formula [Cc] p. 93. 

The next instance will illustrate the use of Lagrange's 
formula in his third problem, p. 185, in which, the quan- 
tity that is to be a maximum is expressed under the 
form of a differential equation. 

Prob. 25. 

Required the curve, down which a body falling, in a 
resisting medium, shall acquire the greatest velocity. 



• £uler, Camm. Acad. torn. VI. shews, that the catenary equally 
results, whether the length of the curve be taken into the computation 
or not. " Potuisset quidem eadem sequatio multo faciiius inveuiri^ si 

in '■ neglexissem denominatorem, quippe per priorem conditionem 

dtbet ia omnibus curvis esse idem : Verum quia hoc fi^rtuito aceidit, &c. 
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Let z represent the square of the velocity, g the force 
of gravity, ( a function of z, the resistance ; and let x hf^ 
supposed vertical : then, 

dz - 2g.dx + 2f y(l+p*).rfa?=0, . . . [l] 

[by the principles of mechanics.] 
Compare this with the formula p. 94. 1. 12, and we have 
f^=«, X:= 2g, J7=: 2 f ^(1 + ;?*) a function of g and p ; 

hence, the equations are, 

and iF or iz = = c-^^'"/c^*'^J«p = O, 

°' ^''^7(^) = is •••;•• W 

In equation [2] substitute from [l] the value of dz ; 
.-. Hgdx = 3Xy/(l + p').rff + 2fv/(l + p*).rf*. 

= 2^(1 +p')[xrff + f.rfx]=2^(H-//')i(Ae) = 
2.rf[AfV^(l + f)-] - 2Af . ^JT^^ = (by [3]) 



2.rf[XfV^(l+;,')]-^; 



^ 



Hence, integrating, 2gx = 2X^ \/ ( 1 + /»') — — + c = 
and .'. from [31, - e —7^ r, + — ; ^, rr = : 
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whence^ by the solution of a quadratic the value 
of p. 

This problem may be also solved, and readily, by 
means of the general method and formula given in p. 104, 
thus : since s is to be a maximum, //^c^o? corresponds to 

/. dV :=^d(-j-\ ; .•. by comparison, » = 1, all the other 

coefficients being = O ; /. J^ = O, Z = O, 1'^' = O, 
Z" = 1. Again, 

yi^dar corresponds tot/*[^^ -^ ^5' + 2^.^(1 +/>*)] dx 
/• by comparison, 

{Z) = Aw' = K 

Hence, taking from the expanded foiro, for 
iJVdx-\-ijKfVdx, or 

*fi^'^ + </[^^-2^'^+3^fv/(l+P")] dx, that 
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pBTt which is under the sigiiy, and on which the nature 
of the curve depends, we have 

(r).*« + (Z) V « O, and (r) = 0, (Z)=0> 
since i»j tvf are independent of each other; hence^ 

''(^•))=»''-'^*^^/"+^-'-£=° 

as before, p. 139, 1. 12, 14. 

The following problem will illustrate the use of the 
general method given in p. 104, in which the maximum 
or minimum property involves a quantity not expressed 
except by means of a differential equation ; which equa- 
tion, in the subjoined case, is called an equation of 
condition. 

Prob. 2^ 

Required the brachystochrone, or the curve of quick- 
est descent, in a medium resisting as any function of 
the velocity. 

Let z represent the square of the velocity, g the force . 
of gravity, f a function of Zy the resistance ; and let y be 
horizontal and x vertical : then by the principles of 
mechanics, 

dz - 2g.dx + 2(.ds = O, 

or ^£^2g + 2f^{l+p^)^ dx = 

the diflferential equation of condition. 

If we compare this with ff^dx, p. 104, we have 
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.♦.»' =3-5fv^(l +?'), *= 1, since <?(—) = <fjp', 
and F = ,/g^ ; 

'■^^f- '^ dx - '^\J(iT7))l^' 

The equation of minimum corresponding to fydx is 

and by comparison, 

x/V(»+/'') 2a- * 
and r^-N- ^+&c. = - rf/' -.-^ -S » 

dx 2z^ 

Hence, substituting in the expression for ifVdx + 
if{xfF)dx p. 104, and retaining only the parts 
under the integral sign, which must separately equal O, 
we have 

r+ (F)=o,or-.rf( j-P \^d( ^2hiP—^=.o, 

w^Vi^+p-y w(^+p'y 

2z^ dz ax 
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If we put t = -T- + 2Xf, and integrate the first of 
these two equations, it becomes 

fp L rn 

J(i+F) ~ n/« ^ -■ 

the second is |^- (sx^ --L)^(i +p.) = o . . [2] 

Add to these dz-2g.dx -4- 2(.dx^{l+p^) =0 . . [3] 
and the equation to the curve is to be determined from 
these three. 



dt 1 d\ de 

2z^ 



From the value of f, -7' = -+ St-p + SX-^; 

dz oA dz ^ dz 



and from this equation substitute the value of ;* + 

2A-T^, into fsl, and there Fesults 

dz; ^ -^ 

In this, substitute the value of dz derived from [3], 
and there results (two quantities destroying each other) 

d\ dt M. ^. . , 

^S-S^ - Tx'^^' +;>*)= o .... [a] 

(from the value of t in equation [l] j ) 
hence, the equation [a] is 

^S'T^"^ ^^ d/ +W^' ^"^ mtegratmg 
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rKf 

or, silbstituting the value of t from [l] p. 143, 

Hence, f =-i-+2Xe= 4- +t (-V+ c) = ^^lii;^>, 
from equation [l], and consequently, 

from this equation obtain the value of dz, which will 
involve the dififerentials dp, and -r^ .dz. By means of 

equation [3], eliminate dz, and there will result a dif- 

d'y 
ferential equation involving dx and dp, or -~ . dx : which 

will be the equation of solution. 

In the case of a void, or non-resisting medium f =^0; 
^t-1^^ N^MpI) or -T— £ 1 = -i- 

or ^ — y^ = -y- 5 an equation to the cycloid, 
[See pp. 5, 21.] 

The preceding instances are sufficient, it is hoped, 
fully to illustrate the nature and use of those formulae of 
solution invented by Euler, on which the nature of the 
curve, or the relation of x to y, depends. But hitherto, 
no illustration has been given of those other formulae, 
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that, on assigning the initial and final variations, have 
definite and absolute values *. These formulae, it has been 
already said, were invented by Lagrange, and their use 
will be shewn in the following cases, which may be 
viewed, as unresolved parts, or undetermined conditions 
belonging to certain of the preceding problems. 

Prob. 2f. 

If the brachystochrone is to lie between a point and 
a curve, required the angle in which the cycloid must 
cut the curve. 

By Form [Jo] p. 89, and since the quantity under 
the integral sign yj =0, 

for, the initial point is given ; /. ix^y iy^ =s 0, and J»^=5 
*ifo — Po^^oy = ^9 and since 

y^^/H+f) , Q=o, and P= -r-^ .,, , 

[seep.113]. 

Hence, (r, - P,;,,) .^j., + P,.*y, ^ o, 
but F=Pp+ c [p. no]; .-. c,*x,+ P,.*y.=o . . [m]. 
Let now ilf (a function of ar, andy,)=Oi then, [seep. 107.] 

dM . dM . . dy. 

Eliminate *ir„ iy^ by means of this and of the preceding 
equation [m], and there results 



'^ P. 89, 90, 91. 
U 
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!^»- ^ « f^-Pp 1 

Now |>= jg, y and jp belonging to the cycloid, and /?, 
is what ^ becomes at the limiting curve, when for x 

and y^ x, and^, are substituted : but, ^^ is the tangent 
of the angle which a tangent line to the curve makes with 

if T 1 

the axis *, and -r- or - is the co-tangent of the same 

angle t> and — is the co- tangent at the limiting curve : 

for the same reason —-, is the tangent of the angle 

whieh a tangent line to the limiting curve makes with the 

axis : and since ;r^= ' j or since, the tangent of the 

a^, Pt 

latter angle equals the co-tangent of the former, one angle 
is the complement of the other : their sum therefore is 
equal to a right angle : consequently, the remaining 
an^e of the triangle, or that which the two tangents 
form, is a right angle ; or, the two curves intersect each 
other at right angles. [See p. 1 1.] 

The same conclusion will follow- from the expression 
for the tangent of the difianence of two angles [^, B] the 



• Pf-inc. Anal. Calc. p. I7S. f Trig, p. 9, 
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denominator of which expression is 1 -f tan. A. tan. B"^, and 

in the symbols previously employed, 1 +p^ . -^ = ; 

.*. the fraction or the tangent (A — 5), is oo ; or the diflfer- 
€nce of the two angles is a right angle. 

PrOB. 28. 

Suppose now the brachystochrone to lie, not betweoi 
a point and a curve, but between two curves. Required 
the angles in which it must cut them. 

By Form [Aa] p. 89. 

.% as before c*a?, + P^.fy, - {c.ix^ + jPp-'^o) = ^^ 
and this equation, if there be no relation between the two 
limiting curves, or between m^^ y^^ and «^, y„ resolves 
itself into these two, 
c.fx^ + P,.*y, = [l],and cJx^^P^.ijf^ = . . [2] / 

If therefore l^ (a function of t^, yj =0, be the equa- 
tion to the initial linfiiting curve, by oombining it wilii 
[2] we shall arrive at the same results as were obtained 
in p. 146, by combining M=zO with [ij ; since the re- 
spective equations are similar. Hence, the brachysto- 
chrone, which here is a cycloid, must ctit the first curve 
also at right angles. [See Misc. Taurin. tom. IV. p. I87.] 

In this last case the origin of the abscissas is supposed 
to be fixed^ and consequently, the velocity with which the 



* Woodhaaie'3 Trigonamcifyj p. 2S^ 
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body leaves the first curve is variable, varying as s/y^* If 
the origin of the abscissas is supposed to vary, then, 

£see p. 108.] terms such as — ^^^-j- j— ^^J 'TT^ ^^ 

be introduced into the equation of limits : thus, instead 

ds 
of the differential of the time being — ^ , let it be 

ds 
" y _^ -Tv , and let A be a function of a [a? J, and h [yj 

solely; then, 

smce, V = ^^-77 Kx , -3- = — ^ ^. tt, and 

V(y-A) ^« 2.(y-/i)* ^« 



In this case therefore, the equation of Umits, at the 

dh , dh 



last point where j?s=j?„ or = fl^, since-T-> =0, and *77> = O 



[A not involving d and y] becomes, 

cix, + P,.*y. = O [3] 

but, the equation of limits, at the first point, becomes 

dP ds ' 

Since by the gen', form*. iV- ^r- = O ; .% r ^ - rfP, 

rr7= •* -P + <^>^- Now at the beginning, 

the integral = O, and P^P^; ,*. corr. = P^. Hence, 

/^•(JPA)* = ^o-^=^.-^. [from ^ = ^otO ^ = X,] 

the equation [4] therefore becomea 
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= o. 

This last result, expressed in the equations [3] and 
[4], comprehends, as particular cases, the preceding ones 
p. 1 46, 1 47 ; for if A = O, the equations [3] and [4] become, 

c.fx^ + Pj.iy^ = 0, and c.ix^ + Po^ifo = ^ 

' as before ; which equations shew that the cycloid must 

cut the two curves at right angles. This was Lagrange's 

original determination of the conditions. [See S^Rsc. 

Taurin. torn. II. p. 180.] 

\i h^hy or & — c, [c a constant quantity;) that is, if 
y-h, 9t the point of departure^ = or =s c ; or if, in other 
words, the velocity of the body when it quits the first 
curve is either nothing or constant ; or, if the origin of 
the abscissas, according to M. Borda's expression, be sup- 
posed to be situated in the first curve : then, ^ = 1^ and 



db 



^ = ; .••the equation [4] becomes 



c.fx^ + P^.ijfQ = 0. But the equation [3] is 

c.ix^ + P,.*y, = O; 
consequently, if from the equations L=zO^ ilif=0, wc 
eliminate, as before p. 145, ix^y ix^^ &c. there willi*esult 

from the first -^* =s -^ and from the second -r^' =a 
— ^ ; consequently, ^ = J^> ^ or the tangent at 
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the point of intersection of the cycloid and first curve, is 
parallel to the tangent, at the intersection of the cycloid 
and second curve. This is the result which M.Borda 
first arrived at [Mem. Acad, des Sciences, 1767, p. 568,] 
and which was afterwards confirmed by Lagrange, and 
Legendre. [itfwc. Taurin. torn. IV. p. I87 ; and Mem. 
Acad, des Sciences^ 1786, p. 30.] 

This completes the solution of the brachystochrone, 
of which there are six cases, [see pp. 1 13, 122, 141, 145, 
147, 149.] and this curve which first called the attention 
of mathematicians to the connected doctrine and calculus^ 
has been also the object of their latest researches. 

Newton, in the Acta Eruditorum, Mai 1697^ P- 223 * ' 
gave, without proof or the authority of his name, a method 
of describing the cycloid. But John Bernoulli^ from the 
Work recognised its author : ** ex ungue Leonem " f. 

As additional instances of the use of the equation of 
limits, we will solve the following proUems. 



* See also Phil. Trans. No. 224. p. 384 : his Works by Horsley, 
rol. IV. p. 415 : and his Opuscula, vol. I. p. 289. 

f Quoique Pauteur de cette construction par uu ezces de modestie 
tie se nomme pas, nous savons pourtaot iodubitablement par plu^eurs 
circuiAstaDces que c'est le celebre NewtOB, et quattd meme nous ne le 
isaurions point d'ailleurs, ce seroit assess de le connoitre par un 
echantillon, comme ex ungue Leonem, Joann. Bernoalli^ Opera, torn. L 
p. 197. 
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Prob. 39. 

Required the conditions for drawing a right line that 
is to be, the shortest distance^ between two given curves* 

!• By Prob. 2. p. 113, the curve was determined 
to be a straight line; also ^= \/(l +/>*), and 

Hence, by the form^ p. 89, the equation of limits 
becomes 

or, since ita zz iy ^ p.ix [p. 88.], and 

If 0?,, a?o, &c. are independent of each other, thi* 
equation resolves itself into 

If il/=0, and L=0, are the two equations to the two 
limiting curves, there results, as before, p. 145. 

Hence, by means of these, and of the two pteceding 
equations, eliminating ix^^ ix^^ &c. there results 

d^x Pi dx^ Po 

and consequently, for the reasons assigned in p» 146, the 
line must intersect each curve at right angles. 
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152 Problems. 

Prob. 30. 

It is required to investigate the conditions for the 
curve, down which; a body, in a resisting medium, 
acquires the greatest velocity. [Seep. 138.] 

We have, p. 104, the equation of limits, 
O = (r + \fF)Jx + [Y' + (rO] X {iy - pix) + 
[Z' + (Z)] {i% - p'ix). 
in which [see p. 140.] 

Hence, the eq^uation of limits is 
O = [J (1 +^)-2gK+ 2^x^(1 +p-)] *« + 

and, by reduction, 

and if from p. 139, we substitute the values of2gx and 2X( 
there results 

-- cix + T^ + (1 + x)Jz = O, 
V a 

which is the general expression : and consequently, the 
two equations at the limits, x^, x^y become 

- ^'^o + ^a'^y^ + (1 + K)*K = O, 
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Problems^ 159 

-C.*J7, + 4j-*y. + (1 + \)'*«. = O- 

Now z is the square of the velocity ; and if the initial 
velocity be given, iz^ = 0; in the second equation, 
since iz, is indeterminate, make (I + X,) iz^ = O, or 
X, = - 1, and then the two equations are reduced to 

\- cJx^ + ~.*y, = 0. 

If L=0, and M=0, are the two equations belonging 
to the limiting curves ; then there results, as before, 
p. 145. 

^.*^/-*y. =0. 

From these two last, and the two preceding, elhninating 
tx^, iy^y &c. there results, 

& - c./a ^- c fa 

consequently, the tangents at the respective points of 
intersection of the curve, and the two limiting curves, 
are parallel to each other. 

The conditions relative to the curve of quickest 
descent may be similarly determined. The preceding 
instances are, however, sufficient to explain the use of 
Lagrange's determinate formulae. 
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154 ProMems. 

The purpose of the present treatise, is now accom- 
plished. There are, however, several curious results 
deducible from Euler's formula ; but, to these, since they 
are not closely connected with the matter of the preced- 
ing pages, the reader is merely referred*. 



• Lagrange, Fonctians Analy. p. 217,&c. Legans sur le Calcul 
des Fonciions, p. 401, &c, Lacroix, Calcul. Biff. &c. p. 660, 667, &c. 
Lexell. Novi Comm. Petrop, torn. XV. p. 127, &c. 



THE END. 
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